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Formalization of Carleson’s
theorem

This paper is the blueprint underlying the Lean formalization of the proof of
Carleson’s classical result asserting almost everywhere convergence of Fourier
series of continuous functions. We break up the proof into two steps, a re-
duction of the classical result to a new theorem that appears in the sibling
communication and a proof of this new theorem, which is also detailed as
blueprint in this paper. An early version of this blueprint was used to initiate
the Lean formalization. During the formalization, many contributors elab-
orated the blueprint with minor corrections, modifications and extensions.
The final version is presented here as a guide through the accompanying Lean
code.

1.1 Introduction

Trigonometric series represent functions as possibly infinite linear combina-
tions of pure frequencies. They gained particular prominence through the
work of J. Fourier, who used them in his analytical theory of heat, thereby es-
tablishing them as a tool for solving partial differential equations. Fourier also
made the groundbreaking claim that a wide range of functions could be rep-
resented using trigonometric series. This sparked the interest of many math-
ematicians, including Dirichlet, who gave some rigorous conditions for con-
vergence of Fourier series, as trigonometric series are now called. Dirichlet
also opened a branch of analytic number theory partially inspired by the ideas
of Fourier. Nowadays, Fourier analysis plays an important role in many areas
of mathematics.

With Euler’s formula to represent pure frequencies in mind, a trigonomet-
ric polynomial can be expressed as

N
Sn(z) = Z cne'™.
n=—N

The Fourier series is then defined as the limit f of such a sequence Sy as N
tends to co. Fourier’s vision to represent rather general functions raises two
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fundamental questions. The first question is to identify the appropriate choice
of coefficients ¢, to use to represent a given f. The second question addresses
the convergence of Sy to f.

The first question has a fairly canonical and standard answer, provided by
the Fourier integral formula:

. 1 27 .
Cn = fn = o J, f(z)e™™* du.

Here the precise interpretation of the integral depends on the chosen theory
of integration. For a continuous function f, Riemann’s notion of the integral
suffices. If f is integrable in the Lebesgue sense, f € L!(0,27), the Lebesgue
integral is appropriate. More generally, if f is a distribution in the sense of
Schwartz, supported in [0, 2], the integral can be understood as an evaluation
against the periodic test function e~*"*, In each case, the more general defini-
tion reduces to the simpler one within the respective more restrictive domain.
Hence, the Fourier coefficients given above serve as a universal choice. This
choice is unique in several respects, in particular if one is to exactly reproduce
a trigonometric polynomial f.

The second question of convergence bifurcates into the question of point-
wise convergence of the series with coefficients given above for a given x on
the one hand and convergence of the functions Sy to the function f in a suit-
able function space with corresponding topology on the other hand. There
are at least as many function spaces for the question of convergence as there
are different definitions of the integral elaborated earlier. There are some very
canonical answers to the convergence question in function spaces, albeit not
known at the time of Fourier and Dirichlet. One example is convergence in
the Hilbert space sense for f in L?(0,27), as discovered in the first decade of
the twentieth century as a consequence of the rapid development of Lebesgue
integration theory. Another canonical example is convergence in the sense of
distributions for general distributional f, as discovered a few decades after
Lebesgue integration. For some other natural spaces, such as L (0, 27), there
is no guarantee of convergence in the norm of that space even if f is in the
space.

In contrast to these examples of function spaces with a very natural the-
ory of convergence of Fourier series in the topology of the function space,
there are no similarly elegant solutions to the characterization of pointwise
convergence. In particular, the space of functions f such that the sequence
Sn(x) converges for every x does not have a good characterization in terms
of f itself. Similarly, the space of all functions f such that the sequence of
coefficients f,, is absolutely summable has also no good characterization.

When the Fourier integral is defined in the Lebesgue sense and f € L'(0, 2n),
then the function f itself is meaningful not everywhere but only pointwise
almost everywhere in the Lebesgue sense. The question of pointwise conver-
genceto f for all z then becomes meaningless, and instead one asks for almost
everywhere convergence. Such convergence was conjectured by N. Luzin for
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the space L?(0,27). Kolmogorov’s example of an L' function whose Fourier
series diverges at almost every point seemed to provide some evidence against
Luzin’s conjecture. Indeed, in the 1960s, L. Carleson tried to construct a coun-
terexample to Luzin’s conjecture. In his own recollection, his efforts led him
to better and better understand how such a potential counterexample should
look like. In the end, the counterexample had to satisfy so many properties
that the properties started to contradict each other, and Carleson realized that
a counterexample could not exist. Thus, he had proved Luzin’s conjecture. In
particular, he had proven the more elementary statement

Theorem 1.1.1

Let f be a 27-periodic complex-valued continuous function on R.
Then for almost all z € R we have

lim Sy f(z) = f(2),

where Sy f is the N-th partial Fourier sum defined above with Fourier
coefficients defined above.

Here, almost every x means in the Lebesgue sense, that is, for every ¢ > 0
the set of « where convergence fails can be covered by a sequence of intervals
such that the sum of the lengths of these intervals is less than e. While Car-
leson had proven the more general Luzin conjecture for functions in L2[0, 27],
even the more elementary statement for continuous functions was not known
before Carleson’s work. Moreover, until now, the elementary statement has
not seen any substantially easier proof than those generalizing to L?, partially
because there is no readily usable criterion on the level of Fourier coefficients
to distinguish between continuous functions and L? functions.

Shortly after Carleson’s breakthrough, Hunt proved the analogous result
for L? functions with p > 1 and for functions in L' log(L)?. Billard adapted
Carleson’s arguments to prove almost everywhere convergence of Walsh-Fourier
series for functions in L2.

In Fefferman, C. Fefferman gave an alternative proof of Carleson’s theo-
rem via an a priori bound for Carleson’s operator, the maximally modulated
singular integral

Uy

Tf@)=sup [ e f(z—y)~dy.
N - Yy

In Lacey-Thiele, a duality between the approaches by Carleson and Fefferman
was pointed out and a more symmetric and self-dual proof was presented.
Various strengthenings of Fefferman’s estimates for Carleson’s operator
have appeared since, such as bounds for a higher dimensional Carleson op-
erator in the isotropic and anisotropic setting. The supremum norm in the
variable N in the displayed operator above was strengthened to maximal mul-
tiplier norms with applications to return times theorems in ergodic theory. It
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was strengthened to variation norms V" with » > 2 with applications to non-
linear analysis.

Stein and Wainger proposed to study variants of the displayed operator
above replacing the linear modulation phase Ny by polynomial phases in y
and proved a result for polynomials without a linear term. This was gener-
alized by Lie to general polynomial Carleson operators, first for a supremum
over all quadratic polynomials and then for a supremum over all polynomi-
als. The polynomial Carleson operator was further generalized to higher di-
mensions and Holder regular kernels. The development of polynomial Car-
leson operators has led to further generalisations, for example to almost ev-
erywhere convergence of Malmquist-Takenaka series and maximally modu-
lated singular Radon transforms.

Surveys to Carleson’s theorem can be found in the literature.

In this blueprint, we prove Theorem Theorem 1.1.1 as a corollary to a fur-
ther generalization of the polynomial Carleson operator towards doubling met-
ric measure spaces, Theorem Theorem 1.1.1.1 below, which is new and ap-
pears in the sibling communication. Theorem metric-space-Carleson is
an axiomatic approach to Carleson type theorems on doubling metric mea-
sure spaces. This axiomatic approach is suitable for formalization and a good
route towards the classical theorem.

Early drafts of the sibling communication existed in summer 2023. Based
on this, the first draft of the present blueprint was written in the first half
of 2024, containing a much more detailed proof, which involved increasing
the size by a factor of four, and adding the derivation of Carleson’s classi-
cal result. In June 2024, the fourth author launched a public website! to post
the blueprint, using the open-source software leanblueprint developed by
Patrick Massot, calling for contributions to formalize the proof. The goal was
to formalize the blueprint in the Lean proof assistant, building on top of its
mathematical library Mathlib. The work was split up into about 180 tasks, to
be claimed by individual contributors. Most tasks were to formalize the proof
of a single lemma from the blueprint, and some were to develop basic the-
ory or refactor existing code. The contributors adapted the blueprint to fix
some gaps found during the formalization and gave feedback that led to dis-
cussions about the proof. This even resulted in a few changes to the general
setup and the main theorems. All of the gaps found required only fairly local-
ized changes to the blueprint, indicating that the initial blueprint was already
of high quality. The formalization was completed in July 2025. It is attached
to this arXiv posting, and the latest version can be found on GitHub?.

Everyone that completed a substantial amount of tasks is included as a
coauthor of the blueprint. The authors acknowledge contributions in the form
of small formalization additions, pointing out corrections to the blueprint, or
supplying ideas to the Lean efforts by the following people: Michel Alexis,
Bolton Bailey, Julian Berman, Joachim Breitner, Martin Dvorak, Georges Gonthier,

Thttps://florisvandoorn.com/carleson/
2https://github.com/fpvandoorn/carleson
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Statement of the metric space Carleson theorems

Let
a>4

be a natural number that as it gets larger will allow for more general appli-
cations of Theorem Theorem 1.1.1.1 but will worsen the constants in the esti-
mates.

A doubling metric measure space (X, p, i1, a) is a complete and locally com-
pact metric space (X, p) equipped with a non-zero locally finite Borel measure
u that satisfies the doubling condition that for all x € X and all R > 0 we have

p(B(x,2R)) < 2°u(B(z, R)),
where we have denoted by B(z, R) the open ball of radius R centered at x:
B(z,R) :={y € X : p(z,y) < R}.

In a doubling metric measure space the closed balls are compact and y is pos-
itive on all non-empty open sets.

A collection O of real valued continuous functions on the doubling metric
measure space (X, p, i, a) is called compatible, if there is a point o € X where
all the functions are equal to 0, and if there exists for each ball B C X ametric
dp on O, such that the following five properties are satisfied. For every ball
BCcX

sup [9(z) — 0(y) — 0(x) + 0(y)| < dz(V,0).
z,yeB
For any two balls By = B(x1, R), By = B(x2,2R) in X with z; € B and any
9,0 € ©,
dp,(9,0) < 2%p, (9,6).

For any two balls By, B in X with By C By and any ¢,0 € ©
dBl (197 0) < dB2 (19’ 9)

and for any two balls By = B(z1, R), Bo = B(x2,2*R) with B; C Bs, and
3,0 € O,
2dp, (9,0) < dp,(9,6).
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For every ball B in X and every dp-ball B of radius 2R in ©, there is a collec-
tion B of at most 2* many dp-balls of radius R covering B, that is,

Bcl|JB

Further, a compatible collection O is called cancellative, if for any ball B
in X of radius R, any Lipschitz function ¢ : X — C supported on B, and any
9,0 € © we have

I/Be(ﬂ(w) —0(2))p(@) du(2)] < 2°u(B)@lluips) (1 + dr(9,6)) 7,

where || - ||Lip(5) denotes the inhomogeneous Lipschitz norm on B:

() — ¢(y)|
lellLips) = sup |p(z)|+ R sup —————.
p(B) z€B z,yEB,x#y p(xvy)

A one-sided Calderon-Zygmund kernel K on the doubling metric measure
space (X, p, i, a) is a measurable function

K: XxX—C

such that for all z, 3/, y € X with x # y, we have

K (z,y)| <

V(z,y)

and if 2p(y, y') < p(z,y), then

90
(z,y)’

’ 1/a
e -re < (22)"

where V (z,y) := u(B(z, p(z,y))). Define the maximally truncated non-tangential
singular integral T, associated with K by

T.f(x):= sup sup
Ri1<R3 plz,x’)<R1

/ K(/.9)f(4) du(v)
Ri<p(z’,y)<R2

We define the generalized Carleson operator 7" by

Tf(z):=sup sup

V€O 0K R1<R2

)

/ K (2, 9)f (1)e(()) du(y)
R1<p(z,y)<R2

where e(r) = e'".

Our first main result is the following restricted weak type estimate for 7"in
the range 1 < ¢ < 2, which by interpolation techniques recovers L7 estimates
for the openrange 1 < ¢ < 2.

Theorem 1.1.1.1
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For all integers a > 4 and real numbers 1 < ¢ < 2 the following
holds. Let (X, p, i1, a) be a doubling metric measure space. Let ©
be a cancellative compatible collection of functions and let K be a
one-sided Calderon-Zygmund kernel on (X, p, 4, a). Assume that
for every bounded measurable function g on X supported on a set
of finite measure we have

3
[Txgll2 < 2 [g]|2,

where T, is defined above. Then for all Borel sets F' and G in X
and all Borel functions f : X — C with |f| < 1, we have, with T’
defined above,

443a3

/ deu‘ < o nlG) ()

Q=

In some applications, such as the Walsh-case of Carleson’s theorem, the
kernel K naturally depends also on the modulation functions ). The fact that
we do not assume Holder-continuity of the kernel K in the first argument al-
lows us to also capture this situation.

We now state another Theorem with a slightly weaker replacement of the
assumption above. It implies the Walsh-case of Carleson’s theorem. For a
Borel function Q : X — ©, and 9 € © and z € X define

Rq(0,z) = sup{r > 0:dp (Y, Q(x)) < 1}
and define further

TS f(x) == sup sup K(@',y)f(y) duly)

Ri<R2 p(z,2')<Ry

/Rl <p(z’,y)<min{R2,Rq (9,z’)}

Define further the linearized generalized Carleson operator T by

Tof(z):= sup
0<Ri1 <R3

)

/ K(r.9)f(0)e(Q(x) () duy)
Ri<p(z,y)<R2

where again e(r) = €.
Theorem 1.1.1.2

For all integers a > 4 and real numbers 1 < ¢ < 2 the follow-
ing holds. Let (X, p,u,a) be a doubling metric measure space.
Let O be a cancellative compatible collection of functions. Let
@ : X — O be a Borel function with finite range. Let K be a
one-sided Calderon-Zygmund kernel on (X, p, i, a). Assume that
for every ¥ € © and every bounded measurable function g on X
supported on a set of finite measure we have

3
IT5gll2 < 2% [|gll2,
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where Tg is defined above. Then for all Borel sets ' and G in X
and all Borel functions f : X — Cwith |f| < 1y, we have, with Ty
defined above,

Q=

‘/ TQde' 443&)6M(G)1‘11M(F) :

The value of the constant factor 2443¢° in Theorems Theorem 1.1.1.1 and

Theorem 1.1.1.2 is by no means sharp. One source of non-sharpness is our
choice to write for readability most constants in the form 2me” for some ex-
plicit constant n.

An a posteriori byproduct of the Lean formalization of this document is
that Theorems Theorem 1.1.1.1 and Theorem 1.1.1.2 remain true with 244" in-
stead of 2443¢° This is obtained by changing the parameter D introduced
in defineD from 2190¢” to 27¢” checking that exactly the same proof goes
through, tracking the constants, and getting 2*4¢” in the end. This value is
again by no means sharp. In the formalization we define the parameter D as
2¢* and the constants in this blueprint are obtained by setting = 100.

1.2 Proof of Metric Space Carleson, overview

This section organizes the proof of Theorem 1.1.1.1 into sections[Proof of Met
fic Space Carleson (p. [17), [Proof of Finitary Carleson|(p.[23), [Proof of discrete
(p-[37), [Proof of the Antichain Operator Proposition|(p.[59), [Proof o
Ehe Forest Operator Proposition (p.|76),[Proof of the Holder cancellative condi-
(p-[117), and[Proof of Vitali covering and Hardy-Littlewood](p.[121). These
sections are mutually independent except for referring to the statements for-
mulated in the present section. [Proof of Metric Space Carleson|(p.[17) proves
the main Theorem 1.1.1.1, while sections [Proof of Finitary Carleson| (p. 23 23),
[Proof of discrete Carleson| (p.[37), [Proof of the Antichain Operator Proposition
(p. [59), [Proof of the Forest Operator Proposition] (p. [76), [Proof of the Holder]
Eancellative condition (p.[117), and[Proof of Vitali covering and Hardy-Littlewood]
(p. each prove one proposition that is stated in the present section. The
present section also introduces all definitions used across these sections.

[Auxiliary lemmas| (p. |[14) proves some auxiliary lemmas that are used in
more than one of the sections 3-9.

Let a, ¢ be given as in Theorem 1.1.1.1.

Define

. 0100a>
D:=2 ,
. o—10a
K:=2 ,

and
7 =212,
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Let ¢ : R — R be the unique compactly supported, piece-wise linear, contin-

uous function with corners precisely at {5, 55,  and 3 which satisfies
D> (D) =1
SEZ

forallz > 0. This function vanishes outside [ 5, 1], is constant one on [75, 1],
and is Lipschitz with constant 4D.

Let a doubling metric measure space (X, p, i, a) be given. Let a cancella-
tive compatible collection O of functions on X be given. Let o € X be a point
such that ¥(o) = 0 for all ¥ € ©.

Let a Borel measurable function @ : X — © with finite range be given. Let
aone-sided Calderon-Zygmund kernel K on X be given so that for every ¥ € ©
the operator Tg defined above satisfies the assumption linnontanbound.

For s € Z, we define

Ki(z,y) == K(z, y)p(D"p(z,y)),

so that for each z, y € X with « # y we have

K(x’y) = ZK5($7y)~

SEZ

In [Proof of Metric Space Carleson| (p. [17), we prove Theorem 1.1.1.1 and
Theorem 1.1.1.2 from the finitary version, Theorem 1.2.1 below. Recall that a
function from a measure space to a finite set is measurable if the pre-image
of each of the elements in the range is measurable.

Theorem 1.2.1

Let 01,02: X — Z be measurable functions with finite range and
01 < 0s9. Let F, G be bounded Borel sets in X. Then there is a Borel
set G’ in X with 2u(G’) < wu(G) such that for all Borel functions
f:X — Cwith |f| < 1p,

S 2442(13 )
/G\G/ S_;w)/Ks(%y)f(y)e(Q(I)(y))d,u(y) du(z) < W“( V= k()

Let measurable functions o; < 03: X — Z with finite range be given. Let
bounded Borel sets F, G in X be given. Let S be the smallest integer such that
the ranges of 0, and o5 are contained in [— S, 5] and F' and G are contained in
the ball B(o, 1 D).

In[Proof of Finitary Carleson|(p.[23), we prove Theorem 1.2.1 using a bound
for a dyadic model formulated in Theorem 1.2.2 below.

A grid structure (D, ¢, s) on X consists of a finite collection D of pairs (1, k)
of Borel setsin X and integers k € [—S, S], the projections: D — [-S, 5], (I, k) —
k to the second component which is assumed to be surjective and called scale




CHAPTER 1. FORMALIZATION OF CARLESON’S THEOREM 10

function, and a function ¢ : D — X called center function such that the five
properties coverdyadic, dyadicproperty, subsetmaxcube, eq-vol-sp-cube,
and eq-small-boundary hold. We call the elements of D dyadic cubes. By
abuse of notation, we will usually write just I for the cube (I, k), and we will
write I C J to mean that for two cubes (I, k), (J,I) € D we have I C J and
k<l

For each dyadic cube  and each —S < k < s(I) we have

rc |y 7
JeD:s(J)=k
Any two non-disjoint dyadic cubes I, J with s(I) < s(J) satisfy
IcCJ

There exists a Iy € D with s(Iy) = S and ¢(Iy) = o and for all cubes J € D, we
have
J C .

For any dyadic cube I,
e(I) € B(e(I), iDS“)) c Ic B(c(I),4D*W),

For any dyadic cube I and any ¢ with tD*(1) > D=5,
p{z €1 : p(x, X \ 1) <tD*D}) < 2t pu(I).

Atile structure (B, Z, Q, Q, ¢, s) for a given grid structure (D, ¢, s) is a finite
set P of elements called tiles with five maps

Z:P—->D
Q: P — P(O)
Q: P - QX)

c:P—-X

s: P—-7Z

with 7 surjective and P(©) denoting the power set of © such that the five prop-
ertieseq-dis-freq-cover, eq-freq-dyadic, eq-freq-comp-ball, tilecenter,
and tilescale hold. For each dyadic cube I, the restriction of the map (2 to
the set

B = {p: Z(p) = I}

is injective and we have the disjoint covering property

Q) € U,y 20
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For any tiles p, g with Z(p) C Z(q) and Q(p) N Q(q) # @ we have

Q(q) € Qp).

For each tile p,

Q(p) € Bp(Q(p),0.2) C Q(p) C By(Q(p), 1),

where
By(¥,R) :={0 € © : d,(¥,0) < R},

and
dp = dp(c(p), 4 i7)-

We have for each tile p

Theorem 1.2.2
Let (D, ¢, s) be a grid structure and
(B,Z,9,9,c,s)
a tile structure for this grid structure. Define for p € 3
E(p) ={z cZ(p): Qz) € Ap),01(z) <s(p) < 0a(2)}

and

Ty f(x) = lE(p)(x)/Ks<p>(af7y)f(y)e(62(x)(y) — Q(z)(x)) du(y)-

Then there exists a Borel set G’ with 2u(G’) < 1(G) such that for
all Borel functions f : X — C with |f| < 1 we have

/G\G' Z Ty f()

peP
The proof of Theorem 1.2.2 is done in [Proof of discrete Carleson)|(p.[37) by
a reduction to two further propositions that we state below.
Fix a grid structure (D, ¢, s) and a tile structure (B, Z, 2, 9, c, s) for this grid
structure.
We define the relation

dp(z) < (q—i

p <y

on ‘P x P meaning Z(p) C Z(p') and Q(p’) C Q(p). We further define for
A, A > 0 the relation
Ap S A
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on P x P meaning Z(p) C Z(p’) and
By (Q(p'), N') € By(Q(p), A)-

Define for atilepand A > 0
Ei(p) :={z € Z(p) NG : Qz) € Q(p)},

Es(A\p) :={z €Z(p) NG : Q(z) € Bp(Q(p),\)}.

Given a subset 3’ of I3, we define B(P’) to be the set of all p € P such that
there exist p’ € P’ with Z(p) C Z(p’). Define the densities

_ 1(E2 (A p))
dens; (P’) := sup sup A~ sup —
' pEP A3z pep)ap<re  HEZ(D))

dens,(B’) := sup sup w0 B(c(p), 7)) .
P/ EP’ +>4Ds() ,u(B(C(p), r))
An antichain is a subset 2( of B3 such that for any distinct p, g € 2 we do not
havep <q.
The following proposition is proved in [Proof of the Antichain Operator]
(. [9)-

Theorem1.2.3

For any antichain 2 and for all f : X — C with |f| < 1p and all
g: X — Cwith |g| < 1¢

7 117a° a1 L
I/g(rf)ZTpf(x) dp(z)| < 1 dens; () se* densa(2) 2| f|l2]| 9[-

ped

Let n > 0. An n-forest is a pair (4, T) where 4l is a subset of P and T is a
map assigning to each u € i a nonempty set ¥(u) C B called tree such that
the following properties forestl, forest2, forest3, forest4, forest5, and
forest6 hold.

For each u € {land each p € T(u) we have Z(p) # Z(u) and

4p < u.
For each u € {1 and each p,p” € T(u) and p’ € P we have
pp” €T(w),p<p <p” = p € Z(u).

We have
” Z II(u)”oo < 2",

uesl

We have for every u € 4

dens; (T(u)) < 2%,
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We have for u,u’ € Uwithu # v and p € T(v') with Z(p) C Z(u) that
dy(Q(p), Q(u)) > 27*1).
We have for every u € {l and p € T(u) that
B(c(p),8D%®)) c Z(u).

The following proposition is proved in[Proof of the Forest Operator Propo-|

(p.79).

Theorem 1.2.4

For any n > 0 and any n-forest (, T) we have forall f,g: X — C
with |f| <1pand|g| < 1¢

| / d@ S Y Tyf(e) dua)

uci peT(u)

1 1
92
3 _a-1,
< 9#0a° 9= 471 qang, (l |‘Z(u)> I £ll2llgll2-

uesl

Theorem 1.1.1.1 is formulated at the level of generality for general kernels
satisfying the mere Holder regularity condition eqkernel-y-smooth. On the
other hand, the cancellative condition eq-vdc-condis a testing condition against
more regular, namely Lipschitz functions. To bridge the gap, we follow the lit-
erature to observe a variant of eq- vdc - cond that we formulate in the following
proposition proved in[Proof of the Holder cancellative condition|(p. [117).

Define

Define for any open ball B of radius Rin X the L*°-normalized 7-Holder norm
by

lellcr gy = sup lp(z)|+ RT  sup —————
w zeB cyeBarty  P@Y)T

Theorem1.2.5

Letz € Xand R > Oand set B = B(z,R). Letp : X — C be
supported on B and satisfy ||¢[|cr(p(z2r) < 0. Let?,0 € ©.
Then

| [ c0@)-0@))ota)dal < 2 u(B)ellcrpieamy (L+da(2,6) T

We further formulate a classical Vitali covering result and maximal func-
tion estimate that we need throughout several sections. This following propo-
sition will typically be applied to the absolute value of a complex valued func-
tion and be proved in [Proof of Vitali covering and Hardy-Littlewood) (p. [121).
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Byaball Bwe meanaset B(z,r)withe € X andr > 0asdefinedineq-define-ball.
For a finite collection B of balls in X and 1 < p < oo define the measurable
function Mp ,u on X by

M uta) = (sup 226 [ dut) )

Define further Mp := Mp ;.
Theorem 1.2.6

Let B be a finite collection of balls in X. If for some A > 0 and
some measurable function u : X — [0, c0) we have

/ u() dyu(x) > Au(B)
B

for each B € B, then

)\u(U B) < 22“/ u(z) du(x).

X

For every measurable function v and 1 < p; < p» we have

D2
[ Mp.p,vllp, < QQajHUsz'

Moreover, given any measurable bounded function w : X — C
there exists a measurable function Mw : X — [0, 0o) such that the
following hold. For each ball B C X and eachz € B

1
e /B ()| dpu(y) < Muo(z)

andforall1 < p; <py <0

L D2
[ M (wP*) 7|, < 24“27||w||p2-

— P

This completes the overview of the proof of Theorem 1.1.1.1.

Auxiliary lemmas

We close this section by recording some auxiliary lemmas about the objects
defined in[Proof of Metric Space Carleson, overview](p.[8), which will be used
in multiple sections to follow.

First, we record an estimate for the metrical entropy numbers of balls in
the space © equipped with any of the metrics dp, following from the doubling
property thirddb.

Lemmal1.2.1.1
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Let B C X beaball. Letr > 0,9 € © and k € N. Suppose that
Z C Bp/(9,r2F) satisfies that { Bg/(z,7) | z € Z} is a collection of
pairwise disjoint sets. Then

|Z| < 2ke,

Proof for Lemma1.2.1.1

Proof. By applying property thirddb k times, we obtain a collec-
tion 2’ C © with |Z’| = 2 and
r
BB’ (’19, T2k) C ,LGJZ/ BB/(Z/, 5)

Then each z € Z is contained in one of the balls B(%, §), but by
the separation assumption no such ball contains more than one
element of Z. Thus |Z| < |2/| = 2Fe,

The nextlemma concerns monotonicity of the metrics dp (1), 1 psn)y With

respect to inclusion of cubes I in a grid.
Lemma1.2.1.2

Let (D, ¢, s) be a grid structure. Denote for cubes I € D
I° = B(c(I), %DSW).

Let I,J € Dwith I C J. Then for all 9,6 € © we have
dre (0,0) < d g (9,0),

and if I # J then we have

dro(9,0) <2799 50 (19, 6).

Proof for Lemma1.2.1.2

Proof. If s(I) > s(J) then dyadicproperty and the assumption
I ¢ Jimply I = J. Then the lemma holds by reflexivity. If
s(J) > s(I)+1, then using the monotonicity property monotonedb,
defineD and seconddb, we get

dre(9,0) < dp(c(r),ap=m)(J,0) < 27100ad3(c(1),4ps<.f))(19, 0).
Using eq-vol-sp-cube, together with the inclusion I C J, we ob-

tain
c(I)eIcJc B(e(J),4D*D)
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and consequently by the triangle inequality
B(c(I),4D*Y)) ¢ B(c(J),8D%)).

Using this together with the monotonicity property monotonedb
and firstdb in the previous estimate, we obtain

dre(9,0) < 271 p 5y specn)(V,6)
< 27109034 gy 1 peny (9, 6)

=279, (1,0).

This proves the second inequality claimed in the Lemma, from
which the first follows since a > 4 and hence 2795 < 1.

We also record the following basic estimates for the kernels K.
Lemmal.2.1.3

Let—S <s< Sanduz,y,y € X.If K;(z,y) # 0, then we have

1 1
1D S plwy) < 5D

4
We have
2102a3
KS ‘r’y S T D e\
alrw)l = L Doy
and
227 p(y )\
KS xr,Y)— KS xay/ S < - >
| ( ) ( )| M(B(.’I,‘7DS)) Ds

Proof for Lemma 1.2.1.3

Proof. By Definition defks, the function K is the product of K
with a function which is supported in the set of all z,y satisfy-
ing supp-Ks. This proves supp-Ks. Using eqkernel-size and the
lower bound in supp-Ks we obtain

3

2(1

|Ks(2,y)| < |K(z,y)] < m~

Using D = 219%° and the doubling property doublingx 2 + 10042
times estimates the last display by

22a+101a3

= W(B(x DY)

16
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Using a > 4 proves eq-Ks-size. To prove eq-Ks-smooth when
2p(y,y") > p(x,y), use the lower bound in supp-Ks and the in-
equality 2p(y,y’) > +D*~*. Then eq-Ks-smooth follows from the
triangle inequality, eq-Ks-size and a > 4. If 2p(y,y’) < p(x,y),
we rewrite | K, (z,y) — Ks(z,y')| as

(K (2, y) =K (z,y")) (D" pla, )+ K (2,y) (Y (D~ p(x, y)) (D" plz,y)))|.

An upper bound for |K(z,y) — K(z,y’)| is obtained similarly to
the proof of eq-Ks-size, using eqkernel-y-smooth and the lower
bound in supp-Ks

C K(za 2¢ ply.y)\*
K ) = Ky < - (i )

As above, this is estimated by

4D92a+101a® p(y, 1) 1 92+2a+100a*+101a p(y, 9 1
M(B(x,DS))< Ds > ~ u(B(z, D?)) ( Ds )

We have the trivial bound | (D~ *p(x,y))| < 1, and eq-Ks -aux pro-
vides a bound for |K (z,y)|. Finally, we show that

[H(D0(a.) ~ oD/ ] < 4D (552 )

by considering separately the cases p(y, y')/D® > land p(y,y')/D*® <
1. In the former case, the inequality is trivial; in the latter case, it
follows from the fact that ¢ is Lipschitz with constant 4D. Com-
bining the above bounds and using a > 4 proves eq-Ks-smooth

when 2p(y,y') < p(z,y).

1.3 Proof of Metric Space Carleson

In this section we prove Theorem 1.1.1.1 and Theorem 1.1.1.2.

Let (X, p, 4, a) be a doubling metric measure space and O a cancellative,
compatible collection of functions on X. Let K be a one-sided Calderon-
Zygmund kernel.

We begin by proving some continuity properties of the integrand in def-main-op.
Lemma1.3.1

Let f be a measurable function with | f| < 1. Then the function

G:X x 0 x(0,00) x (0,00) = C

G, 9, Ry, Ra) = / K(2,9)f (5)e(9()) du(y)

Ri1<p(z,y)<Ro
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is continuous in ¥ for fixed x, Ry, R». It is right-continuous in R
for fixed z, 9, R, and left-continuous in R, for fixed x, 9, R;. Fi-
nally, it is measurable in « and bounded for fixed ¥, Ry, Ra.

Proof for Lemma1.3.1
Proof. Measurability in = follows from joint measurability of

K(2,9)15(z,m:)\B(x,R) ()

in 2 and y and part of the proof of Fubini’s theorem. Partial conti-
nuity in R; and Ry is also a standard lemma in measure theory. It
follows for example by splitting the integrand as F; — F_; + iF; —
iF_, for positive, disjointly supported functions F_ and applying
the monotone convergence theorem to each summand. For conti-
nuity in ¥ note that

|G(.Z‘, ’19, Rl, Rg) — G(x,ﬁ’,Rl, R2)|

/ K(z,y)f(y)(e(d(y)) — e(¥' () du(y)
Ri<p(z,y)<R2

S/ |K (z, )| f () ||e(F(y) =9 () =0 (0)+9' (0)) 1] dpu(y)-
Ri<p(z,y)<R2

By 1-Lipschitz continuity of ¢‘®, the property osccontrol of the
metrics d, the kernel upper bound eqgkernel-sizeand |f| < 1this
is

a3

S ILL(B((E, RQ)) sup 7(13 z, z)+Ro (’19, ’191)
Ra<p(ay)<Ro V(a:, y) (z,p(0,2)+Rz2)

18

If R; < p(x,y) < Rythenthere existsnwith B(z, R2) C B(z,2"p(z,y))

and 2" < 2R,/ R;. Hence, by the doubling property doublingx,

Vi(z,y) = p(B(x, p(z,y))) = 27" u(B(x, Ry)) = (2Ra/R1) ™" u(B(x, Ry)).

Hence

2R,

|G(£L’,19,R1,R2)—G(1’,19/,R1,R2)| S 2a3 (R71> dB(m,p(o,a:)—i-Rg)(ﬁvﬁ/)'

Since the topology on © is the one induced by any of the metrics
dp, continuity follows. Finally, for boundedness as a function of
note that we also have by a similar computation using |e(d)| = 1

2R,

G(x,9, R1, Ry)| < 2“3(?1)“.
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We now prove Theorem Theorem 1.1.1.1 using Theorem Theorem 1.1.1.2.
Proof for Theorem1.1.1.1

Proof of Theorem 1.1.1.1. Let Borel sets F, G in X be given. Leta
Borel function f : X — Cwith f < 1r be given. Let©®' C © bea
countable dense set. By Lemma Lemma 1.3.1 we have

sup sup
YEO 0<KR1 <Ry

/ K (2,9 (0)e(9(y)) du(y)
Ry <p(z,y)<R2

= sup sup
V€O’ 0<R1 <R2,R;€Q

/ K (2, 9) F)e(d()) du(y)
Ri<p(z,y)<R2

Consider an enumeration of ©’ and let ©,, be the finite set consist-
ing of the first n + 1 functions in the enumeration. Then by the
monotone convergence theorem

[ rrad

/ K (. 9) f (9)e(d()) duly)| du(z)
Ri<p(z,y)<R2

= / sup sup
G 9€0’ 0<R1<R2,R;€Q

= lim sup sup
N0 JG 9€O, 0<Ri1<R2,R;€Q

dp(z).

/ K(2,9)f ()e(d(y)) du(y)
Ri<p(z,y)<R2

For each n, let Q,(x) be the measurable function specifying the
maximizer in the supremum in ¢ in the previous line. It is possible
to construct such a measurable function of x, because the function
inside the supremum is measurable in z, being a countable supre-
mum of measurable functions, and because O, is finite. Then the
previous display becomes

< lim sup
n—=00 JG 0<Ri1<R2

dp(z)

/ K(,9)f(0)e(Qu(2) (4)) diu(y)
Ry <p(x,y)<R2

= lim TQn f d,u.
n— oo a

It remains to verify the assumptions of Theorem Theorem 1.1.1.2,

which when applied here completes the proof. The assumptions

of Theorem Theorem 1.1.1.1 and Theorem Theorem 1.1.1.2 are the

same, with the exception of the assumption linnontanbound. The

assumption linnontanbound however is weaker than the assump-

tion nontanbound of Theorem Theorem 1.1.1.1. Indeed, setting for

fixed z, 9 the outer radius R, indef - tang-unm-op tomin{ R}, Rg (9, z)},

where R/ isthe outer radiusindef-1in-star-op, showsthatdef-1lin-star-op

is smaller than or equal to def-tang-unm-op. Thus we can apply

Theorem Theorem 1.1.1.2, which completes the proof.
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We continue with the proof of Theorem Theorem 1.1.1.2, via a series of
reductions to simpler lemmas.

Let a measurable function @ with finite range be given.
Proof for Theorem 1.1.1.2

Proof of Theorem 1.1.1.2. Let Borel sets F, G in X with finite mea-
sure be given. Let a Borel function f : X — C with f < 1 be
given. For each 0 < Ry, Rs, R, we define Tg, g, rf as in TRR. By
Lemma Lemma 1.3.1, Tg, g, rf is measurable and bounded, and
we clearly have for each z € X

Tof(x) = lim sup TR, Ry 2n f ().
27N <RI <Ro<2™

For each x and all f, the functions sup, . _», g, con TRy, Ro.27 f(T)
are measurable by Lemma Lemma 1.3.1 and form an increasing se-
quence in n. By the monotone convergence theorem, the claimed
estimate linresweak then follows from Lemma Lemma 1.3.2.

Lemma1.3.2
Let F, G be Borel sets in X. Let f : X — C be a Borel function
with |f| < 1x. Then for all R € 2" we have

2443a3 L N
/ lo s [Taef (@) da(e) < (@) u(P)*,

1/R<Ri<R><R (¢—1)
where
T .l (5) = Loy (2) [ K (2,9)(9)e(Q(2)(y)) du(y).
Ri<p(z,y)<R2
Proof for Lemma1.3.2

Proof. Let F, G, f as in the lemma be given. Let R € 2" be given.
By replacing G with G N B(o, R) if necessary, a replacement that
does not change the conclusion of Lemma Lemma 1.3.2, it suffices
to show Rcut under the assumption that G is contained in B(o, R)
and thus bounded. We make this assumption. For everyz € G and
Ry < R, the domain of integration in TRRis contained in B(o, 2R).
By replacing F' with F' N B(o,2R) if necessary, and correspond-
ingly restricting f to B(o, 2R), it suffices to show Rcut under the
assumption that F is contained in B(o, 2R) and thus bounded. We
make this assumption. Using the definition defks of K and the
partition of unity eq-psisum, we observe that for fixed R; < R»
we have

So+2
K(mvy)1R1<p(x,y)<R2 = Z Ks(xay)1R1<p(a:,y)<R2>

s=s1—2
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where s; = |log,2R:| + 3 and s, = [log, 4R>] — 2. To obtain
this identity, we have used that on the set where R; < p(z,y) < Rs
the kernels K vanish unless s is inside the interval of summation.
Similarly, we observe

S2 ED)
Z KS(xﬂy)1R1<p(z,y)<Rz = Z Ks(:my),

8§=3S81 S§=S81

because on the support of K, with s; < s < sy we have necessarily
R; < p(z,y) < Ry. We thus express TRR as the sum of

Ty of@) = Y / Ko (2, 9)f(0)e(Q(x) () duy)

$1<5<s2

and

S K@) duls)

s=s1—2,51—1,52+1,52+2

We apply the triangle inequality and estimate Rcut separately with
TR, r,.r replaced by the middle part and by the boundary part. To
handle the case of the middle part, we employ Lemma 1.3.3. Here,
we utilize the fact that if % < Ry < Ry < R, then sy and s arein an
interval [—S5, S] for some sufficiently large S depending on R. To
handle the case of the boundary part, we use the triangle inequal-
ity and the properties supp-Ks, eq-Ks-size of K and |f| < 1p to
obtain for arbitrary s the inequality

2102a3

= (B(x, DY)

/ Ko (2, 9)F()e(Q(x) () duy)
Ri<p(z,y)<R2

/ 15(y) duly) < 2% M1p(x),
B(z,D*)

where M1 is as defined in Theorem 1.2.6. Now the left-hand side
of Recut, with Tr, r, r replaced by the boundary part, can be esti-
mated using Holder’s inequality and Theorem 1.2.6 by

2102a3+4a+3

91024"+2 / 16:(2) M1 () dpu() < G\ p(F).

q—1

Summing the contributions from the middle and boundary parts
completes the proof.

Lemmal.3.3

Let F, G be bounded Borel sets in X. Let f : X — C be a Borel
function with |f| < 1p. Then for all S € Z we have

Q=

9442a”+2 11
Jrol) s [T nf@ldue) < (@) (Pt
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where

Tnf@) = Y /X Ko (2, 9) [ (0)e(Q(x) () du(y).

51<5<s2

Proof for Lemma1.3.3

Proof of Lemma 1.3.3. We reduce Lemma 1.3.3 to Lemma 1.3.4. For
each z, let o1 (z) be the minimal element s’ € [—S, S] such that

5/21322{5 |Ts/752f(f1:)| = _Ség}ag)gQSS |T81182f(x)| =: Tl,a:'

Similarly, let o5 (z) be the minimal element s” € [—S, S] such that
|T0'2(I),8”f(x)‘ = Tl)a;.

With these choices, and noting that with the definition of 75 4, ,,
from middlesl

Tal(x),az(:r)f<x) = T27U1702 f(.’IJ),

we conclude that the left-hand side of Scut and Sqlin are equal.
Therefore, Lemma 1.3.3 follows from Lemma 1.3.4.

Lemmal.3.4

Let 01,09: X — Z be measurable functions with finite range and
01 < 09. Then we have

1 T d <2442a3+2 ) " ap(F)s
[ 16(0) T2, @) dite) < T (@) (P,
with

Load@= 3 [ Klen)f)eQ)) dut).

o1(x)<s<oa(x)

Proof for Lemma 1.3.4

Proof of Lemma 1.3.4. Fix 01, 02 and @ as in the lemma. Applying
Theorem 1.2.1 recursively, we obtain a sequence of sets G,, with
Go = G and, foreachn > 0, G,,41 C Gy, pu(Gr) <27"u(G) and

/ Lo\, (@) [Tororon f ()] dp()

3
2442a )

< WM(Gn)liaﬂ(F) :

Q=
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Adding the first n of these inequalities, we obtain by bounding a
geometric series

2442a3+2

WH(GF’%M(F) :

As the integrand is non-negative and non-decreasing in n, we ob-
tain by the monotone convergence theorem

Q=

/ 161, (7) [Toroon f(0)] dpi(a) <

3
2442(1 +2 i

WN(G)PEM(F) :

This completes the proof of Lemma 1.3.4 and thus Theorem 1.1.1.1.

Q=

/ 16(2) [To,0 00 f ()] dpi() <

1.4 Proof of Finitary Carleson

To prove Proposition Theorem 1.2.1, we already fixed in[Proof of Metric Space|
[Carleson, overview (p. [8) measurable functions o1, 02, Q and Borel sets F, G.
We have also defined S to be the smallest integer such that the ranges of o and
o3 are contained in [—S, 5] and F and G are contained in the ball B(o, 1 D®).

The proof of the next lemma is done in [Proof of Grid Existence Lemma|
(p.[24), following the construction of dyadic cubes in the literature.
Lemmal4.1

There exists a grid structure (D, ¢, s).

The next lemma, which we prove in[Proof of Tile Structure Lemma|(p.[33),
should be compared with the construction in the literature.
Lemma14.2

For a given grid structure (D, ¢, s), there exists a tile structure (3, Z, 2, Q, c, s).

Choose a grid structure (D, ¢, s) with Lemma 1.4.1 and a tile structure for
this grid structure (6, Z, 2, Q, ¢, s) with Lemma 1.4.2. Applying Theorem 1.2.2,
we obtain a Borel set G’ in X with 2u(G’) < u(G) such that for all Borel func-
tions f : X — Cwith |f] < 1 we have disclesssim.

Lemmal14.3

We have forallz € G\ G’

(TQ(:E)

Y Lf@)= ) /Ks(w,y)f(y)e(Q(ff)(y) — Q(z)(2)) du(y)-

peP s=o1(x)

Proof for Lemma 1.4.3
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Proof. Fix z € G \ G'. Sorting the tiles p on the left-hand side by
the value s(p) € [-S, 5], it suffices to prove for every -5 < s < §

that
Z Tpf(z) =0
pEP:s(p)=s

if s & [01(x), 02(2z)] and

/ K. (2,9) F)e(Q)(y) — Q) (x)) duy).

peP: s(p) s

if s € [o1(x), 02(x)]. If s & [o1(x), 02(x)], then by definition of E(p)
we have « ¢ E(p) for any p with s(p) = s and thus T}, f(z) = 0.
This proves the vanishing case. Now assume s € [o}(x),02(x)].
By coverdyadic, subsetmaxcube, eq-vol-sp-cube, the fact that
c(ly) = oand G C B(o,1D%), there is at least one I € D with
s(I) = sand x € I. By dyadicproperty, this I is unique. By
eq-dis-freq-cover, there is precisely one p € B(I) such that
Q(z) € Q(p). Hence there is precisely one p € P with s(p) = s
such that x € E(p). For this p, the value T} (z) by its definition
in definetp equals the right-hand side of the non-vanishing case.
This proves the lemma.

We use this to prove Theorem 1.2.1.
Proof for Theorem 1.2.1

Proof of Theorem 1.2.1. We now estimate with Lemma 1.4.3 and
Theorem 1.2.2

oa(x)
Kq(x T d du(z
foo| 2, [memtie@@m ) ano
o2(x)
/G\G R [ Koo f0)eQ()w) - Q) @) duty) | dua)

) dp(x

This proves eq-linearized for the chosen set G’ and arbitrary f
and thus completes the proof of Proposition Theorem 1.2.1.
Proof of Grid Existence Lemma

We begin with the construction of the centers of the dyadic cubes.
Lemmal4.1.1
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Let—S <k < S. Consider Y C X suchthatforanyy € Y, we have
y € B(o,4D° — D¥),
furthermore, for any 3’ € Y with y # y/, we have
B(y, D*)n B(y', D*) = 0.
Then the cardinality of Y is bounded by

|Y| < 23a+200$a3.

Proof for Lemma 1.4.1.1

Proof. Let k and Y be given. By applying the doubling property
doublingx inductively, we have for each integer j > 0

(B(y, 2’ D¥)) < 299 1(B(y, D¥)).

Since X is the union of the balls B(y, 2/ D*) and y is not zero, at

least one of the balls B(y, 2/ D¥) has positive measure, thus B(y, D¥)
has positive measure. Applying the previous estimate for j' =

Iny(8D%%) = 3 + 2S5 - 100a? by defineD, using —S < k < S,

y € B(0,4D?%), and the triangle inequality, we have

B(0,4D%) C B(y,8D%) C B(y,2 D).

Using the disjointedness of the balls in eq-disj-yballs, ybinb,
and the triangle inequality for p, we obtain

|V |u(B(o,4D%)) <27 >~ u(B(y, D*))
yey

<2 u(|J By, D)) < 27" u(0,4D%).
yey

As 1(0,4D%) is not zero, the lemma follows.

For each —S < k < S, let Y}, be a set of maximal cardinality in X such
that Y = Y}, satisfies the properties ybinb and eq-disj-yballs and such that
o € Y. By the upper bound of Lemma 1.4.1.1, such a set exists. For each
—S <k < S, choose an enumeration of the points in the finite set Y, and thus
a total order < on Y.

Lemma1.4.1.2

For each —S < k < S, the ball B(0,4D° — DF) is contained in the
union of the balls B(y, 2D*) with y € Y.

Proof for Lemma 1.4.1.2
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Proof. Let z be any point of B(o,4D° — D*). By maximality of |Y3|,
the ball B(z, D*) intersects one of the balls B(y, D) with y € Y.
By the triangle inequality, z € B(y, 2D¥).

Define the set
C:= {(y7k) : _SS k < S,ye Yk}7

We totally order the set C lexicographically by setting (v, k) < (v, k') if k < ¥/
or both k = k¥’ and y < 3. In what follows, we define recursively in the sense
of this order a function

(I1,12713) :C — P(X) X P(X) X P(X)
Assume the sets I;(y’, k') have already been defined for j = 1,2,3if ¥’ < k

andif k = k' and ¢’ < y. If k = —S, define for j € {1, 2} the set I;(y, k) to be
B(y,jD~%). If —S < k, define for j € {1,2} and y € Y}, the set I;(y, k) to be

U/ k= 1)y € Vi1 0 B(y, jD¥)}.
Define for —S < k< Sandy € Y}
Iy, k) i= Ly k) U [y )\ [X O 0) o € Yioy' <]

with
X = U{Il(y’,k) sy €Y}

Lemma1.4.1.3

Foreach —S < k < Sand 1 < j < 3 the following holds.If j # 2
and for some z € X and y1,y2 € Y we have

T € Ij(ylvk) N Ij(y27 k)7
then y; = y2.If j # 1, then

B(o,4D% —2D%) | J I(y, k).
IS

We have for each y € Yj,
1 .
B(ya §Dk) C I3(y7 k) C B(ya4Dk)

Proof for Lemma 1.4.1.3
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Proof. We prove these statements simultaneously by induction on
the ordered set of pairs (y, k). Let —S < k < S. We first consider
disjiforj = 1. If k = —S, disjointedness of the sets I (y, —S) fol-
lows by definition of I; and Y}. If £ > —5, assume x isin 1 (y,,, k)
for m = 1,2. Then, for m = 1,2, there is z,,, € Yx_1 N B(ym, D¥)
with z € I5(zm,k — 1). Using disji inductively for j = 3, we con-
clude z; = 2. This implies that the balls B(y;, D*) and B(y,, D¥)
intersect. By construction of Y%, this implies y; = y2. This proves
disjifor j = 1. We next consider disji for j = 3. Assume z is in
I3(ym, k) form = 1,2 and y,,, € Y. If z is in X, then by definition
definei3, z € I1(ym, k) for m = 1,2. As we have already shown
disji for j = 1, we conclude y; = y2. This completes the proof
in case ¢ € X}, and we may assume z is not in Xj. By definition
definei3, zisnotin I3(z, k) forany z with z < y; or z < y2. Hence,
neither y; < yo nor ys < y1, and by totality of the order of Y}, we
have y; = y,. This completes the proof of disji for j = 3. We
show unioni for j = 2. In case k = —5, this follows from Lemma
1.4.1.2. Assume k > —S. Let = be a point of B(o,4D° — 2D¥). By
induction, there is 4’ € Y;_1 such thatz € I3(y’, k — 1). Using the
inductive statement squeezedyadic, we obtain z € B(y’,4D*1).
As D > 4, by applying the triangle inequality with the points o,
z, and y', we obtain that y’ € B(0,4D° — D*). By Lemma 14.1.2,
y' is in B(y,2D") for some y € Y. It follows that x € Iy(y, k).
This proves unioni for j = 2. We show unioni for j = 3. Let
r € B(o,4D° — 2DF). In case € X, then by definition of X},
we have z € I(y, k) for some y € Y, and thus z € I3(y, k). We
may thus assume = ¢ Xj;. As we have already seen unioni for
j = 2, thereis y € Y}, such that z € I>(y, k). We may assume this
y is minimal with respect to the order in V). Then = € I3(y, k).
This proves unioni for j = 3. Next, we show the first inclusion
in squeezedyadic. Letz € B(y,+D*). As I1(y, k) C I3(y,k), it
suffices to show z € I;(y,k). If & = —S, this follows immedi-
ately from the assumption on z and the definition of I;. Assume
k > —S. By the inductive statement unioni and D > 4, thereis a
y" € Yj_1 such that x € I3(y', k — 1). By the inductive statement
squeezedyadic, we conclude x € B(y’,4D*~1). By the triangle in-
equality with points =, y, v/, and D > 8, we have y’ € B(y, D¥). It
follows by definition defineij that Is(y’, k—1) C I;(y, k), and thus
x € I3(y, k). This proves the first inclusion in squeezedyadic. We
show the second inclusion in squeezedyadic. Let z € I5(y, k). As
Ii(y, k) C I2(y, k) directly from the definition defineij, it follows
by definition definei3 that z € Iy(y, k). By definition defineij,
thereisy’ € Yy_1 N B(y,2D*) with z € I3(y', k — 1). By induction,
x € B(y',4D*~1). By the triangle inequality applied to the points
z,y',yand D > 4, we conclude = € B(y,4D"). This shows the sec-
ond inclusion in squeezedyadic and completes the proof of the

27
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lemma.
Lemmal1.4.1.4

Let —S <[l <k < Sandy € Y. We have

IB(yvk) C U I3(ylal)'
y' €Yy

Proof for Lemma 1.4.1.4

Proof. Let —S <l < k < Sandy € Yj. If | = k, the inclusion
3coverdyadic is true from the definition of set union. We may
then assume inductively that £ > [ and the statement of the lemma
is true if k is replaced by k — 1. Let x € I5(y, k). By definition
definei3, z € I;(y,k) for some j € {1,2}. By defineij, z €
Is(w,k — 1) for some w € Yj_1. We conclude 3coverdyadic by
induction.

Lemma1.4.1.5

Let—-S <l<k<Sandy € Yyandy' € Yy with I3(y',[)NI3(y, k) #
(. Then
Is(y/,l) (- IS(y,k)

Proof for Lemma 1.4.1.5

Proof. Let [, k,y,y' be as in the lemma. Pick z € I3(y’,1) N I5(y, k).
Assume first! = k. By disji of Lemma 1.4.1.3, we conclude y' = y,
and thus 3dyadicproperty. Now assume ! < k. By induction, we
may assume that the statement of the lemma is proven for k£ — 1
in place of k. By Lemma 1.4.14, there is a y”’ € Yj;_; such that
z € I3(y", k — 1). By induction, we have I5(y',1) C I3(y", k —1). It
remains to prove

I3(y//7k - 1) - IB(yvk)

We make a case distinction and assume first + € Xj. By Defi-
nition definei3, we have « € I(y, k). By Definition defineij,
thereisav € Y,_1 N B(y, D¥) with z € I3(v,k — 1). By disji of
Lemma 1.4.1.3, we have v = y”. By Definition defineij, we then
have I3(y"”,k — 1) C I1(y, k). Then the claim follows by Definition
definei3 in the given case. Assume now the case z ¢ Xj. By
definei3, we have x € I1(y, k). Moreover, for any u < y in Yy, we
have z ¢ I3(u, k). Let u < y. By transitivity of the order in Y}, we
conclude z ¢ I5(u, k). By defineij and the disjointedness prop-
erty of Lemma 14.1.3, we have I5(y”, k—1)NI2(u, k) = (). Similarly,
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Is(y",k — 1) NI (u, k) = 0. Hence Is(y",k — 1) N I3(u, k) = (. As
u < y was arbitrary, we conclude with definei3 the claim in the
given case. This completes the proof of the claim, and thus also
3dyadicproperty.

For —-S <k <k < Sandy € Y,y € Yy write (v, k' |y, k) if I3(y', k') C
IB(ya k) and
inf ' z) < 6DF .
xeX\Is(%k‘)p(y )
Lemma1.4.1.6

Assume —S < k' < K <k < Sandy” € Yipr,y € Yir,y € Yi.
Assume there is z € X such that

T e 13(2//,7 k”) N 13(]/, k/) N I3(ya k)
If (y’, k" |y, k), then also (y”, k"|y/, k') and (v, k' |y, k).
Proof for Lemma 1.4.1.6
Proof. Asx € I3(y", k")NIs(y', k') and k" < k', we have by Lemma
1.4.1.5 that I3(y", k") C I3(y',k'). Similarly, I5(y', k') C I5(y, k).
Pick 2/ € X \ I3(y, k) such that p(y”,2') < 6D*", which exists as

(y", K" |y, k). Asa’ € X\I3(y', k') aswell, we conclude (y", k" |y, k).
By the triangle inequality, we have

v 2") < ply',x) + plz,y") + py”, 2").

Using the choice of  and squeezedyadic as well as the choice of
«’, we estimate this by

< 4D¥ +4D" 4+ 6D*" < 6D¥,
where we have used D > 5 and k" < k’. We conclude (', k'|y, k).
Lemmal1.4.1.7

Let K = 2%+ Foreach —S + K < k < S and y € Y, we have

S sk - K) < gulls(y k).

2€Yr_k:(z,k—K|y,k)
Proof for Lemma 1.4.1.7

Proof. Let K be asin the lemma. Let —-S+ K < k < Sandy € Y;.
Pick k¥’ so that k — K < k' < k. For each y" € Y;_x with (v, k —
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K|y, k), by Lemma 14.14 and Lemma 1.4.1.5, there is a unique ¢’ €
Y}.» such that

Ii(y" k= K) C Is3(y', k') C Is(y, k).

Using Lemma 1.4.1.6, (v/, k'|y, k). We conclude using the disjoint-
edness property of Lemma 1.4.1.3 that

> p(Isy k= K) < Y ps/, k).

y'":(y" k—Kly,k) y':(y' k! |y, k)

30

Addingover k—K < k' < k,andusing u(I5(y/, k")) < 2%u(B(y', 1 D¥'))

from doublingx and squeezedyadic gives

K Y allsly' k-K)) <2t Y- > By,

y":(y" k—Kly,k) E=—K<k'<k |y':(y" .k |y,k)

Each ball B(y/, %Dk') occurring here is contained in I5(y’, k') by
squeezedyadic and in turn contained in I3(y, k). Assume for the
moment all these balls are pairwise disjoint. Then by additivity of
the measure,

KoY sy k- K) < 2 u(Is(y k),

y:(y" k—Kly,k)

which by K = 2%*! implies new-small-boundary. It thus re-
mains to prove that the balls occurring in the previous sum are
pairwise disjoint. Let (u,!) and (v/,1") be two parameter pairs oc-
curring in the sum and let B(u, 1 D') and B(v/, 1 D") be the cor-
responding balls. If I = I/, then the balls are equal or disjoint by
squeezedyadic and disji of Lemma1.4.1.3. Assume then without
loss of generality that !’ < [. Towards a contradiction, assume that

B(u, ipl) A B/, iDl/) £0.
As (u','|y, k), there is a point z in X \ I3(y, k) with p(z,u') < 6DV
Using D > 25, we conclude from the triangle inequality and the
assumed intersection that z € B(u, $D'). However, B(u, 3D') C
I3(u,l), and I3(u,l) C I3(y, k), a contradiction to = & I3(y, k). This
proves the lemma.

Lemma1.4.1.8

Let K = 2%*! and let n > 0 be an integer. Then for each —S +
nK < k < S we have

S sl k- nK)) < 2 (s (y ).
Y E€Yk—ni:(y k—nK|y,k)
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Proof for Lemma 1.4.1.8

Proof. We prove this by induction on n. If n = 0, both sides of
very-new-small are equal to u(I5(y, k)) by disji. If n = 1, this
follows from Lemma 1.4.1.7. Assume n > 1 and very-new-small
has been proven for n — 1. We write very-new-small

> p(Is(y", k —nk))

Y EYe—nk:(y" k—nK]|yk)

= 3 > uIs(y", k —nK))

Y EYe_k:(y k—Kly k) [y €Yk—nk:(y" k—nK|y k—K)
Applying the induction hypothesis, this is bounded by
= > 2" u(Is(y k — K))
Y EYe_x:(y k—Kly,k)

Applying new-small-boundary gives very-new-small, and proves
the lemma.

Lemma 1.4.1.9

Foreach —S < k < Sandy € Y, and 0 < ¢t < 1 with tD¥F > D—5
we have

p({z € Is(y, k) = pla, X \ Is(y, k) < tD*}) < 2t°u(Is(y, k).
Proof for Lemma 1.4.1.9

Proof. Letz € I3(y, k) with p(x, X \ I3(y, k)) < tDF. Let K = 24a+1
asinLemma14.1.8. Letn be the largestinteger such that DX < 1,
so that tD¥ < DF—"K and
1
P L —
~ tDK

Let k' = k —nK, by the assumption tD¥ > D~°, we have k' > —5.
By 3coverdyadic, there exists ' € V), with x € I3(y’, k'). By the
squeezing property squeezedyadic and the assumption on z, we
have

p<y,7X \ IB(yak)) < p(xay/) + p(va \ 13(y7k)) < 4Dk, + tDk
By the assumption on n and the definition of £/, this is

< 4D¥ 4 Dk—K gDV

31
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Together with 3dyadicproperty thus (v, k'|y, k). We have shown
that
{z € Is(y, k) : p(z, X \ Is(y, k) < tD¥}

C U Ly k—nK).
y/EYk—nK:(y/wk_nKlyvk)

Using monotonicity and additivity of the measure and Lemma 1.4.1.8,
we obtain

p({x € Is(y, k) = p(z, X\ Is(y, k) <tD*}) < 27" u(Is(y, k)).

By eq-n-size and the definition defineD of D, this is bounded by
2t1/ (100K (14 (3, ),
which completes the proof by the definition definekappa of .
Let D be the set of all I5(y, k) with k € [-S, S] and y € Y;. Define
s(Ta(y, k) == k

C(I3(ya k)) =Y.

We define D to be the set of all I € D such that I € I3(o, S).
Proof for Lemma 1.4.1

Proof of Lemma 1.4.1. We first show that (D, ¢, s) satisfies proper-
ties coverdyadic, dyadicproperty, eq-vol-sp-cubeandeq-small-boundary.
Propertyeq-vol-sp-cube follows from squeezedyadic, while eq-small-boundary
follows from Lemma 1.4.1.9. Let z € B(o, D°). We show proper-
ties coverdyadic and dyadicproperty for (257 ¢, s) and x. We first
show coverdyadic for (D, ¢, s) by contradiction. Then there is an
I violating the conclusion of coverdyadic. Pick such I = I5(y,!)
such that / is minimal. By assumption, we have —S < k < [; in
particular —S < [. By definition, I3(y,!) is contained in [; (y, 1) U
I5(y,1), which is contained in the union of I3(y',l — 1) with ¢/ €
Y;—1. By minimality of I, each such I5(y’,i — 1) is contained in
the union of all I5(z, k) with z € Y. This proves coverdyadic.
We now show dyadicproperty for (D, ¢, s). Assume to get a con-
tradiction that there are non-disjoint 7,/ € D with s(I) < s(J)
and I ¢ J. We may assume the existence of such I and J with
minimal s(J) — s(I). Let k = s(I). Assume first s(J) = k. Let
I = 13(y1,]€) and J = Ig(yg,k) with Y1,Y2 € Yk. Ify1 = Y2, then
I = J, a contradictionto I ¢ J. If y; # ya, then I NJ = ) by
disji, a contradiction to the non-disjointedness of I, J. Assume
now s(J) > k. Choose y € I N J. By property coverdyadic, there
is K € Dwiths(K) = s(J)—1andy € K. By construction of .J, and
pairwise disjointedness of all I5(w, s(J) — 1) that we have already
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seen, we have K C J. By minimality of s(J), we have I C K. This
proves I C J and thus dyadicproperty. Now note that proper-
ties dyadicproperty, eq-vol-sp-cube and eq-small-boundary
immediately carry over to (D, ¢, s) by restriction. subsetmaxcube
is true for (D, ¢, s) by definition, and coverdyadic follows from
coverdyadic and dyadicproperty for (D, ¢, s).

Proof of Tile Structure Lemma

Choose a grid structure (D, ¢, s) with Lemma 1.4.1. Let I € D. Suppose that
Z CQ(X)
is such that for any ¢, § € Z with 9 # 0 we have
Br+(9,0.3) N B+ (6,0.3) N Q(X) = 0.

Since Q(X) is finite, there exists a set Z satisfying both conditions of maximal
cardinality among all such sets. We pick for each I € D such a set Z(I).
Lemmal4.2.1

For each I € D, we have

QX)c |J Bre(z07).

z€Z(I)
Proof for Lemma 1.4.2.1

Proof. Let 6 € Uyeq(x) Bre(¥,1). By maximality of Z([), there
must be a point z € Z(I) such that Bjo(z,0.3) N Br-(0,0.3) # 0.
Else, Z(I) U {0} would be a set of larger cardinality than Z(I) sat-
isfying eq-tile-Zand eq-tile-disjoint-Z. Fix sucha z, and fix
apoint z; € Bro(z,0.3) N By (6, 0.3). By the triangle inequality, we
deduce that

dre(2,0) < dpe(z,21) + dpo (0, 21) < 0.3+ 0.3 = 0.6,
and hence 0 € Byo(z,0.7).

We define
P={(I,z): [€D,ze Z(I)},
Z((I,2) =1 and Q((1,2)) = 2.
We further set
s(p) = s(Z(p)), c(p) = c(Z(p))-

Then tilecenter, tilescale hold by definition. It remains to construct the
map (2, and verify propertieseq-dis-freq-cover, eq-freq-dyadicand eq- freq-comp-ball.



CHAPTER 1. FORMALIZATION OF CARLESON’S THEOREM 34

We first construct an auxiliary map ;. For each I € D, we pick an enumera-
tion of the finite set Z(I)

Z(I) :{Zlv"'sz}'

We define ; : P — P(O) as follows. Set

Ql((I,Zl)) :BIO(21,0.7)\ U BIO(Z,O.S)

2€Z(D\{=1}
and then define iteratively
k—1
0 (I, ) = Bro(z,0.7)\  |J  Bre(2,03)\ |J (L, 2)).
2€Z(I\ {21} i=1

Lemma 1.4.2.2
For each I € D, and py,p2 € P(I), if
Qu(p1) NQu(p2) #0
then p; = po.
Proof for Lemma 1.4.2.2
Proof. By the definition of the map 7, we have
P) ={,2) : z€ Z(I)}.

Byeq-def-omegal, thesetQ;((1, z;)) is disjoint from each 4 ((Z, z;))
with ¢ < k. Thus the sets Q4 (p), p € B(I) are pairwise disjoint.

Lemma1.4.2.3

For each I € D, it holds that

U Bro0nc |J e

2€Z(I) peP)

For every p € 3, it holds that
B, (Q(p),0.3) C Qu(p) C Byp(Q(p),0.7).

Proof for Lemma 1.4.2.3
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Proof. For eq-omegal-inclletp = (I, z). The second inclusion in
eq-omegal-inclthen follows from eq-def-omegal and the equal-

ity B,(Q(p),0.7) = Bjo(z,0.7), which is true by definition. For

the first inclusion in eq-omegal-incllet ¥ € B,(Q(p),0.3). Let k

be such that z = z; in the enumeration chosen above. It follows
immediately from eq-def-omegal and eq-tile-disjoint-Zthat

¥ ¢ Q1((1, z)) for all i < k. Thus, again from eq-def-omegal, we

haved € Q((/, z)). Toshow eq-omegal-coverletd € J,cz(p) Bre(2,0.7).
If there exists z € Z(I) with ¥ € Bo(z,0.3), then

zem(lz)c |J b
peB)

by the first inclusion in eq-omegal-incl. Now suppose that there
exists no z € Z(I) with ¥ € Bjo(z,0.3). Let k be minimal such
that ¥ € Byo(2x,0.7). Since Q4((1, 2;)) C Bre(2;,0.7) for each i by
eq-def-omegal, we have that 9 ¢ Q;((1,z2;)) for all i < k. Hence
9 € Qi((I,z)), again by eq-def-omegal.

Now we are ready to define the function 2. We define for all p € B(Iy)

Q(p) = Q(p).

For all other cubes I € D, I # Iy, there exists, by dyadicproperty and
subsetmaxcube, J € Dwith I C Jand I # J. On such I we define Q2 by
recursion. We can pick an inclusion minimal J € D among the finitely many
cubes such that I C J and I # J. This J is unique. Suppose that J’ is another
inclusion minimal cube with I C J' and I # J’. Without loss of generality, we
have that s(J) < s(J’). By dyadicproperty, it follows that J C J’. Since J' is
minimal with respect to inclusion, it follows that J = J’. Then we define

Q= U  A(U2)UB(Q(r),02).

z€Z(J)N (p)

We now verify that (3, Z, Q, Q, ¢, s) forms a tile structure.
Proof for Lemma 1.4.2

Proof of Lemma 1.4.2. First, we prove eq-freq-comp-ball. If ] =

Iy, theneq-freq-comp-ballholdsforallp € B(I) by eq-max-omega
and eg-omegal-incl. Now suppose that [ is not maximal in D

with respect to set inclusion. Then we may assume by induction
thatforall J € DwithI C Jandallp’ € P(J), eq-freq-comp-ball
holds. Let J be the unique minimal cube in D with I C J. Suppose

that ¥ € Q(p). If ¥ € B,(Q(p),0.2), then since B,(Q(p),0.2) C

B, (Q(p), 1), weconcludethat? € B,(Q(p),0.7). If not, byeq-it-omega,
there exists z € Z(J) N Q4 (p) with ¥ € Q(J, z). Using the triangle
inequality and eq-omegal-incl, we obtain

dre(Q(p),9) < dre(Q(p), 2) + dro(2,9) < 0.7+ dys (z,9).
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By Lemma 1.2.1.2 and the induction hypothesis, this is estimated
by
<0.7+27%% 50 (2,9) <0.7+27%. 1 < 1.

This shows the second inclusion in eq- freq-comp-ball. The first
inclusion isimmediate from eq- it -omega. Next, we show eq-dis-freq-cover.
Let I € D. If I = I, then disjointedness of the sets Q(p) for
p € P(I) follows from the definition eq-max-omega and Lemma
1.4.2.2. To obtain the inclusion in eq-dis-freq-cover one com-
binestheinclusionseq-tile-coverandeq-omegal-cover of Lemma
1.4.2.3 with eq-max-omega. Now we turn to the case where there
exists J € Dwith I C Jand I # J. In this case we use induc-
tion: It suffices to show eq-dis-freq-cover under the assump-
tion that it holds for all cubes J € D with I C J. As shown before
definition eq- it -omega, we may choose the unique inclusion min-
imal such J. To show disjointedness of the sets Q(p),p € P(I) we
pick two tiles p,p’ € PB(I) and ¥ € Q(p) N Q(p’). Then we are by
eq-it-omega in one of four cases. In the case where both come
from elements z, 2’ € Z(J), the induction hypothesis gives z = 2’
and then Lemma 14.2.2 gives p = p’. In the mixed case where
one side comes from Q(J, z) and the other from B, (Q(p’),0.2),
the same estimate as above gives z € Q4 (p’), hence Lemma 1.4.2.2
gives p = p’. The symmetric mixed case is identical after swap-
ping the roles. If both points lie in the small balls B, (Q(p),0.2) N
By (Q(p'),0.2), then p = p’ because these small balls are pairwise
disjoint by eq-omegal-incl and Lemma 1.4.2.2. To show the in-
clusion in eq-dis-freq-cover, let ¥ € Q(X). By the induction
hypothesis, there exists p € (/) such that ¥ € Q(p). By defini-
tion of the set 3, we have p = (J, z) for some z € Z(J). Thus, by
eq-tile-cover, there exists 2z’ € Z(I) with z € By (2’,0.7). Then
by Lemma 1.4.2.3 there exists p’ € PB(I) with z € Z(J) N Q1 (p').
Consequently, by eq-it-omega, ¥ € Q(p’). This completes the
proof of eq-dis-freq-cover. Finally, we show eq-freq-dyadic.
Let p,q € P with Z(p) C Z(q) and Q(p) N Q(q) # 0. If we have
s(p) > s(q), then it follows from dyadicproperty that I = J, thus
p,q € B(I). By eq-dis-freq-cover we have then either Q(p) N
Q(q) = 0 or Q(p) = Q(q). By the assumption in eq-freq-dyadic
we have Q(p) N Q(g) # 0, so we must have Q(p) = Q(q) and in
particular Q(q) C Q(p). So it remains to show eq-freq-dyadic
under the additional assumption that s(q) > s(p). In this case, we
argue by induction on s(q) — s(p). By coverdyadic, there exists a
cube J € D with s(J) = s(q) — 1and J N Z(p) # (. We pick one
such J. By dyadicproperty, we have Z(p) C J C Z(q). Thus, by
eq-tile-cover, there exists z’ € Z(J) with Q(q) € By.(2',0.7).
Then by Lemma 1.4.2.3 there exists q’ € P(J) with Q(q) € Q1(q').
Byeq-it-omega,itfollowsthatQ(q) C Q(q’). NotethatthenZ(p) C
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Z(q') and ©(p) N 2(q") # 0 and s(q’) — () = s(q) — s(p) — 1. Thus,
we have by the induction hypothesis that Q(q") C Q(p). This com-
pletes the proof.

1.5 Proof of discrete Carleson

Let a grid structure (D, ¢, s) and a tile structure (B, Z, 2, Q) for this grid struc-
ture be given. In[Organisation of the tiles| (p. [37), we decompose the set P
of tiles into subsets. Each subset will be controlled by one of three methods.
The guiding principle of the decomposition is to be able to apply the forest
estimate of Theorem 1.2.4 to the final subsets defined in defc5. This applica-
tion is done in [Proof of the Forest Union Lemma)| (p. [5I). The miscellaneous
subsets along the construction of the forests will either be thrown into excep-
tional sets, which are defined and controlled in[Proof of the Exceptional Sets|
LCemmd (p. [40), or will be controlled by the antichain estimate of Theorem
1.2.3, which is done in [Proof of the Forest Complement Lemma| (p. [57).
(p-[47) contains some auxiliary lemmas needed for the proofs
in Subsections [Proof of the Forest Union Lemma| (p. [51){Proof of the Fores
Complement Lemmd (p. [57).

Organisation of the tiles

In the following definitions, k,n, and j will be nonnegative integers. Define
C(G, k) to be the set of I € D such that there existsa J € D with I C J and

p(GNJ) > 275 (),

but there does not exista J € Dwith I C J and
w(GNJ)>27%u()).
Let
Pk) ={p P : I(p) € C(G, k)}

Define M(k, n) to be the set of p € P(k) such that

n(Er(p)) > 27" u(Z(p))
and there does not exist p’ € PB(k) with p’ # p and p < p’ such that

p(EL(p') > 27" u(Z(p"))-

Define for a collection ' C B(k)

_ EQ()‘vp))
dens) (') := sup sup A~ @ sup M(i
¥ P EP’ A>2 pEP(k):Ap’ Ap w(Z(p))

Sorting by density, we define
¢(k,n) :={p € P(k) : 227" < dens, ({p}) < 2%027 "1},
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Following Fefferman, we define forp € €(k,n)
B(p) :={m e M(k,n) : 100p < m}
and _ ,
Ci(k,n,j) = {p € C(k,n) : 27 < [B(p)] <2},

and
Lok,n) :={pec(k,n) : B <1}

Together with the following removal of minimal layers, the splitting into ¢, (k, n, j)
will lead to a separation of trees. Define recursively for 0 <1 < Z(n + 1)

21(k7n7j7 l)

to be the set of minimal elements with respect to < in

& (ko )\ | Lalkon, 4.

0<i'<l

Define
&k, 4) = Ckn )\ | Likn 5 0).
0<l'<Z(n+1)

The remaining tile organization will be relative to prospective tree tops, which
we define now. Define
L[1 (ka n, .])

to be the set of all u € €;(k,n,j) such that for all p € &;(k,n,j) with Z(u)
strictly contained in Z(p) we have B, (Q(u), 100) N B,(Q(p), 100) = 0. We first
remove the pairs that are outside the immediate reach of any of the prospec-
tive tree tops. Define

S2 (k7 n, ])

to be the set of all p € €5 (k, n, j) such that there does not exist u € il (k,n, j)
with Z(p) # Z(u) and 2p < u. Define

Q:3(ka n7]) = 62(k7n7j) \ 2’2(‘1{:7“7]‘)'
We next remove the maximal layers. Define recursively for 0 < 1 < Z(n + 1)
23(k7 n7j7 l)

to be the set of all maximal elements with respect to < in

Cs(k,n, )\ | Lalk,n, 0.

0<i'<l

Define
0:4(143,77;,']') = Q:g(k,ﬂ,])\ U £3(k7n7j7l)'
0<i<Z(n+1)
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Finally, we remove the boundary pairs relative to the prospective tree tops.
Define
L(u)

tobethesetofall ] € Dwith I C Z(u) and s(I) = s(u) — Z(n+ 1) — 1 and
B(c(I),8D*D) ¢ Z(u). Define
24(k7naj)

to be the set of all p € &,(k,n, j) such that there exists u € U (k,n,j) with
Z(p) Cc JL(u), and define

65(]{,774,].) = €4(kvn7j) \ 24(kvn7j)'

We define three exceptional sets. The first exceptional set G; takes into
account the ratio of the measures of ' and G. Define L ¢ to be the set of all
p € P with

a SM(F)
dens,({p}) > 2%+ Q)

Define
G= |J z).

PEPF,c

For an integer A > 0, define A(\, k, n) to be the set of all z € X such that

Z lz(p)(;v) > )\2n+1

peM(k,n)
and define
Ga:=J J A@n+6,k,n).
k>0 k<n
Define

Gs = U U U ze)

20 n2k 0<j<2n+3 peLy(k,n,j)

Define G’ = G; U G2 U G3. The following bound of the measure of G’ will be
proven in [Proof of the Exceptional Sets Lemma) (p. [40).
Lemmal.5.1.1

We have
p(G') <27 1u(@).

In[Proof of the Forest Union Lemma|(p.[51), we identify each set &5 (k, n, j)
outside G’ as a forest and use Proposition Theorem 1.2.4 to prove the following
lemma.

Lemma 1.5.1.2
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Let

B=UU U &kni

k>0n>k 0<j<2n+3
Forall f : X — Cwith |f| < 1 we have

2441(13

Tof| dp < ———p(G) "5 u(F)5.
L\G’ pgl Pf HS (q_1)4:u( ) ‘U,( )

Q=

In[Proof of the Forest Complement Lemma|(p.[57), we decompose the com-
plement of the set of tiles in Lemma Lemma 1.5.1.2 and apply the antichain
estimate of Theorem 1.2.3 to prove the following lemma.

Lemma1.5.1.3

Let
Pa =P\ P
Forall f : X — Cwith |f| < 1 we have

9120a” L N
/ Y Tyf|dp < s (G) T p(E) e
oo |4, (-1

Proof for Theorem 1.2.2

Proof of Theorem 1.2.2. Theorem 1.2.2 follows by applying the tri-
angle inequality to disclesssimaccording to the splitting in Lemma
1.5.1.2 and Lemma 1.5.1.3 and using both lemmas as well as the
bound on the set G’ given by Lemma 1.5.1.1.

Proof of the Exceptional Sets Lemma

We prove separate bounds for G1, G2, and G3 in Lemmas Lemma 1.5.2.1, Lemma
1.5.2.6, and Lemma 1.5.2.10. Adding up these bounds proves Lemma 1.5.1.1.
The bound for G, follows from the Vitali covering lemma, Theorem 1.2.6.
Lemma1.5.2.1

We have
H(G1) < 270u(G).
Proof for Lemma1.5.2.1
Proof. Let ")
K = 22(1+5L
wG)
For each p € Pr ¢ pick a r(p) > 4D with

u(F N B(c(p),r(p)) = Ku(B(c(p),(p)))



CHAPTER 1. FORMALIZATION OF CARLESON’S THEOREM 41

This ball exists by definition of B ¢ and dens_2. By applying The-
orem 1.2.6 to the collection of balls

B={B(c(p),r(p)) : p € Brc}

and the function u = 1z, we obtain
p(B) < 2*° K~ u(F).
We conclude with eq-vol-sp-cube and r(p) > 4D

U z) < ulUB) < 22K~ u(F) = 27°u(G).
PEPF,c

We turn to the bound of G5, which relies on the Dyadic Covering Lemma
1.5.2.2 and the John-Nirenberg Lemma 1.5.2.5 below.
Lemma1.5.2.2

For each & > 0, the union of all dyadic cubes in C(G, k) has mea-
sure at most 2°+1(@).

Proof for Lemma1.5.2.2

Proof. The union of dyadic cubes in C(G, k) is contained in the
union of elements of the set M (k) of all dyadic cubes J with (G N J) >
27k=11(J). The union of elements in the set M (k) is contained in

the union of elements in the set M*(k) of maximal elements in
M(k) with respect to set inclusion. Hence

wlUc@R) <p(JM®) < >0 uld).

JeM=(k)

Using the definition of M (k) and then the pairwise disjointedness
of elements in M*(k), we estimate this by

<2MN (I NG < 28 u(G).
JeM* (k)

This proves the lemma.
Lemma1.5.2.3
Ifp,p’ € M(k,n) and
Ey(p) N EL(p) # 0

thenp =yp’.
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Proof for Lemma1.5.2.3

Proof. Let p,p’ be as in the lemma. By definition of F;, we have
E,(p) C Z(p) and analogously for p’, we conclude from eintersect
that Z(p) N Z(p’) # (). Let without loss of generality Z(p) be max-
imal in {Z(p),Z(p')}, then Z(p’) C Z(p). By eintersect, we con-
clude by definition of £; that Q(p)NQ(p’) # 0. Byeq-freq-dyadic
we conclude Q(p) C Q(p’). It follows that p’ < p. By maximality
mnkmax of p’, we have p’ = p. This proves the lemma.

Lemma1.5.2.4

Foreachz € A(\, k,n), there is a dyadic cube / that contains = and
is a subset of A(\, k, n).

Proof for Lemma 1.5.2.4

Proof. Fix k,n, A\, x asin the lemma such thatx € A(\, k,n). Let M
be the set of dyadic cubes Z(p) with p in M(k,n) and = € Z(p). By
definition of A(\, k,n), the cardinality of M is at least 1 + \2" 1,
Let I be a cube of smallest scale in M. Then I is contained in all
cubes of M. It follows that I C A(\, k,n).

Lemma1.5.2.5

For all integers k,n, A > 0, we have

p(AN kyn)) < 28M172(@).
Proof for Lemma 1.5.2.5

Proof. Fix k, n as in the lemma and suppress notation to write A(\)
for A(), k,n). We prove the lemma by induction on A. For A = 0,
we use that A(\) by definition of M(k, n) is contained in the union
of elements in C(G, k). Lemma 1.5.2.2 then completes the base of
the induction. Now assume that the statement of Lemma 1.5.2.5 is
proven for some integer A > 0. The set A(\ + 1) is contained in
the set A(\). Let M be the set of dyadic cubes which are a subset
of A(\). By Lemma 1.5.2.4, the union of M is A(\). Let M* be the
set of maximal dyadic cubes in M. Letz € A(A+ 1) and L € M*
such that z € L. Then by the dyadic property dyadicproperty

> 1zgy(x) = > 17(p)(2)+ > 17 ().
peM(k,n) peM(k,n):Z(p)CL peM(k,n):LCI(p)

We now show

Z lz(p)(cc) > 2n+1.

peM(k,n):Z(p)CL

42
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The left-hand side of the previous display is strictly greater than

(A + 1)2"T1, If L is the top cube the second sum is zero and the
claim follows immediately. Otherwise consider the inclusion-minimal
cube L with L C L; all tiles in the second sum satisfy L C p, so
the second sum is constant for all z € L. By maximality of L, the
second sum is at most A2"*! somewhere on L, thus on all of L
and consequently also at z. Rearranging the inequality yields the
claim. By Lemma 1.5.2.3, we have

S (ER) < ull).

peM(k,n):Z(p)CL

Multiplying by 2" and applying ebardense, we obtain

> wZp) <2'u(l).

peM(k,n):Z(p)CL

We then have with the previous two estimates

2" (AN+1)N L) = / 2" dp
(A+1)NL

/ Z (p)d,u < Qn/t(L).

peM(k,n):Z(p)C

Hence

2u(AAN+1) =2 > p(AA+1)NL) < Y p(L) = p(AN).

LeM* LeM*

Using the induction hypothesis, this proves alambdameasure for
A + 1 and completes the proof of the lemma.

Lemma1.5.2.6

We have
1(Gs) < 272(G),

Proof for Lemma1.5.2.6
Proof. We use Lemma 1.5.2.5 and sum twice a geometric series to

obtain
Z Z w(A(2n +6,k,n)) < Z Z ok=5=2n (G

0<k k<n 0<k k<n
<Y 2R (@) < 272u(@).
0<k

This proves the lemma.
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We turn to the set G3.
Lemma1.5.2.7

We have
ST aZ(m) < 27H(G).

meM(k,n)
Proof for Lemma 1.5.2.7

Proof. We write the left-hand side of eq-musum

|202]

[ ¥ tw@de <213 A k)

meM(k,n)

Using Lemma 1.5.2.5 and then summing a geometric series, we es-
timate this by

|202]
< gn+1 Z 2k+1_/\N(G) < 2n+12k+2u(G).
A=0

This proves the lemma.
Lemma1.5.2.8

Let k,n,j > 0. We have for everyz € X

Z lI(u) (33) < 9~ig9a Z II(m) (:L‘)

uesly (k,n,j) meM(k,n)
Proof for Lemma 1.5.2.8

Proof. Letz € X. For eachu € 841 (k,n,j) withz € Z(u), asu €
¢ (k,n, j), there are at least 27 elements m € M(k, n) with 100u <
m and in particular € Z(m). Hence

]-I(u) (CL‘) < 277 Z II(m) (ZL‘)

meM(k,n):100uSm

Conversely, for each m € M (k,n) with z € Z(m), let L(m) be the
setof u € Yy (k,n,j) with z € Z(u) and 100u < m. Summing the
previous bound over u and counting the pairs (u, m) with 100u < m
differently gives

Z ]-I(u) (JJ) < 277 Z Z lI(m)(x)

ueily (k,n,j5) meM(k,n) ueil(m)
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We estimate the number of elements in 4{(m). Let u € 4[(m). Then
by definition of {{(m)

dy(Q(u), Q(m)) < 100.
If v’ is a further element in (m) with u # v/, then
Q(m) € By (9Q(u),100) N By (Q(u'), 100).

By the last display and definition of 4, (k, n, j), none of Z(u), Z(u’)
is strictly contained in the other. Asboth contain z, we have Z(u) =
Z(u’). We then have d,, = d,/. By eq-freq-comp-ball, the balls
B,(9(u),0.2) and B, (Q(u),0.2) are contained respectively in (u)
and Q(u’) and thus are disjoint by eq-dis-freq-cover. By dby?2
and the triangle inequality, both balls are contained in B, (Q(m), 100.2).
By thirddb applied nine times, there is a collection of at most 2°¢
balls of radius 0.2 with respect to the metric d,, which cover the
ball B,(Q(m),100.2). Let B’ be a ball in this cover. As the center
of B’ can be in at most one of the disjoint balls B, (Q(u),0.2) and
B,(9Q(w),0.2), the ball B’ can contain at most one of the points
Q(u), Q(1’). Hence the image of {(m) under Q has at most 2°¢
elements; since Q is injective on {(m), the same is true of {(m).
Inserting this into usumbymsum proves the lemma.

Lemma1.5.2.9

Let £(u) beasdefined in eq-L-def. We have foreachu € i, (k, n, ),

(| 1)< DR (T w)).
IeL(u)

Proof for Lemma 1.5.2.9
Proof. Letu € U;(k,n,l). Let I € L(u). Then we have s(I) =
s(u) — Z(n+1) — 1and I C Z(u) and B(c(I),8D*)) ¢ Z(u). By
eq-vol-sp-cube, the set I is contained in B(c(I),4D*(1)). By the
triangle inequality, the set I is contained in

X)) :={zeZ() : plz,X \I(u)) < 12DsW-Zr+D-1y

By the small boundary property eq-small-boundary, noting that
12DsW=ZM+D=1 = 13Ds() > D=5 we have

p(X (1)) < 2 (12D~ 20 D=1y (T(w)).
Using k < 1 and D > 12, this proves the lemma.

Lemma 1.5.2.10
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We have
1(Gs) < 27u(G).

Proof for Lemma 1.5.2.10

Proof. As each p € £4(k,n,j) is contained in UL(u) for some u €
3ty (k,n, 1), we have

W U zon< > w Y D
peLy(k,n,j) uesly (k,n,j) I€L(u)

Using Lemma 1.5.2.9 and then Lemma 1.5.2.8, we estimate this fur-

ther by
< Y DUz
uesly (k,n,j)
S2100a2+9a+1—j Z D—HZ(TL-‘Fl)M(I(m)).

meM(k,n)
Using Lemma 1.5.2.7, we estimate this by

< 2100a"‘+9a+17jDfnz(n+1)2n+k+3u(G)_

Now we estimate G3 defined in defineg3 by

(RS D S G ()

k>0 n>k 0<j<2n+3 pegLy(k,n,j)
2 G ~—
SE : 2 : § : 21000, +9a+3+n+k ip HZ(TL+1)/J(G).
k>0 n>k 0<j<2n+3

Summing geometric series, using that D*# > 8 by defineD, definekappa
and defineZ, we estimate this by

2 —K n
< Z Z 9100a” +9a-+4+n+k py—rZ( H)N(G)

k>0 n>k
— Z 2100a2+9a+4+2kD—ﬁZ(k+1) Z 2n—kD—RZ(n—k)u(G)
k>0 n>k
< Z 2100a2+9a+5+2kD7nZ(k+1)M(G)
k>0

< 2100a2+9a+6D—K,ZM(G).

Using D = 219" andq > 4and xZ > 2bydefineD and definekappa
proves the lemma.

Proof for Lemma 1.5.1.1

Adding up the bounds in Lemmas Lemma 1.5.2.1, Lemma 1.5.2.6,
and Lemma 1.5.2.10 proves Lemma 1.5.1.1.
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Auxiliary lemmas

Before proving Lemma 1.5.1.2 and Lemma 1.5.1.3, we collect some useful prop-
erties of <.
Lemma1.5.3.1

If np <mp’andn’ > nand m > m’ thenn'p <m'p’.
Proof for Lemma1.5.3.1

Proof. This follows immediately from the definition wiggleorder
of < andthetwoinclusions B, (Q(p),n) C B,(Q(p),n') and B, (Q(p'),m’) C
By (Q(p),m).

Lemma1.5.3.2
Letn,m > 1landk > 0. If p,p’ € P with Z(p) # Z(p’) and
np < kp'

then
(n+27%m)p <my'.

Proof for Lemma1.5.3.2

Proof. The assumption eq-wigglel together with the definition
wiggleorderof <impliesthatZ(p) C Z(p'). Letd € By (Q(p'), m).
Then we have by the triangle inequality

dp(Q(p),7) < dp(Q(p), Q0")) + dp(Q(p"), V).
The first summand is bounded by n since
Q) € By (), k) C Bp(Q(p), n),

usingwiggleorder. Forthe second summand we use Lemma1.2.1.2
to show that the sum is estimated by

n+27%%, (Q(p),9) < n+2"%m,

Thus By (Q(p'), m) C Bp(Q(p), n+27%%m). Combined with Z(p) C
Z(p’), this yields eq-wiggle2.

Lemma1.5.3.3
The following implications hold for all q, ¢’ € B:
g<qand X > 1.1 = A\qg <\,

109 < q'and Z(q) # Z(¢') = 100q < 100¢’,
29 $q'and Z(q) # Z(q') = 4q < 5004’
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Proof for Lemma1.5.3.3

Proof. eq-sc2 and eq-sc3 are easy consequences of Lemma1.5.3.1,

Lemma 1.5.3.2 and the fact that a > 4. For eq-scl, if Z(q) = Z(q')

then we get g = q’ by eq-dis-freq-cover and straightorder. If

Z(q) # Z(q'), thenfrom straightorder,wiggleorder and eq- freq-comp-ball
it follows that q < 0.2q’, and eq-scl follows from an easy calcula-

tion using Lemma 1.5.3.2.

We call a collection 2 of tiles convex if
p<p <p’andp,p’ €A = p' e
Lemma1.5.3.4
For each k, the collection (k) is convex.
Proof for Lemma 1.5.3.4

Proof. Suppose thatp < p’ < p” and p,p” € PB(k). By eq-defPk we
have Z(p),Z(p") € C(G, k), so there exists by muhj1 some J € D
with
() cZ(") c J

and (G N J) > 27%14(J). Thus muhj1 holds for Z(p’). On the
other hand, by muhj2, there exists no J € D with Z(p) C J and
w(G N J) > 27Fu(J). Since Z(p) C Z(p'), this implies that muhj2
holds for Z(p’). Hence Z(p’) € C(G, k), and therefore by eq-defPk
p' e B(k).

Lemma 1.5.3.5
For each k, n, the collection €(k, n) is convex.
Proof for Lemma 1.5.3.5

Proof. Letp < p’ < p” with p,p” € €(k,n). Then, in particu-
lar, p,p” € PB(k), so, by Lemma 1.5.34, p’ € P(k). Next, we show
thatif ¢ < q’ € B(k) then dens} ({q}) > dens, ({q'}). Ifp € P(k)
and A > 2 with A\q’ < Mp, then it follows from q < ¢/, eq-scl
of Lemma 1.5.3.3 and transitivity of < that A\q < Ap. Thus the
supremum in the definition eq-densdef of dens),({q}) is over a su-
perset of the set the supremum in the definition of dens),({q'}) is
taken over, which shows dens} ({q}) > dens,.({q'}). From p’ < p”,

p” € €(k,n) and def - cnk it then follows that
21927" < dens;,({p"}) < dens; ({p'}).
Similarly, it follows from p < p’, p € €(k, n) and def-cnk that
dens},({p'}) < dens}({p}) < 2'27"+".
Thus p’ € €(k, n).
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Lemma 1.5.3.6
For each k, n, j, the collection €, (k, n, j) is convex.
Proof for Lemma 1.5.3.6

Proof. Letp < p’ < p” with p,p” € €;(k,n,j). By Lemma 1.5.3.5
and the inclusion &, (k,n,j) C €(k,n), which holds by definition
defcnkj, we have p’ € €(k,n). By eq-scl and transitivity of < we
have that ¢ < ¢’ and 100q" < m imply 100q < m. So, by defbfp,
B(p"”) C B(p') C B(p). Consequently, by defcnkj

27 <[B(p")| < [B()| < [Bp)] <277,

thusp’ € € (k,n,j).

Lemma1.5.3.7
For each k, n, j, the collection &5 (k, n, j) is convex.

Proof for Lemma 1.5.3.7
Proof. Letp < p’ < p” with p,p” € €(k,n,j). By eq-C2-def,
we have €5(k,n,j) C € (k,n,j). Combined with Lemma 1.5.3.6,
it follows that p’ € €;(k,n,j). If p = p’ the statement is trivially
true, otherwise suppose that p’ ¢ €2(k,n,j). By eq-C2-def, this
implies that there exists 0 < I’ < Z(n + 1) with p’ € £,(k,n,7,U').
By the definition eq-L1-def of £;(k, n,j,1"), this implies that p’ is
minimal with respect to <in &, (k,n,5) \ U,.; £1(k,n, j,1). Since
p<p'andp € & (k,n,j), p =p’, a contradiction.

Lemma1.5.3.8
For each k, n, j, the collection €;(k,n, j) is convex.

Proof for Lemma 1.5.3.8
Proof. Letp < p’ < p” with p,p” € €5(k,n,j). By eq-C3-def and
Lemma 1.5.3.7 it follows that p’ € €5(k,n,j). By eq-C3-def and
eq-L2-def, there exists u € {ly(k, n,j) with 2p” < uwand Z(p”) ¢

Z(u). From p’ < p”, eq-scl and transitivity of < we then have
2p" Suand Z(p') C Z(u),sop’ € C3(k,n,j).

Lemma1.5.3.9
For each k, n, j, the collection &4 (k, n, j) is convex.

Proof for Lemma 1.5.3.9



CHAPTER 1. FORMALIZATION OF CARLESON’S THEOREM 50
Proof. The proof is entirely analogous to Lemma 1.5.3.7, substitut-
ing €, for €, €5 for € and p’ < p” forp <yp'.

Lemma1.5.3.10
For each k, n, j, the collection €5(k, n, j) is convex.

Proof for Lemma1.5.3.10

Proof. Letp < p’ < p” with p,p” € €5(k,n,j). Then p,p” €
€4(k,n,j) by defc5, and thus by Lemma 1.5.39 p’ € &4 (k,n,j).
It suffices to show that if p’ € £4(k,n,j) then p € L£4(k,n,j) by
contraposition; this is true by eq-L4-def and p < p’.

Lemma1.5.3.11
We have for every k& > 0 and ' C B(k)

dens; (') < dens) ().

Proof for Lemma 1.5.3.11

Proof. It suffices to show that for allp’ € B’ and A > 2 and p €
P(P') with Ap’ < A\p we have

pEBOD) o HEBA)

WZ®) "~ prepmyap<apr MIW7))

Let such p’, A, p be given. It suffices to show that p € B(k), that is,
it satisfies muhj1 and muhj2. We show muhj1l. As p € B(P’), there
exists p”’ € P’ with Z(p’) € Z(p”). By assumption on ', we have
p” € P(k) and there exists J € D with Z(p”’) C J and

w(GNJ) > 27 1.

Then also Z(p’) C J, which proves muhj1 for p. We show muhj2.
Assume to get a contradiction that there exists J € DwithZ(p) C J
and

w(GNJ) > 27 u ().

As A\p’ < Ap, we have Z(p') C Z(p), and therefore Z(p’) C J. This
contradicts p’ € B’ C P(k). This proves muhj2 for p.

Lemma1.5.3.12
For each set 2 C €(k,n), we have

dens; () < 24227+,
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Proof for Lemma 1.5.3.12

Proof. We have by Lemma 1.5.3.11 that dens; () < dens;, (). Since

A C €(k, n), it follows from monotonicity of suprema and the defi-

nition eq-densdef thatdens; () < dens} (¢(k,n)). Byeq-densdef
and def-cnk, we have

dens; (¢(k,n)) = sup dens;({p}) < 2*27"F1,
peC(k,n)
Proof of the Forest Union Lemma

Fix k,n,j > 0. Define
Qt()(kvn7])

to be the setof alltilesp € €5(k, n, j) suchthat Z(p) ¢ G’'. The following chain
of lemmas establishes that the set €s(k,n, j) can be written as a union of a
small number of n-forests.

Foru € il (k, n, j), define

Ti(w) :={p e &(k,n,j) : Z(p) # L(u), 2p S u}.
Define
L[Z(kvnmj) = {11 € ul(kanvj) : Sl(u) N Q:G(kvn7j) 7& (Z)}
Define a relation ~ on 3 (k, n, j) by setting u ~ v’ for u,u’ € Us(k, n, j) if
u =’ or there exists p in T; (u) with 10p < o',
Lemmal.54.1

Ifu~u,thenZ(u) = Z(v') and

By (Q(u),100) N By (Q(u'), 100) # 0.

Proof for Lemma 1.5.4.1

Proof. Let u,u’ € tUs(k,n,j) with u ~ v’. If u = v’ then the conclu-
sion of the Lemma clearly holds. Else, there exists p € €;(k,n,j)
such that Z(p) # Z(u) and 2p < uand 10p < u'. Using Lemma
1.5.3.1and eq-sc2 of Lemma 1.5.3.3, we deduce that

100p < 100u,  100p < 100u’.

Now suppose that B, (Q(u), 100) N By (Q(w'),100) = (). Then we
have B (u) N B(u') = 0, by the definition defbfp of B and the defi-
nition wiggleorder of <, butalso B(u) C B(p) and B(u') C B(p),
by defbfp, wiggleorder and the previous estimate. Hence

[B(p)] = Bw)] +[Bu)] > 27 +27 =2+,
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which contradictsp € &, (k, n, j). Therefore we must have B, (Q(u), 100)N
B, (Q(),100) # 0.1t follows from 2p < uand 10p < o that

Z(p) C Z(u) and Z(p) C Z(v'). By dyadicproperty, it follows that

Z(u) and Z(u') are nested. Combining this with the conclusion of

the last paragraph and definition defunkj of il; (k, n, j), we obtain

that Z(u) = Z(u').

Lemmal.5.4.2

For each k, n, j, the relation ~ on Iy (k, n, j) is an equivalence rela-
tion.

Proof for Lemma 1.5.4.2
Proof. Reflexivity holds by definition. For transitivity, suppose that
u, u/7 ull € i’ll(k7 n, ])

andu ~ v, v ~ u’. By Lemma 1.54.1, it follows that Z(u) =
Z(uw') = Z(u"), that there exists

Ue BH<Q(u)7 100) N Bu/(Q(U/), 100)
and that there exists
0 € By (Q(1),100) N Byr (Q(1”), 100).

If u =/, then u ~ u” holds by assumption. Else, there exists by
the definition of ~ some p € T;(u) with 10p < u’. Then we have
2p S uandp # u by definition of T, (u), so 4p < 500u by eq-sc3.
For g € B, (Q(u"),1) it follows by the triangle inequality that

du(Q(u), q) < du(Q(u), V) +du(d, Q) +du(Q'), 0)+du(6, Qu"))+du(Q"), ).
Using defdp and the fact that Z(u) = Z(v') = Z(u”) this equals
du(Q(u), 9)+dy (¥, QW) +dy (Q), 0)+dur (8, Q")) +dwr (Q(1”), q) < 100-+100+100+100+1 < 500.

Since 4p < 500y, it follows that d,(Q(p),q) < 4 < 10. We have
shown that B,/ (Q(u”),1) C B,(Q(p), 10), combining thiswith Z(u") =
Z(u) gives u ~ u”’. For symmetry, suppose that u ~ u’. By Lemma
1.54.1, the two tops have the same spatial cube and their 100-balls
in the frequency metric intersect. If u = u’, there is nothing to
prove, so assume u # u’. Then some tile in T;(u’) witnesses the
relation, and Lemma 1.5.3.1 together with eq-sc3 upgrades this to
the comparison 10p < 4p < 5000’. For any ¢B,(Q(u), 1), the tri-
angle inequality and the equality of the underlying cubes give a
bound d,/(Q(v'), ¢) < 500. Combining this with the previous com-
parison and the definition of < shows that B, (Q(u), 1) B,(Q(p), 10).
Since 2p < o/, we also have Z(p)Z(v') = Z(u), and hence the re-
quired comparison proving u’ ~ u.
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Choose a set 43(k,n, j) of representatives for the equivalence classes of ~
in 45 (k, n, j). Define for each u € i3(k, n, j)

Ta(u) := U T (w) N &(k, 7, j).
Lemmal.5.4.3

We have
Q:G(kanmj): U TQ(U).

ueils (}C,’ﬂ,])
Proof for Lemma 1.5.4.3

Proof. Letp € €4(k,n,j). By eq-C4-def and defc5, we have p €
¢3(k,n,j). Byeq-L2-def and eq-C3-def, thereexistsu € i, (k,n, j)
with 2p < wand Z(p) # Z(u), that is, with p € T;(u). Then Ty (u) is
clearly nonempty, sou € 4z (k, n, j). By the definition of L3 (k, n, j),
there exists u' € Us(k,n,j) with u ~ v’. By definesv, we have
p e Ta(u).

Lemmal.5.4.4
For each u € {3(k,n, j), the set T (u) satisfies forest1l.
Proof for Lemma 1.5.4.4

Proof. Letp € Ty(u). By definesv, there exists u’ ~ uwith p €
%1 (v). Then we have 2p < v’ and Z(p) # Z(v'), so by eq-sc34p <
500u’. Further, by Lemma 1.5.4.1, we have that Z(v') = Z(u) and
there exists ¥ € B,/ (Q(v'), 100)NB,(Q(u), 100). Letd € B,(Q(u),1).
Using the triangle inequality and the fact that Z(u') = Z(u), we ob-
tain

dw (QM),0) < dw (Q(W),9) + dw (Q(u), V) + duw (Q(u), 0)
= dy (Q'), ) + dy (Q(1),¥) 4 du(Q(1),8) < 100 + 100 + 1 < 500.
Combining this with 4p < 500u’, we obtain
By (Q(u),1) C Bw(Q(W),500) C By(Q(p),4).

Together with Z(p) C Z(v') = Z(u), this gives 4p < u, which is
forestl.

Lemma1.5.4.5

For each u € U3(k, n, j), the set T, (u) satisfies the convexity condi-
tion forest2.
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Proof for Lemma 1.5.4.5

Proof. Letp,p” € Ty(u) and p’ € Pwith p < p’ < p”. Bydefinesv
we have p,p” € &s(k,n,j) C €5(k,n,j). By Lemma 1.5.3.10, we
have p’ € &5(k,n,j). Since p € €s(k,n,j) we have Z(p) ¢ G, so
Z(p") ¢ G’ and therefore also p’ € €4(k,n,j). By definesv there
exists u' € $y(k,n,j) with p” € T;(v') and hence 2p” < v’ and
Z(p") # Z(w'). Together this implies Z(p”) C Z(u'). With the in-
clusion Z(p') C Z(p”) from p’ < p”, it follows that Z(p') < Z(v')
and hence Z(p’) # Z(v'). By eq-scl and transitivity of < we fur-
ther have 2p” < u/, sop’ € T1(v'). It follows that p’ € Ty(u), which
shows forest2.

Lemma1.5.4.6

For each u,u’ € Us(k,n,j) with u # v’ and each p € To(u) with
Z(p) C Z(v') we have

dp(Q(p), Q")) > 27(*+1),

Proof for Lemma 1.5.4.6

Proof. By the definition eq-C2-def of €2(k, n, j), there exists a tile
p’ € € (k,n,j) withp’ <pands(p’) <s(p) — Z(n+1). By Lemma
1.2.1.2 we have

dp(Q(p), Q")) > 2°%07 D, (Q(p), Q).

By eq-scl we have 2p’ < 2p, so by transitivity there exists a tile v
equivalent to u with 2p’ < v and with spatial cube different from
that of p’. Since u and v’ are not equivalent under ~, it follows
that 10p’ £ u/, so there is a point ¢ in B,/(Q(v'),1) but outside
By (Q(p'),10). Using p’ < p, Z(p’) C Z(p) C Z(v'), and Lemma
1.2.1.2, one gets a lower bound for d,/(Q(p), Q(v')) that is strictly
greater than 8. Combining this with the first display and the fact
that 95a>1 gives the claimed lower bound.

Lemma1.5.4.7
For each u € $i5(k, n, j) and each p € T5(u) we have

B(c(p),8D%®)) c Z(u).

Proof for Lemma 1.5.4.7
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Proof. Letp € T3(u). Then p € €4(k,n, ), hence there exists a
chain

P<Pzmn+1) < <Po

of distinct tiles in €3(n, k, j). We pick such a chain and set q =
po. Then we have from distinctness of the tiles in the chain that
s(p) < s(q) — Z(n + 1). By eq-C3-def there exists u” € U;(k,n, )
with 29 < u” and s(q) < s(u”). Then we have in particular by
Lemma 1.5.3.1 that 10p < u”. Letu’ ~ ube such thatp € T;(v).
By the definition of ~, it follows that u’ ~ u”. By transitivity of ~,
we have u ~ u”. By Lemma 1.54.1, we have s(u”) = s(u), hence
s(q) < s(u)ands(p) <s(q) —Z(n+1) <s(u)—Z(n+1)—1. Thus,
there exists some cube I € D with s(I) =s(u) — Z(n+1) — 1 and
I cZ(w)andZ(p) C I. Sincep € €5(k,n,j), we havethat I ¢ L(u),
so B(c(I),8D*")) c Z(u). By the triangle inequality, defineD and
a > 4, the same then holds for the subcube Z(p) C I.

Lemmal.5.4.8

It holds for k¥ < n that

Z lI(u) < (471 + 12)2”
ueils(k,n,j5)

Proof for Lemma 1.5.4.8

Proof. Suppose that a point z is contained in more than (4n+12)2"
cubes Z(u) with u € Us(k, n,j). Since Us(k,n,j) C €1 (k,n, ) for
each such u, there exists m € M(k, n) such that 100u < m. We fix
such an m(u) := m for each u, and claim that the map u — m(u) is
injective. Indeed, assume for u # u’ there is m € 9i(k, n) such that
100u < mand 100v’ < m. By dyadicproperty, either Z(u) C Z(u')
or Z(v') C Z(u). By defunkj, B, (Q(u),100) N By (Q(u'),100) = 0.
This contradicts 2(m) being contained in both sets by eq- freq-comp-ball.
Thus z is contained in more than (4n + 12)2" cubes Z(m), m €
M(k,n). Consequently, we have by eq-Aoverlap-def that z €
A(2n+6,k,n) C G3. LetZ(u) be an inclusion minimal cube among
the Z(u'), v’ € $3(k,n,j) with € Z(u). By the dyadic property
dyadicproperty, we have Z(u) C Z(u') for all cubes Z(u') con-
taining z. Thus

TwC{y : Y, lzw(y)>1+@n+12)2"} C Gs.
ueids(k,n,j)

Thus T, (u) N € (k,n, j) = 0. This contradicts u € s (k, n, j).

We now turn to the proof of Lemma 1.5.1.2.
Proof for Lemma1.5.1.2
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Proof of Lemma1.5.1.2. We firstfix k, n, j. Bydefinetpand defineep,
we have that 17T}, f(z) = T}, f(x) and hence 1\ T}, f(x) = 0 for
allp € €5(k,n,j) \ €s(k,n,j). Thus it suffices to estimate the con-
tribution of the sets €4(k, n, j). By Lemma 1.5.4.8, we can decom-
pose Us(k, n,j) as a disjoint union of at most 4n + 12 collections
Ug(k,m, j,1), 1 <1< 4n+ 12, each satisfying

Z 17y <27

ueily (k,n,j,0)

By Lemmas Lemma 1.54.4, Lemma 1.5.4.5, Lemma 1.5.4.6, Lemma
1.54.7, and Lemma 1.5.3.12, the pairs

(u4(k7 n, ja l)7 ‘22 |U4(k,n,j,l))
are n-forests for each k, n, j, [, and by Lemma 1.5.4.3, we have

4n+12

Ghni)=J U Dw.
=1 uesly(k,n,j,l)

Since Z(p) ¢ G; forallp € €4(k,n,j), we have €g(k,n,j) N Prg =
() and hence

denss( U To(u)) < 22‘”5@.

uesly (k,n,j,0) /14( )

Using the triangle inequality according to the splitting by &, n, j
and [ in disclesssiml and applying Theorem 1.2.4 to each term,
we obtain the estimate

W)
(G

37N (@n3)(4n+12)2400 g~ (1 )n (92045
E>0n>k

1_1
)72 ([ fll2ltener |2

~

for the left hand side of disclesssiml. Since |f| < 1, we have
1fll2 < u(F)?, and we have |[1g\¢/|l2 < 1(G)*/?. We get a bound

2M00” () o p(G) 702205 3" N " (20 4 3) (4n + 12)27 (0,
kE>0n>k

Interchanging the order of summation, the last factor equals

220553 (20 4 3)(4n + 12)(n + 1)27 7 "
n>0

Up to an explicit constant, the sum is bounded by En32*qT_1",
which is at most some constant times 1/(¢ — 1)* by comparing to
an integral. Since a > 4, this is overall bounded by 20” /(g —1)4,
which completes the proof of the lemma.
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Proof of the Forest Complement Lemma

Define P\ ¢ to be the set of all p € P such that u(Z(p) N (G \ G')) > 0.
Lemma1.5.5.1

We have that

PoBoro = J U Lotk.n)PoreulJ U U Lotni)Pecol U U

k>0n>k k>0n>k 0<j<2n+3 k>0n>k 0<5j<2n+3 0<I<Z(n+1)

Proof for Lemma 1.5.5.1

Proof. Let p € P2 NP\ ¢v. Clearly, for every cube J = Z(p) with
p € P\ there exists some k > 0 such that muhj1 holds, and for
no cube J € D and no k£ < 0 does muhj2 hold. Thus p € PB(k) for
some k > 0. Next, since Ex(\,p’) C Z(p') N G for every A > 2
and every tile p’ € P(k) with A\p < Ap/, it follows from muhj2 that
w(Ea(\,p)) < 27%u(Z(p')) for every such p’, so dens; ({p}) < 2.
Combining this with a > 0, it follows from def-cnk that there ex-
istsn > k with p € €(k,n). Since p € P\, we have in particular
I(p) ¢ A(2n+6,k, n), so there exist at most 1+ (4n+12)2" < 22n+4
tiles m € M(k,n) with p < m. It follows that p € Ly(k,n) or
p € € (k,n,j) for some 1 < j < 2n + 3. In the former case we
are done, in the latter case the equality to be shown follows from
the definitions of the collections ¢; and £;.

Lemma 1.5.5.2

We have that

olkn) = | Lolk,n.0),

0<l<n

where each £ (k,n,!) is an antichain.
Proof for Lemma 1.5.5.2

Proof. It suffices to show that £ (k, n) contains no chain of length
n + 1. Suppose that we had such a chain py < p; < -+ < p,
with p; # p;y1 fori = 0,...,n — 1. By def-cnk, we have that
dens; ({p,}) > 27". Thus, by eq-densdef, there exists p’ € P(k)

and A > 2 with A\p,, < A\p’ and %’;’,’;;)) > \%2%2-n" Let O be
the set of all p” € P(k) such that Z(p”) = Z(p’) and B, (Q(p’), A) N
Q(p”) # 0. Theballs B,/ (Q(p”),0.2), p” € O aredisjointbyeq-freq-comp-ball,
and by the triangle inequality contained in B,/ (Q(p’), A + 1.2). By
thirddb, this ball can be covered with at most 2**\* many d,-

balls of radius 0.2, so |O| < 242\, By defineel and definee2 we

have Ex (A, p’) C Uprep Br(p”), thus24ere27" < 37 o %.
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Hence there exists a tile p” € O with p(E1(p”)) > 27" u(Z(p’)). By
the definition mnkmax of M(k, n), there exists a tile m € M(k,n)
withp’ < m. From the previous inequality, the inclusion E5 (A, p’) C
Z(p’) and a > 1 we obtain 2" > 2%2)\® > X\ From the triangle
inequality and Lemma 1.2.1.2, it follows for all ¥ € B, (Q(m),1)
that d,,,(Q(po), ") is bounded by 100. Thus, by straightorder,
100po < m, a contradiction to py ¢ €(k,n).

Lemma 1.5.5.3
Each of the sets £2(k, n, j) is an antichain.
Proof for Lemma 1.5.5.3

Proof. Suppose that there are pg,p; € £2(k,n,j) with pg # p; and
po < p1. By Lemma 1.5.3.1 and Lemma 1.5.3.2, it follows that 2py <
200p;. Since £5(k,n, j) is finite, there exists a maximal [ > 1 such
that there exists a chain

2po < 200p; S -+ < 200,

with all p; in € (k,n,j) and p; # p;pq fori = 0,...,1 — 1. If we
have p; € U;(k,n,j), then it follows from 2pg < 200p; < p; and
eq-L2-def that po & £2(k, n,j), a contradiction. Thus, by the def-
inition defunkj of i (k, n, j), there exists p;y; € €;(k,n,j) with
I(pl) - I(pl+1) and J € BPL (Q(pl)a 100) n BPl+1 (Q(pl+1), 100) Us-
ing the triangle inequality and Lemma 1.2.1.2, one deduces that
200p; < 200p;4+1. This contradicts maximality of [.

Lemmal.5.5.4
Each of the sets £, (k, n, j,1) and £5(k, n, j,1) is an antichain.
Proof for Lemma1.5.5.4

Proof. By its definition eq-L1-def, each set £, (k,n, j,[) is a set of
minimal elements in some set of tiles with respect to <. If there
were distinct p,q € £4(k,n,j,1) with p < g, then q would not be
minimal. Hence such p, q do not exist. Similarly, by eq-L3-def,
each set £5(k,n, j, 1) is a set of maximal elements in some set of
tiles with respect to <. If there were distinct p,q € £3(k,n,j,1)
with p < g, then p would not be maximal.

We now turn to the proof of Lemma 1.5.1.3.
Proof for Lemma 1.5.1.3
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Proof of Lemma 1.5.1.3. If p & P v, then p(Z(p) N (G\ G')) =0
By definetp and defineel, it follows that 1\ ¢/ T} f(2) = 0 for
almost every x. We thus have, almost everywhere,

o Y Thf@) =1lae >, Tof(x)

pEP2 PEP NP\

Let £(k, n) denote any of the terms £;(k, n, j, [) "B - on the right
hand side of eq-fp' -decomposition, where the indices j,! may
be void. Then £(k,n) is an antichain, by Lemma 1.5.5.2, Lemma
1.5.5.3, and Lemma 1.5.5.4. Further, we have

dens; (£(k,n)) < 2%eti-n
by Lemma 1.5.3.12, and we have

L u(F)
dens,(£(k,n)) < 22“*‘)L,
since
L£(k,n) NPrc C Porer N Bre = 0.

Applying now the triangle inequality according to the decomposi-
tion coming from Lemma 1.5.5.1, and then applying Theorem 1.2.3
to each term, we obtain the estimate

> Z(n+(2n+4)+2(2n+4)(1+Z(n+1)))2117“3 (q1)1(24a+1H)Li(22“+5zgg))§‘5llf||zIlc\afllz
E>0n>k

~—

for the left hand side of forestcompleft. Because |f| < 1p, we
have || f|2 < u(F)'/?, and we have ||[1g\¢ |2 < u(G)'/2. Using this
and defineZ, we bound

2118 (g — )T p(F) o p(G)7 Y Y mP2 e

k>0n>k
The last sum equals, by changing the order of summation,

22a3

2 _pa=1
Zn (n+1)27"sT <

= T (g-1)1
This completes the proof.

1.6 Proof of the Antichain Operator Proposition

Let an antichain 2 and functions f, g as in Theorem 1.2.3 be given. We prove
eq-antiprop in[The density arguments|(p.[60) as the geometric mean of two
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inequalities, each involving one of the two densities. One of these two inequal-
ities will need a careful estimate formulated in Lemma 1.6.1.5 of the TT™* cor-
relation between two tile operators. Lemma 1.6.1.5 will be proven in[Proof of]
the Tile Correlation Lemmad (p. [65).

The summation of the contributions of these individual correlations will
require a geometric Lemma 1.6.1.6 counting the relevant tile pairs. Lemma
1.6.1.6 will be proven in[Proof of the Antichain Tile Count Lemma](p. [69).

The density arguments

We begin with the following crucial disjointedness property of the sets E(p)
with p € 2.
Lemmal.6.1.1

Letp,p’ € . If there exists an € X withz € E(p) N E(p’), then
p=p
Proof for Lemma1.6.1.1
Proof. Let p, p and = be given. Assume without loss of gener-
ality that s(p s(p’). Aswe have z € E(p) C Z(p) and z €
E@p) C Z(p) by definition defineep, we conclude for : = 1,2
that Q( ) € Q(p) and Q(z) € Q(p’). By eq-freq-dyadic we have

Q(p') C Q(p). By definition straightorder, we conclude p < p'.
As 2l is an antichain, we conclude p = p’. This proves the lemma.

Let B be the collection of balls

B(c(p),8D°%)

with p € 2 and recall the definition of My from [Definition def-hTm|(p.[14).
Lemma1.6.1.2

Letz € X. Then

|3 T f()] < 212 Mg f ().

peA

Proof for Lemma 1.6.1.2

Proof. Fixz € X. By Lemma 1.6.1.1, there is at most one p € A such
that T, f (x) is not zero. If there is no such p, the estimate hlmbound
follows.Assume there is such a p. By definition of T, we have z €
E(p) C Z(p) and by the squeezing property eq-vol-sp-cube

p(z,c(p)) < 4D°P).
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Lety € X with K, (z,y) # 0. By definition defks of Ky, we
have

1 1
—pst—1 < < —D3®),
1 < plzy) < 5
The triangle inequality with eqtttt0 and supp-Ks1 implies

p(c(p),y) < 8D

Using the kernel bound egkernel-size and the lower bound in
supp-Ks we obtain

2¢°
p(B(x,  D®=1))”

| Kspy (7, y)] <

Using D = 219%° and the doubling property doublingx 5 -+ 100a2
times estimates the last display by

250,+101a3

pu(B(x,8D5P)))"

which, thanks to the closeness of the points = and c(p) shown in
eqtttto, is in turn bounded by

26a+101a3
1(B(c(p),8Ds®)))

Using that |e(+)| is bounded by 1 for every ¢ € ©, we estimate with
the triangle inequality and the above information

26a+101a3

M(B(C(p)v 8DS(p)>) /;L(B(c(p),BDS(F)))

To f(z)] < £ (y)| dy

This together with a > 4 proves the lemma.

Set

. 2q
Tty
Sincel < ¢g<2,wehavel < §<q¢q<2.
Lemma 1.6.1.3
We have that

‘/ 9(2) > Ty f(x) du(x)| < 2% (g—1)"" densy(2A)7 2| £ |-

peA

Proof for Lemma 1.6.1.3
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Proof. We have f = 1 f. Using Holder’s inequality, we obtain for
eachz € B’ and each B’ € Busing1 < ¢ <2

)l du(y)

) /;,UXyﬂsa2(hwy>)gé(ﬁxiy)J//1F«y>du<yg>éé

1
: (M(B’
< (MB(|f|3‘12732)(x))%_% denSQ(Q()%_%.

Taking the maximum over all B’ containing z, we obtain

1

Mp|f| < My, 21 |f] dens,(2A)7 2.
We have with Theorem 1.2.6

M5 20, £ < 2237 223 -2 1]

73q

Using 1 < ¢ < 2 estimates the last display by

22042(g = 1) Y| £l
We obtain with Cauchy-Schwarz and then Lemma 1.6.1.2

Jmgn

peA

< llgl| Y134
pel

3
< 212 g2 ]| M £l
With eqtttl and eqttt2 we can estimate the last display by

1

3 ~ — 1_ 1
< 21020202 (G — 1) 7 glla| £ |2 densy (A) 72

Usinga >4and (G—1)"' = (¢+1)/(¢g—1) < 3(q — 1)~ proves
the lemma.

Lemmal1.6.1.4
Set p := 4a*. We have

[ @ S Tof(@) duta)| < 217 densy ()% 2l

pet
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Proof for Lemma 1.6.1.4

Proof. We write for the expression inside the absolute values on
the left-hand side of eqttt3

S [ [ G0 () Ky ) @00) ()~ QL) ) ) i) d()

peA
~ [ X Toww) dutw)

pe
with the adjoint operator

(y)=/ Ky (@, 9)e(=Q(z)(y) + Q(x)(2))g(x) du(z).
E(p)

We have by expanding the square

/ > T:g@)fdu(y) = / (Z T;g@)) (Z T;,g(y)) du(y)
pe peA

pret

<Y | [ TowT s dut)]

peAp’eA

We split the sum into the terms with s(p’) < s(p) and s(p) < s(p’).
Using the symmetry of each summand, we may switch p and p’
in the second sum. Using further positivity of each summand to
replace the condition s(p’) < s(p) by s(p’) < s(p) in the second
sum, we estimate eqtts1 by

<2y Y| [ B Twdi).
peEA p’eA:s(p’) <s(p)
Define forp € 3
B(p) := B(c(p), 14D°®)
and define
A(p) = {p" € A= s(p') <s(p) AZ(p') € B(p)}-

Note that by the squeezing property eq-vol-sp-cube and the dou-
bling property doublingx applied 6 times we have

u(B(p)) < 2°u(Z(p)).

Using Lemma 1.6.1.5 and eqttt4, we estimate eqtts2 by

< 2232@ +6a+1 Z/ ‘g| d/l(y)

pea” E(®)
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with h(p) defined as
# , / —1/(2a2 a3) , ’ ’
HB) /p'e%l:m (1+ 4y (Qp), QL) T L pen gDy dpy).

Note that p > 4 since a« > 4. Let p’ be the dual exponent of p,
satisfying 1/p + 1/p’ = 1. We estimate h(p) as defined in def-hp
with Holder using |¢g| < 1¢ and E(p’) C B(p) by

91 Bp) llp IN—1/(2a% +a®
2N (1+dp(Q(p), Q /@441 b lal| -
H(B(P)) H pem(p)( p( (p) (p )) E(p) GHp

Then we apply Lemma 1.6.1.6 to estimate this by

=

2 N9LB) [l i
<2° M(Bi(pp)) dens; (A)» u(B(p))

Let B’ be the collection of all balls B(p) with p € 2. Then for each
p € A and x € B(p) we have by definition def-hlmof Mp

1
l91B) o < n(B(p)? M,y g(x).
Hence we can estimate eqttt5 by
< 25%(Mps ,yg(x)) dens; (A) 7.

With this estimate of h(p), using E(p) C B(p) by construction of
B(p), we estimate eqtts3 by

< 923207+ Hat dens, (A)7 / 191(y) M prg(y) dy.
pe” E()

Using Lemma 1.6.1.1, the last display is observed to be

< 2232a3+11a+1den31(g[)%/|g|(y)(M5f,p'9)(y) dy.

Applying Cauchy-Schwarz and using Theorem 1.2.6 and 1 < p’ < 2
estimates the last display by

< 22820° 110+ dens, ()7 ||g||a|| Msr g2

< 2232a3+12a+3 densl(i’l)% ||gH%

Now Lemma 1.6.1.4 follows by applying Cauchy-Schwarz on the left-
hand side and using a > 4.

The following basic T7* estimate will be proved in [Proof of the Tile Cor|

(p.63)-

Lemma 1.6.1.5
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Letp,p’ € Pwiths(p’) < s(p). Then

‘/ Ty 9Tsg

s (14 dy (Q(p'), Q(p)) 1/ (22" +4°)
< 2232a ( p / / .
- w(Z(p)) E() 91 E(p) 91

Moreover, the term eq-basic-TT*-est vanishes unless

Z(p") € B(c(p),14D3®)).

The following lemma will be proved in [Proof of the Antichain Tile Count]

(p-[9)-
Lemma 1.6.1.6

Set p := 4a*. For every ¥ € © and every antichain 2 we have

| Do+ dy(Q(p) ) 1 1

pe P

< 2% densl(ﬂ)%u (UpteIp)% .

From these lemmas it is easy to prove Theorem 1.2.3.
Proof for Theorem 1.2.3

Proof of Theorem 1.2.3. We have

(-d)eo-it

Multiplying the (2 — ¢)-th power of eqttt9 and the (¢ —1)-th power
of eqttt3 and estimating gives after simplification of some factors

| [3@ Y 1o f@) duto)

peA

3 g—1 1_1
< 2117 (g —1)7" dens; () % densz ()72 | f]12]lgll2-
With the definition of p, this implies Theorem 1.2.3.

Proof of the Tile Correlation Lemma

The next lemma prepares an application of Theorem 1.2.5.
Lemma 1.6.2.1
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Let —S < 51 < sy < Sandletz;,zy € X. Define

p(y) == Ky, (21,9) Ks, (2, 1)

If o(y) # 0, then
(VRS B(l‘l,Dsl).

Moreover, we have with 7 = 1/a

2231a3
lellcr (Bar,2pe1)) < . )
pw(B(zy, D)) u(B(x2, D52))

Proof for Lemma 1.6.2.1

Proof. If p(y) is not zero, then K, (z1, y) isnot zero and thus supp-Ks
gives eqt10.We next have for y with eq-Ks-size

2204a3

le(y)] < w(B(x1, D)) u(B(zg, D52))

and for 3y’ # y additionally with eq-Ks-smooth

lo(y) = o(y')l
< |K51<.’1?1,y)—K51(.%‘1, )||K82($27 )
Ky (21, Y| Koy (22, y) — K, (22,9

< H(B(xl,Djjjza(sB(:cz,DSZ)) ((stl ) +< D52 ) >

2230(13 P(y,y/) 1/a
§u(B(xl,Dsw)u(B(u,Dsz))( D~ > '

Adding the estimates suppart and holderpart gives eqt1l. This
proves the lemma.

The following auxiliary statement about the support of 7}y g will be used
repeatedly.
Lemma1.6.2.2

For each p € B3, and each y € X, we have that

Tyg(y) #0

implies
y € B(c(p),5D°P).

Proof for Lemma 1.6.2.2
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Proof. Fix p and y with tstargnot@. Then there exists z € E(p)
with
Kypy (@, 9)e(=Q(x)(y) + Qz)(x))g(x) # 0.

As E(p) C Z(p) and by the squeezing property eq-vol-sp-cube,
we have
p(z,c(p)) < 4D°®).

As K (z,y) # 0, we have by supp-Ks that
1 s(p)
plx,y) < §D .

Now ynotfar follows by the triangle inequality.

The next lemma is a geometric estimate for two tiles.
Lemma1.6.2.3

Let py,p2 € P with B(c(p1),5D5F)) N B(c(p2),5D5%2)) # () and
s(p1) < s(p2). For each z; € E(p;) and z2 € E(p2) we have

1+ dp, (Q(p1), Qp2)) < 2°(1 + dp(y, prtwn) (Q(71), Q(2))).
Proof for Lemma1.6.2.3

Proof. Leti € {1,2}. By definition defineep of E, we have Q(z;) €
Q(p;). With eq-freq-comp-ball we then conclude

dp, (Q(zi), Q(ps)) < 1.

We have by the triangle inequality and eq-vol-sp-cubethatZ(p;) C
B(c(pz),14D%(2)), Thus, using again eq-vol-sp-cube and the dou-
bling property firstdb

dp, (Q(2), Q(p2)) < 2, (Q(w2), Qlp2)) < 2.
By the triangle inequality, we obtain from dponetwo and tgeo0.5

1+ dp, (Qp1), Qb2)) < 2+2° + dy, (Q(21), Q(a2)).

As 1 € Z(p;) by definition defineep of E, we have by the squeez-
ing property eq-vol-sp-cube

d(z1,¢(p1)) < 4DV
and thus by eq-vol-sp-cube again and the triangle inequality

Z(p1) C B(x1,8D5F1)),
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We thus estimate the right-hand side of tgeol with monotonicity

monotonedb of the metrics dp by

< 24200 4 dB(wthS(M))(Q(:El% Q(z2)).

Thisis further estimated by applying the doubling property firstdb
three times by

S 2 + 26(1 + 23adBl(x1,DS(Pl))(Q(x1)7 Q(l‘z))
Now tgeo follows with a > 4.

We now prove Lemma 1.6.1.5.
Proof for Lemma 1.6.1.5

Proof of Lemma 1.6.1.5. We begin with eq-basic-TT*-est. By
Lemma 1.6.2.2, the left-hand side of eq-basic-TT*-est vanishes
if B(c(p’),5D%%")) N B(c(p),5D5P)) = (. Thus we can assume for
the remainder of the proof that

B(c(p'), 5D°*)) N B(c(p), 505 £ 0.

We expand the left-hand side of eq-basic-TT*-est as

‘/ Ky (z1,9)e(=Q(z1)(y) + Q(x1)(21))g(x1) du(z1)
E(p)

></ Ky (22,9)e(Q(w2)(y) — Q(w2)(x2))g(w2) dp(w2) du(y)| -
E(p)

By Fubini and the triangle inequality and the fact |e(Q(z;)(z;))| =
1fori = 1,2, we can estimate tstartstarand tstartstar' from

above by
Lo tarw) duton)duta),
B JBK)

with
I(21,22) := ’/e(—Q(xl)(y) + Q(22)(Y)) 1,2 (Y)du(y) g(z1)g(22)| -

We estimate for fixed x; € E(p’) and 22 € E(p) the inner integral
of egal with Theorem 1.2.5. The function ¢ := ¢, ,, satisfies the
assumptions of Theorem 1.2.5 with z = z; and R = D*' by Lemma
1.6.2.1. We obtain with B’ := B(x, D))

Lz, 22) < 2%u(B)|¢llcr () (1+dp (Q(21), Q(x2))) ™ P+ g (21 ) g ()]
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2231a3+8a
< - 000
= j(B(az, DSW))

Using intersec5B, Lemma 1.6.2.3 and a > 1 estimates eqal.5 by

(1+dp (Q(x1), Q(‘rz)))—l/(QaQ—&-aS).

9231a’+8a+1 s s
< m(l +dy (Q(p"), Q(p))) D g (1) g (2) .
Aszy € Z(p) by definition defineep of E, we have by eq-vol-sp-cube
plaz,c(p)) < 4D*P)
and thus by eq-vol-sp-cube again and the triangle inequality
Z(p) C B(zz,8D%%)),
Using three iterations of the doubling property doublingx give
W(Z(p)) < 2 u(B(ws, DP))).

With ¢ > 4 and eqa2 we conclude eq-basic-TT*-est.Now as-
sume the left-hand side of eq-basic-TT*-est is not zero. There is
ay € X with

w9 Trg(y) #0
By the triangle inequality and Lemma 1.6.2.2, we conclude
p(c(p), c(p)) < p(c(p), y)+plc(p),y) < 5DP +5DF) < 10D,

By the squeezing property eq-vol-sp-cube and the triangle in-
equality, we conclude

Z(p') € B(c(p), 14D5P)),

This completes the proof of Lemma 1.6.1.5.

Proof of the Antichain Tile Count Lemma

Lemma1.6.3.1
LetY € ©® and N > 0 be an integer. Let p, p’ € B with

dy (Q(p"),9) < 2V.
Assume Z(p) C Z(p’) and s(p) < s(p’). Then

2N+2p 5 2N+2p/.

Proof for Lemma 1.6.3.1



CHAPTER 1. FORMALIZATION OF CARLESON’S THEOREM 70

Proof. By Lemma 1.2.1.2, we have

dp(Q(),9) < dp (Q(p"), V) < 27.
Together with eqassumedismfa and the triangle inequality, we ob-
- dp(Q(p"), Q(p)) < 21,

Now assume
¥ € By (Q(p'),2VF?).

By the doubling property firstdb, applied five times, we have
dB(c(p’),SDS(u’))(Q(p/)»19/) < 200HNH2,
We have by the squeezing property eq-vol-sp-cube
c(p) € B(c(p'), 4D°®)).
Hence by the triangle inequality
B(c(p),4D°®)) C B(c(p'), 8D*")).
Together with ageol and monotonicity monotonedb of d
dp(e(p),apson) (QP), ¥) < 20t NH2,
Using the doubling property seconddb 5a + 2 times gives
dB(c(p)’22*5ﬂ2*2aD5(F'))(Q(pl)719/) <2V
Using s(p) < s(p’) and D = 200" and ¢ > 4 gives
dy(Q("),9") < 2%
With the triangle inequality and eqdistqpgp,
dy(Q(p),¥') < 2772
This shows
By (Q(p'),2V*2) € By(Q(p), 2VF2).
This implies 1p' 1p' ' and completes the proof of the lemma.
For 9 € ® and N > 0 define
Apn = {peA: 2N <1+d,(Q(p),9) < 2V}

Lemma 1.6.3.2
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Letd € ©, N > 0and L € D. Then

> wEER)NG) <29 dens, (A)u(L).
peAy N:I(p)=L

Proof for Lemma 1.6.3.2
Proof. Let ¢, N, L be given and set
A :={peAyn:Z(p)= L}

Letp € 2'. We have by definition definedensl using A = 2 and
the squeezing property eq- freq-comp-ball

W(EP)NG) < u(Ex(2,p)) < 2° densy (A )u(L).

By the covering property thirddb, applied N + 4 times, there isa
collection ©’ of at most 2¢(N+4) elements such that

By(0,2V) ¢ | By(@',02).
9'ee’
As each Q(p’) with p’ € 2’ is contained in the left-hand side of
eqanti-4 by definition, it is in at least one B, (¢’,0.2) with ¥’ €
©’.For two different p’,p” € A, we have by eq-dis-freq-cover
that Q(p’) and Q(p”) are disjoint and thus by the squeezing prop-
erty eq-freq-comp-ball we have for every ¢ € ©’

V' & Bp(Q(p'),0.2) N Bp(Q(p"),0.2).

Hence at most one of Q(p’) and Q(p”) is in By (¥, 0.2). It follows
that there are at most 2¢(V+4) elements in 2'. Adding eqanti-3
over 2l proves eqanti-1.

Lemma1.6.3.3

Lety € © and N be aninteger. Letpy beatilewithd € By, (Q(py), 2V H1).
Then we have

> w(E(p) NG NI(py)) < p(E2(2VF2,py)).
pey, Nis(poy)<s(p)

Proof for Lemma 1.6.3.3
Proof. Let p be any tile in Ay y with s(py) < s(p). By definition

of E, the tile contributes zero to the sum on the left-hand side of
eqanti-0.5unless Z(p) NZ(py) # 0, which we may assume. With
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s(py) < s(p) and the dyadic property dyadicproperty we con-
clude Z(py) C Z(p). We conclude from p € Ay v that

¥ € By(Q(p), 2" ).
With Lemma 1.6.3.1 and the assumption on p,, we conclude
oN+3p, < gN+3y.
By definition definee2 of E,, we conclude
E(p) NG NZ(py) C E2(27F2, py).

Using disjointedness of the various E(p) with p € 2 by Lemma
1.6.1.1, we obtain eqanti-0.5. This proves the lemma.

Lemma1.6.3.4

LetvY € Q(X) and let N > 0 be an integer. Then we have

> u(BE(p) NG) < 2101 HN dens, (A)u (Upealy) -
peAy N

Proof for Lemma 1.6.3.4

Proof. Fix ¥ and N. Let 2’ be thesetof p € 2y y suchthatZ(p)NG
is not empty and s(p) > —S. Let 2A_g be the set of p € 2y y such
that Z(p) N G is not empty and s(p) = —S. Then we have

S wEENG) =3 wEE NG+ Y wEENG)

pejAy N peA’ pEA_g

We start by estimating the contribution of 2_g. Let £_g be the
collection of dyadic cubes Z(p) with p € A_g. They all have scale
—S, by definition of £_g, and hence they are pairwise disjoint by
the dyadic property dyadicproperty. We write

Y wEENG) =Y Yo wEENG),

peA_g LeL _speA_g,I(p)=L

and using Lemma 1.6.3.2, we estimate

< 2°Nt) densy (A) Y (L) < 2°NP) densy (A (Upealp) -
LeEL s

We turn to 2. Let £ be the collection of dyadic cubes I € D such
that I < Z(p) for some p € A’ and such that Z(p) ¢ I forallp € A'.
By coverdyadic, for each p € 2" and each z € Z(p) N G, there is
I € Dwith s(I) = —S and « € I. By dyadicproperty, we have

72
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I C Z(p). Since for all p’ € A’ we have s(p’) > —S, we have I € L.
Hence

I(p) c|JlTeD:s(l) = -S,1cI(p)} c|JL.

As each I € L satisfies I C Z(p) for some p in ', we conclude

U= U zw.

pel

Let £* be the set of maximal elements in £ with respectto setinclu-
sion. Bydyadicproperty, the elementsin £* are pairwise disjoint

and we have
Uc= U zo).

pe’

Using the partition eqdecAprime into elements of £ in eqantio, it
suffices to show for each L € £*

> u(E(p) NG N L) < 211N dens, (A)pu(L).
pe

Fix L € L£*. By definition of £*, there exists an element p’ € A’

such that L € Z(p’). Pick such an element p’ in 2 with minimal

s(p’). AsZ(p') ¢ Lbydefinition of L, we have with dyadicproperty
that s(L) < s(p’). In particular s(L) < S, thus L # I, and hence

by subsetmaxcube there exists a cube J € D with L C J. By

coverdyadic, thereisan L' € Dwith s(L') = s(L)+1land L < L'.

By dyadicproperty, we have L C L' We split the left-hand side of

egantio as

S wEENGNL)

peA:I(p)=L'

+ > wEENGNL).
peAI(p)#L’

We first estimate eqantil with Lemma 1.6.3.2 by

< > uE@ENGNL) < 29N dens, (A)u(L).
peAZ(p)=L’

We turn to eqanti2. Consider the element p’ € 2’ as above with
L c Z(p') and s(L) < s(p’). As L C L' and s(L') = s(L) + 1, we
conclude with the dyadic property that L’ C Z(p’). By maximality
of L, we have I’ ¢ L. This together with the existence of the given
p’ € Awith L’ C Z(p’) shows by definition of £ that there exists
p” € A with Z(p”) c L'.If Z(p”) = L/, then we set py = p” and
note thatas p” € 2y n

9 € BQp"), 2 ).
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If Z(p”) # L', then it follows that s(p”’) < s(L’). By the covering
property eq-dis-freq-cover, there exists a unique py with

Z(py) =L

such that ¥ € Q(py). We take this as the definition of py in this
case. Note that

V€ B(Q(py), 1)

so by Lemma 1.6.3.1, we conclude
2N+3p/l 5 2N+3pq9 .

This clearly also holds in the case Z(p”) = L/, since then p” = py.
Furthermore, in both cases it also holds that

9 € By, (Qp), 2" ).
Asp” € A, we have by definition definedens1 of dens; that
p(Ex(2V73 py)) < 2NoT39 dens, (A)u(L).

Now let p be any tile in the summation set in eqanti2, thatis, p €
A" and Z(p) # L’. Then Z(p) N L # 0. It follows by the dyadic
property dyadicproperty and the definition of L that L C Z(p)
and L # Z(p). By dyadicproperty, we have s(L) < s(p) and thus
s(L') < s(p). By dyadicproperty again, we have L' C Z(p). As
L' # Z(p), we conclude s(L) < s(p). By Lemma 1.6.3.3, we can
thus estimate eqanti2 by

Yo wEE)NGNL) < (B2 py).
pEA T (p)#£L

With the decompositionin egantil and eqanti2 and the estimates
equantil.5, eqanti-0.5, pmfadens we obtain the estimate

> w(E(p)NGNL) < (20N 4 2Not3) dens, (A)u(L).
peA’

Using s(L') = s(L) + 1 and D = 2199 and the squeezing property
eq-vol-sp-cube and the doubling property doublingx 100a? + 4
times, we obtain

3
,LL(L/) S 2100(1 +4a/'L(L)'

Inserting in eqanti3. 14, adding the estimate eq_minus_S and us-
ing a > 4 gives eqanti0. This completes the proof of the lemma.

We turn to the proof of Lemma 1.6.1.6.
Proof for Lemma 1.6.1.6
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Proof of Lemma 1.6.1.6. Using that 2 is the disjoint union of the
Ay n with N > 0, we estimate the left-hand side eq-antichain-Lp
with the triangle inequality by

-N 22 3
SR D DEE IS I 12

NZ>0||pely, N P

We consider each individual term in this sum and estimate its p-th
power. Using that for each 2 € X by Lemma 1.6.1.1 there is at most
one p € Awith z € E(p), we have

p

- a?+a’
Z 2 N/(2a"+ )IE(p)lG

(S
peRly N »

:/( Z 2*N/(2a2+a3)1E(p)mG(x))pd'u(z)

peEAy N

=/ > 2 PN/ +a% 6 () du(z)

peRy N

= 27PN/@a%a) N (B(p) N G).
peAy N

Using Lemma 1.6.3.4, we estimate the last display by
< 9—pN/(2a*+a®)+101a*+Na dens; () (Upemf(p)) .
Using that a > 4 and since p = 4a*, we have
pN/(2a* + a®) > 4a*N/(3a®) > Na + N.
Hence we have for eqanti21 the upper bound
< 21919° N dens, ()1 (UpeaZ(p)) -

Taking the p-th root and summing over N > 0 gives for eqanti23
the upper bound

=

< ZTN/Z) 2101a3/pden51(§2l)%u(Upeﬂz(p))

N>0

-1 3 1 1
- (1 - 2’1/”) 21019°/P dens, (A)7 1t (UpeaZ(p)) 7 -

Using that p = 4a* and a > 4, this proves the lemma.
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1.7 Proof of the Forest Operator Proposition

The pointwise tree estimate

Fix a forest (4(,%). The main result of this subsection is Lemma 1.7.1.3, we
begin this section with some definitions necessary to state the lemma.
Foru € fland = € X, we define

o(u,z) = {s(p) : p € T(u),z € E(p)}.
This is a subset of Z N [-S, 5], so has a minimum and a maximum. We set
o(u,z) := maxo(%(u), )

o(u,z) ;== mino(T(u),x).

Lemmal.7.1.1
For each u € 4, we have
o(u,z) =ZN[a(u,z),o(u,z)].
Proof for Lemma 1.7.1.1

Proof. Let s € Z with o(u,z) < s < &(u,z). By definition of o,
there exists p € T(u) with s(p) = a(u, ) and x € E(p), and there
exists p” € T(u) with s(p”) = 7(u,z) and =z € E(p”) C Z(p”).
By property coverdyadic of the dyadlc grid, there exists a cube
I € D of scale s with € I. By property eq-dis-freq-cover,
there exists a tile p’ € P(I) with Q(z) € Q(p’). By the dyadic
property dyadicproperty we have Z(p) C Z(p’) C Z(p”), and by
eq-freq-dyadic, we have Q(p”) C Q(p’) C Q(p). Thusp < p’ <
p”, which gives with the convexity property forest2 of T(u) that
p’ € F(u),s0s € o(u,z).

For a nonempty collection of tiles & C ‘P we define
Jo(6)
to be the collection of all dyadic cubes J € D such that s(JJ) = —S or
Z(p) ¢ B(c(J),100D*)+1)

forall p € &. We define 7 (S) to be the collection of inclusion maximal cubes
in 7p(6).

We further define

Lo(&)

to be the collection of dyadic cubes L € D such that s(L) = —S, or there exists
p € Swith L C Z(p) and there exists no p € S with Z(p) C L. We define L(S)
to be the collection of inclusion maximal cubes in £y(&).
Lemma1.7.1.2
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For each & C 3, we have

UI_UJ

IeD JeJ(6)
and .

Ur= U L.

IeD LEL(S

Proof for Lemma1.7.1.2

Proof. Since J (&) is the set of inclusion maximal cubes in 7,(S),
cubesin J (&) are pairwise disjoint by dyadicproperty. The same
applies to £(&).If x € |J;.p I, then there exists by coverdyadic
acube I € Dwithz € I and s(I) = —S. Then I € Jy(S). There
exists an inclusion maximal cube in J, (&) containing I. This cube
contains z and is contained in [7(&). This shows one inclusion in
eq-J-partition, the other one follows from 7 (&) C D.The proof
of the two inclusions in eq-L-partition is similar.

For a finite collection of pairwise disjoint cubes C, define the projection
operator

Pef(a) i= 5 | 1 duty
Jec
Given a scale =S < s < Sand a point z € U;cp 4p)—s I, there exists a

unique cube in D of scale s containing = by coverdyadic. We denote it by
I;(z). Define for ¢ € © the nontangential maximal operator

Z/ny y) duly)| .

8§=81

Ty f(x):= sup sup sup
—S§s1<5x’6151(1) 51<52<S
D27 <Rg (8,2")

Define for each u € 4l the auxiliary operator

Sl,uf(x)
Ds()=s(I))/a
=Y Y 5y wlduty
IeD JET(Z(u)) n(B(e(1), 16D
JCB(c(I),16D°D)
s(J)<s(I)

Define also the collection of balls
B={B(c(I),2°D*D+) . TeD,0<s<S+5,0<t<25+3}.

The following pointwise estimate for operators associated to sets ¥ (u) is
the main result of this subsection.
Lemmal.7.1.3
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Letu € stand L € £(%(u)). Let z,2’ € L. Then for all bounded
functions f with bounded support

> Thle(—Qw)fl(=)

peT(u)

3
< 21299 (Mg 1 + 81,) Prizup | f1(@) + 1T2™ Prizq f(a)]-
Proof for Lemma1.7.1.3

Proof. By definetp, if T [e(—Q(u)) f](x) # 0, thenz € E(p). Com-
bining this with |e(Q(u)(z))| = 1, we obtain

| D Tle(=QW)f](x)]

pET(w)
> / (1)+Q(@)(y)+Qu)(z)—Q(x) () x Ks(x,y) f (y) du(y)|-
Using t(he )trlangle inequality, we bound this by the sum of three
terms:
EZ )/ +Q(2)(y)+Q(w)(2)—Q(x)(x)) 1) x Ky (z, y) f(y) du(y)

H Y K nPraw i) du)
s€o(u,z)
H Y K@) - P i) dut)|.
s€o(u,x)

The proof is completed using the bounds for these three terms
proven respectively in Lemma 1.7.1.4, Lemma 1.7.1.5 and Lemma
1.7.1.6.

Lemma 1.7.1.4

Forallu e &, all L € £(%(u)), all z,2" € L and all bounded f with
bounded support, we have the estimate eq-term-A:

3
10 - 2104 Mg 1Pyl fl(@).

Proof for Lemma1.7.1.4
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Proof. Let s € o(u,z). If v,y € X are such that K(z,y) # 0, then,
by supp-Ks, we have p(z,y) < 1/2D*. By 1-Lipschitz continuity of
the function ¢t — exp(it) = e(t) and the property osccontrol of
the metrics dp, it follows that

le(—=Q(w)(y)+Q(x)(y)+Q(u)(2)-Q(x)(2))—1| < dp(z,1/20+) (), Q(x)).

Let p, € T(u) be a tile with s(p;) = sand « € E(ps), and let p’ be
a tile with s(p’) = 7(u,z) and € E(p’). Using the monotonicity
property monotonedb, the doubling property firstdb repeatedly,
the definition of d, and Lemma 1.2.1.2, we can bound the previous
display by

dp(eaps)(Qu), Q(z)) < 2%°d, (Q(u), Q(x)) < 2425770 g, (Q(u), Q(z)).

Since Q(u) € By (Q(p’),4) by forestland Q(z) € Q(p’) C By (Q(p'), 1)
by eq-freq-comp-ball, this is estimated by

S 5 . 24(1257?(11,1).

Using eq-Ks-size, it follows that eq-term-A is bounded by

: = 1
5. 2103a3 2570(11,95) / d )
Z w(B(z, D)) B(x,0.5D%) (8} duw)

s€o(x)

By eq-J-partition, the collection J is a partition of | J;. I, so
this is estimated by

a SO'uI 1
2 S T ey L wla

s€o(x) JeT (% (u
JNB(x,0. 5D );éw

This expression does not change if we replace | f| by Py (s(u)| f|.Let
J € J(%(u)) with B(z,0.5D*) N J # (. By the triangle inequality
andsincex € E(p,) C B(c(ps),4D?), it follows that B(c(ps),4.5D%)N
J # 0. If s(J) > sand s(J) > —9, then it follows from the triangle
inequality, eq-vol-sp-cubeanddefineDthatZ(p,) C B(c(J),100D3/)+1),
contradicting J € J(%(u)). Thus s(J) < s — 1lors(J) = —8S.
If s(J) = —S and s(J) > s — 1, then s = —S. Thus we always
have s(J) < s. It then follows from the triangle inequality and
eq-vol-sp-cube that J C B(c(ps), 16D%).Thus we can continue
our chain of estimates with

_ 1
5.9103¢" 28—"@@)7/ Pyl f(y)du(y)
sg(:@ n(B(@, D) Jpepaasny

We have B(c(ps),16D%)) C B(x,32D?), by eq-vol-sp-cube and
the triangle inequality, since z € Z(ps). Combining this with the
doubling property doublingx, we obtain

u(B(c(p.), 16D%) < 2 u(B(x, D*)).
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Since a > 4, it follows that eq-term-A is bounded by

G 1
5-2103(13 95— (u,x) / P |f(y)‘ du(y)
seg(z) /”L(B(C(ps)v ]-GDS)) B(c(ps),16D%) T (T(u))

Since L € £(%(u)) and z € LN Z(ps), we have s(L) < s(ps). It fol-
lows by dyadicpropertythat L C Z(ps), in particularz’ € Z(ps) C
B(c(ps), 16D%). Thus

3 —o(u,x
< 5.92104a Z PRI )MB,lpj(f(u))\fo/)

s€o(x)
3
<1021 M1 Pz fI(2).
This completes the estimate for term eq-term-A.

Lemma 1.7.1.5

Forallu e $f,all L € £(%(u)), all z, 2’ € L and all bounded f with
bounded support, we have

3 / K. (,9) Presun () du()| < T2 Py F).

s€o(u,z)

Proof. Let s; = o(u,z). By definition, there exists a tile p € T(u) with
s(p) = syand x € E(p). Thenz € Z(p) N L. By dyadicproperty and the
definition of £(%(u)), it follows that L C Z(p), so z € I, (z).

Proof for Lemma 1.7.1.5

Next, let s, = (u,z) and let p’ € T(u) with s(p’) = sp and z €
E(p’). Since p’ € T(u), we have 4p’ < u. Since Q(z) € Q(p’), it
follows that
dp(Q(u), Q(x)) <5.
Applying the doubling property firstdb five times, we obtain
dB(c(p),8D°2) (Q), Q(x)) < 5 - 2°.

By the triangle inequality, we have B(x, D*2) C B(c(p),8D*%2), so
by monotonedb

dp(z,pe=)(Qu), Q(z)) < 5-2°%,
Finally, by applying seconddb 100a times, we obtain
dp(a,pe>-1)(Qu),Q(x)) <5277 < 1.

Consequently, D*2~! < Rg(Q(u), ). The lemma now follows from
the definition of T} .
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Lemma 1.7.1.6

Forallu e Y, all L € L(T(u)), all z,2’ € L and all bounded f with
bounded support, we have

> [ Kele)(F0) - Prw ) duty)

s€o(u,z)

a3
<2981 WPrisqy lfI(@).
Proof for Lemma 1.7.1.6

Proof. We have for J € J(%(u))
/K 2, y)(1 = Pz(zqu)) f(y) du(y)

/ / Ko, y) — K (2, 2) du(2) f(y) du(y).

By eq-Ks-smooth and eq-vol-sp-cube, we have fory,z € J

2127u3 8D.5(J) 1/a
Ks r,Y)— Ks T,z S ( ) .
| ( ) ( )| ,U,(B(CE,DS)) Ds

Suppose that s € o(u, z). If K;(z,y) # 0 forsomey € J € J(%(u))
then, by supp-Ks, y € B(z,0.5D%) N J # (. Letp € T(u) with
s(p) = sand x € E(p). Then B(c(ps),4.5D°) N J # () by the
triangle inequality. If s(J) > s and s(J) > —S, then it follows
from the triangle inequality, eq-vol-sp-cube and defineD that
Z(p) € B(c(J),100D*)+1) ] contradicting J € J(%(u)). Thus
s(J) <s—1lors(J)=—-S.Ifs(J) = —Sand s(J) > s — 1, then
s = —S. So in both cases, s(J) < s. It then follows from the trian-
gle inequality and eq-vol-sp-cube that J C B(z, 16D?).Thus, we
can estimate eq-term-C by

f L) (2)
127a%4-3/a E(p) (s(J)=s(p))/a
2 2 yBaow) 2 P I

pex JET (T (u))
JCB(z,16D%®))
s(J)<s(p)
_ 9127a*+3/a 3 Z 1E(p) 3 D(s(])—s([))/a/ 7.
(z DS(I))) J
IeD pef: JeT(2(w))
Z(p)= JCB(z,16D°D)
s(J)<s(I)

Byeq-dis-freq-coveranddefineep,thesets F(p) fortiles p with
Z(p) = I are pairwise disjoint. It follows from the definition of
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L(%(u)) that z € Z(p) if and only if 2’ € Z(p), thus we can esti-
mate the sum over 1, (z) by 1;(2').If z € E(p) then in particular
x € Z(p), so by eq-vol-sp-cube B(c(I),16D*D)) ¢ B(x,32D*1).
By the doubling property doublingx

u(B(e(I),16D°D)) < 2 u(B(z, D*D)).
Since a > 4 we can continue our estimate with

, 1) e
< 9128a I D(s(J) s(I))/a/
<2 LB 6oy 2 M

IeD K JeT(Z(u))
JCB(z,16D1))
s(J)<s(I)

a3
= 2128 Sl,upj(i(u))‘fo/)'
This completes the proof.

An auxiliary LA2 tree estimate

In this subsection we prove the following estimate on L? for operators associ-
ated to trees.
Lemmal.7.2.1

Letu € 4. Then we have for all f, g bounded with bounded support

) du(y)

pef(u)

(1.3
< 289 P | £ 1112l Pe gz 9l l2-

Below, we deduce Lemma 1.7.2.1 from Lemma 1.7.1.3 and the following es-
timates for the operators in Lemma 1.7.1.3.
Lemma1.7.2.2

For all bounded f with bounded support and all ¥ € ©
IZRF1l2 < 21 £l
Lemmal.7.2.3
For all u € Y and all bounded functions f with bounded support
1510 fll2 < 2221 £l

Proof for Lemma1.7.2.1
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Proof of Lemmal.7.2.1. Let L € £(%(u)). Letb(z') denote the right-
hand side of Lemma 1.7.1.3. Apply this lemma to e(Q(u))f, to ob-
tain forally, 2’ € L

Z Tof(y)| < bz

peT(u)

Hence, by taking an infimum, we have fory € L

> Thfly)| < inf b(z").
peT(u)
Integrating this estimate yields
/ lg(y Ty f (y)| du(y)
peET u)

S/Ig(y)l x inf b(z") du(y)

L x'eLl

= / Prizylgl(y) x inf b(z") du(y)
L z'eL

g/amwmwwmww@.
L

By definetp, we have T}, f = 17,7, f for allp € B, so

|/ 3 /() dpy)| =

peT(u)

pPET(u)

Since £(T(u)) partitions {J,,c¢(,) Z(p) by Lemma1.7.1.2, we get from
the triangle inequality

SZ/Ig

LeL(Z(u))

Ty f(y)| du(y)

pE‘Z(u)

which by the above computation is bounded by

3 /&mmm ) x b(y) du(y)

LeLl(ZF(u))

:L&mmmwmwmw.

g T, d .
lﬁwﬂmm>z 3£ (y) du(y)

83
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Applying Cauchy-Schwarz, this is bounded by || Pz (xw))|9lll2 * |b]|2-
By Minkowski’s inequality, Theorem 1.2.6, Lemma 1.7.2.2 and Lemma
1.7.2.3, ||b]|2 is at most

3 3
2129072200 4+ 22| P sy f ]2 + 217 1P (s ) [e( QL)) f]l2-

By the triangle inequality we have for allz € X that | Pz, [e(Q(u)) f]|(z) <
P7(swy)|f|(x), thus we can further estimate the above by

3 a9 3
(21297 (220FL 4 9124y 4 91037y Py [ |2

This completes the proof since a > 4.
Now we prove the two auxiliary lemmas. We begin with the nontangential
maximal operator T)/.
Proof for Lemma 1.7.2.2

Proof of Lemma 1.7.2.2. Fix s1, s3. By eq-psisum we have for all

€ (0,00)
(D) =1-Y w(D ) - > (D x
s$=s81 s<s1 5$>81
Since 1) is supported in /5 %] the two sums on the right hand side
are zero forallw € [{D*1 71, 1 D*27!], hence

1 s1—1 s
€zpm, D2 Zz/)

s=s1

Since ¢ is supported in [}, 3], we further have

v ¢ &Dsrl, %D”] — Y p(D ) =0,

Finally, since ¢» > 0and ) _, ¥(D~*r) = 1, we have for all
0< > (D *x) < 1.

Leta’ € I, (x) and suppose that D*2~1 < R (¥, 2’). By the triangle
inequality and eq-vol-sp-cube, it holds that p(z,2’) < 8D*%'. We

have
Z/K o, y) () dpu(y)

§=81
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- ’/ i YD~ p(a’, y)) K (2, y) f(y) du(y)

§=81

< K(',y) f(y) du(y)

/SDSI <p(a’y)<gD21

+/ K ()1 ()] duy)
1D*171<p(a’,y)<8D=1

+/ K (@ y)|f ()] duly).
D271 <p(a’,y)< 3 D2

The first term eq-sharp-trunc-term is at most QTSf(m), using
with Ry := 8D*!, Ry := iD*> ' and Ry < Ry < Rg(¥,2’) the
triangle inequality in the form

/ K(2' ) () duy)
Ri<p(z’',y)<R2

< K(z',y) f(y) du(y)

/Rl <p(z',y)<Rqg(¥,x")

+

K(',y) f(y) du(y)

/Rz <p(z’,y)<Rq(¥,z’)

The other two terms will be estimated by the finitary maximal func-
tion from Theorem 1.2.6. For the second term eq- lower-bound-term
we use egkernel-size which implies that for all y with p(z’,y) >
1D~ we have

9a’

IS B o)

Using D = 299" and the doubling property doublingx 7 + 100a>
times estimates the last display by

97a+101a®
p(B(a!,32D%))
By the triangle inequality and eq-vol-sp-cube, we have
B(a',8D%) C B(c(Iy, (x)),16D*U @)y ¢ B(a',32D%).

Combining this with pf-nontangential-operator-bound-imeq,
we conclude that eq-lower-bound-termis at most

27(1—0-101(13 MB,l f(l‘) )
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For eq-upper-bound-term we argue similarly. We have for all y
with p(a/,y) > 1D*271

3

2(l
W(B( SD%T)

K (', y)| <

Using the doubling property doublingx 7 + 100a? times estimates

the last display by
97a+101a®

w(B(x',32D%2))"
Note that by dyadicproperty we have I, (z) C I, (x), in partic-
ular 2’ € I, (z). By the triangle inequality and eq-vol-sp-cube,
we have
B(a',8D%2) C B(c(Iy,(x)),16D*U=2®)) ¢ B(x',32D%2).
Combining this, eq-upper-bound-termis at most

3
27a+101a MB,l f(x) )

Using a > 4, taking a supremum over all 2’ € I, (z) and then a
supremum over all —5 < s; < 59 < S, we obtain

To f(x) < 23 f(x) + 21920 My, f(2).

The lemma now follows from assumption linnontanbound, The-
orem 1.2.6 and a > 4.

We need the following lemma to prepare the L?-estimate for the auxiliary
operators Sy .
Lemmal.7.2.4

For every cube I € D, there exist at most 2% cubes J € D with
s(J) = s(I) and B(c(I),16D*D) N B(c(J),16D*())) £ 0.

Proof. Suppose that B(c(I),16D*1)) N B(c(J),16D%)) #£ () and s(I) =

s(J). Then B(c(1),33D°1)) < B(c(J),128D*Y)). Hence by the doubling
property doublingx

2% u(B(c(J), EDS(‘”)) > u(B(c(I),33D°1D)Y),

and by the triangle inequality, B(c(J), $ D*(/))is contained in B(c(I), 33D*0)).
Proof for Lemma 1.7.2.4
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If C is any finite collection of cubes J € D satisfying s(J) = s(I)
and
B(c(I),16D°D) 0 B(c(J), 16D £ 0,

then it follows from eq-vol-sp-cube and pairwise disjointedness
of cubes of the same scale dyadicproperty thatthe balls B(c(J), $ D3()))
are pairwise disjoint. Hence

p(B(e(1),38D°0)) > 3 u(Blel), ;D))
JecC

> [C2 " u(B(e(1), 33D°D)).

Since p is doubling and i # 0, we have u(B(c(I),33D*1)) > 0.
The lemma follows after dividing by 2-°?u(B(c(1), 33D*(1))).

Now we can bound the operators 51 .
Proof for Lemma1.7.2.3

Proof of Lemma 1.7.2.3. Note that by definition, S ,, f is a finite sum
of indicator functions of cubes I € D for each locally integrable f,
and hence is bounded, has bounded support and is integrable. Let
g be another function with the same three properties. Then gS; . f
is integrable, and we have

’ / 3(9)S1.0f () dpu(y)

JeT(ZT(u)): JCB(c(I),16 D)
s(J)<s(I)

<) lg(y)[ dp(y)x >
), 16D / .
rep ? 6 )) JB(e(n) a6020) JET(T(u)): JCB(c(I),16D°(D)
s(J)<s(I)

Changing the order of summation and using J C B(c(I),16D(1)
to bound the first average integral by Mg 1|g|(y) for any y € J, we

obtain
< > /If Mg algl(y) du(y) 3 pls(h=s()/a
JET(T(u)) I€D: JCB(c(I),16D°M)

s(I)=s(J)

By Lemma 1.7.2.4, there are at most 2% cubes [ at each scale sat-
isfying the inclusion J C B(c(I),16D*W)). Since D~V/a < 1 (1 —

2 M(B(c([)lwps(l))) /[g(y) dp(y)x > D I))/“/ [f ()l duly
IeD ’

D(su)fs(z))/a/ ()
J
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D~1/)=1 < 2, Using this estimate for the sum of the geometric se-
ries, we conclude that eq-boundary-operator-bound-1isat most

LY ()| Mis,1191(y) dpa(y).-

JeT ()’

The collection J is a partition of | J,;., I, so this equals

goa+1 /X 1F(@) [ Ms.1lg1(v) du(y).

Using Cauchy-Schwarz and Theorem 1.2.6, we conclude

\ / gsl,ufdu] < 2% gl /]

The lemma now follows by choosing ¢ = 57, f and dividing on
both sides by the finite || S, f]|2.

The quantitative L2 tree estimate

The main result of this subsection is the following quantitative bound for op-
erators associated to trees, with decay in the densities dens; and denss,.
Lemmal.7.3.1

Let u € 4. Then for all bounded f with bounded support and
bounded g supported on G we have

/Xg 3" Tpfdp| < 2" dens; (T(u)Y?| £l2lgll-.

pPET(u)

If additionally support(f) C F, then we have
/ g > Tyf du| <272 dens; (T(u))"/2 dens, (T(w)/2| |2 gll2-
X
peT(u)

Below, we deduce this lemma from Lemma 1.7.2.1 and the following two
estimates controlling the size of support of the operator and its adjoint.
Lemma1.7.3.2

Letu e land L € £(%(u)). Then

LGN (| Ep) <2 densy (S(w)u(L).
peT(u)

Lemma1.7.3.3
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Letu e land J € J(Z(u)). Then
w(F N J) <220 densy(T(u))u(J).
Proof for Lemma 1.7.3.1

Proof of Lemma 1.7.3.1. Denote

Ew= {J E).

peZ(u)
Then we have
/ > Tyfdu|= / 9lew Y. To(lzqof)dp
peT(u) peT(u)
By Lemma 1.7.2.1, this is bounded by

< 21300 1Pz fll211 Peis ) [Le@wyglll2-

We bound the two factors separately. We have

o\ 1/2
| Peizylleaglllz = ( Z ﬁ (/ms(u) |g(y)|du(y)> ) )

LeL(T(w)

By Cauchy-Schwarz and Lemma 1.7.3.2 this is at most

1/2
l9(y)[? du(y)) :

Since cubes L € £(%(u)) are pairwise disjoint by Lemma 1.7.1.2,
this is

g( 3" 219 dens, (T(u)) /

LeL(T () LNE(u)

< 2519° dens, (T(u)) /2| g]|-

Similarly, we have
1/2
1
— )| dps( .
([ e )

JEJ(‘I(u))

1Pyl flll2 = (

By Cauchy-Schwarz, this is

1/2
> 1wk ) .
JeTJ (% (u))

89
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Since cubesin J (% (u)) are pairwise disjoint by Lemma 1.7.1.2, this
is at most

1f1l2-

Combining eq-both-factors-tree,eq-factor-L-treeandeq-factor-J-tree
gives eq-cor-tree-est.If f < 1pthen f = f1p,so

(5 st (oo}
:( ) jﬂ(/]me@)du(y))z)lm.

/2

JET (T (u))

We estimate as before, using now Lemma 1.7.3.3 and Cauchy-Schwarz,
and obtain that this is

< 21919° dens, (T(u)) /2| flo-

Combining thiswith eq-both-factors-treeandeq-factor-L-tree
gives eq-cor-tree-est-F.

Now we prove the two auxiliary estimates.
Proof for Lemma 1.7.3.2

Proof of Lemma 1.7.3.2. If the set on the right hand side is empty,
then eq-1ldensity-estimate-tree holds. If not, then there ex-
ists p € T(u) with L N Z(p) # (.Continuing the proof of Lemma
1.7.3.2, suppose first that there exists such p with s(p) < s(L). Then
by dyadicproperty Z(p) C L, which gives by the definition of
L(%(u)) that s(L) = —S and hence L = Z(p). Let q € T(u) with
E(g)NL # (. Since s(L) = —S < s(q) itfollows from dyadicproperty
that Z(p) = L C Z(q). We have then by Lemma 1.2.1.2

dp(Q(p), () < dp(Q(p), QW) + dp(Q(q), Qu))

< dp(Q(p), Q) + dq(Q(q), Q(u)).

Using that p,q € T(u) and forestl, this is at most 8. Using again
the triangle inequality and Lemma 1.2.1.2, we obtain that for each
q € BC[(Q(q)7 1)

dp(Q(p), q) < dp(Q(p), Q1)) + dq(Q(q),q) < 9.

Thus LN G N E(q) C E2(9,p). We obtain

pLnGn J E@) < p(E(9,p)).

qeET(u)
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By the definition of denss, this is bounded by
9% dens (T(w))u(Z(p)) = 9° dens, (T(u))p(L).

Sincea > 4, eq-1ldensity-estimate-tree followsin this case.Now
suppose that for each p € T(u) with L N E(p) # 0, we have s(p) >
s(L). Since there exists at least one such p, there exists in partic-
ular at least one cube L” € Dwith L C L” and s(L") > s(L). By
coverdyadic, there exists L' € Dwith L C L' and s(L') = s(L) +
1. By the definition of £(%(u)) there exists a tile p” € T(u) with
Z(p”) C L'.It suffices to show that there exists a tile p’ € PB(T(u))
with Z(p") = L/, dp (Q(p), Q(u)) < 4 and 9p” < 9p’. For then,
let ¢ € T(u) with L N E(q) # 0. As shown above, this implies
s(q) > s(L'), so by dyadicproperty L' C Z(q). If ¢ € B4(Q(q),1),
then by a similar calculation as above, using the triangle inequal-
ity, Lemma 1.2.1.2 and forest1, we obtain

dp (Q(p"),q) < dp (Q0'), Q(a)) + dq(Q(a),q) < 9.

Thus LN G N E(q) C E2(9,p"). We deduce using the definition
definedensl of dens;

w(LnGn |J E@) < u(Bs(9.") < 9° dens: (T())u(L).
qeET (u)

Using the doubling property doublingx, eq-vol-sp-cube,anda >
4 this is estimated by

902100a°+5a deng (T(u))p(L) < 229%" dens; (T(w))u(L).

To show existence of p’ with the given properties, if Z(p”) = L' we
can take p’ = p”, which satisfies the distance property by forest1l
and the other properties trivially. Otherwise, let p’ be the unique
tile such that Z(p’) = L’ and such that Q(u) N Q(p’) # 0. Since
Z(p') Cc Z(p) and p € T(u), wehavep’ € P(T(u)). Since by forestl
s(p’) = s(L/) < s(p) < s(u), we have by dyadicproperty and
eq-freq-dyadic that Q(u) C Q(p’), and hence the distance prop-
erty. 9p” < 9p’ follows by the triangle inequality, forestl, Lemma
1.2.1.2 and eq- freq-comp-ball. This completes the proof.

Proof for Lemma1.7.3.3

Proof of Lemma 1.7.3.3. We prove the inequality with the constant
2201e” replaced by 2200¢°+14a; this is stronger because a > 4. It suf-
fices to show the existence of a tile p € T(u) and anr > 4D5(*) such

that.J C B(c(p),r)and u(B(c(p), r))<2200a*+14a,,( J) because then
it follows from the definition definedens?2 of denss that

p(FNJ) < p(F 0 B(c(p),r))



CHAPTER 1. FORMALIZATION OF CARLESON’S THEOREM 92

< dens;(T(u))u(B(c(p), 7)) < 270014 dens, (T (u ))M(J )-

In particular, these criteria are satisfied, with » = 4D(®)| by any
b € T(w) suchthat.J C B(c(p, 4D"®))) and u(Z(p)) < 2100 +100,,(7),
because then by the doubling property doublingx

u(B(c(p), 4D*P))) < 2% u(B(c(p), D°P) /4))

< 2% (Z(p)) < 2100« H a7,

Suppose first that s(J) = S. Then J = Iy, so subsetmaxcube and
the fact that J € J(%(u)) C Jp(%(u)) imply that s(J) = —S. Thus
S = 0. It follows that .J is the only dyadic cube, so any p € T(u) has
Z(p) = J, and therefore satisfies J C B(c(p,4D*®)))and u(Z(p)) <
9100a%+10a (1) Tt remains to consider the case s(.J) < S. Then, by
coverdyadicanddyadicproperty, there exists some cube J’' € D
with s(J') = s(J) + 1 and J C J'. By definition of J(%(u)) there
exists some p € T(u) such that Z(p) C B(c(J’), 100D/ )+1) Since
c(J) e J CJ C Blce(J'),4D*7)), the triangle inequality, s(.J') =
s(J) + 1and D = 21909% jmply

B(c(J"),204D°Y) 1Y) € B(e(J), 204D )41 44 D)y ¢ B(e(J), 28 D3 H2),

From the doubling property doublingx, D = 210°¢° and eq-vol-sp-cube,
we obtain

H(B(e(J'), 204D )H1)) < 9200074100, ),

If J C B(c(p),4D®), then we need only check that u(Z(p)) <
9100a%+10a (1) This follows immediately from Z(p) C B(c(.J'), 100D*(/)+1)
and measure-comparison.From now onwe assume.J ¢ B(c(p),4D(®)),
Since

c(p) € Z(p) C B(c(J'), 100D )+,

we have by eq-vol-sp-cube and the triangle inequality
J C J' C B(c(J'),4D*7)) c B(c(p), 104D+,

In particular this implies 104D*(/)+1 > 4Ds(®) By the triangle
inequality we also have

B(c(p), 104D*)F1) C B(c(J), 204D )1,
so from measure-comparison,
’ 3
w(B(c(p), 104D )+1)) < 9200a +1OGM(J)7

which proves p satisfies the needed criteria with r = 104Ds(/)+1,
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Almost orthogonality of separated trees

The main result of this subsection is the almost orthogonality estimate for op-
erators associated to distinct trees in a forest in Lemma 1.7.4.4 below. We will
deduce it from Lemmas Lemma 1.7.4.5 and Lemma 1.7.4.6, which are proven in
Subsections[Proof of the Tiles with Targe separation Lemmal(p. [96) and[Proof]
pf The Remaining Tiles Lemmd (p. [108), respectively. Before stating it, we in-
troduce some relevant notation.

The adjoint of the operator 7}, defined in definetp is given by

T:g(x) = /E om0 e-QW@) + Q) w)ow) duto)

Lemma1.7.4.1
For each p € B, we have
159 = 1p(c(p),5000 Ty Lz(p)9-
For each u € {l and each p € T(u), we have
Tyg = 1701y 17(u)g-
Proof for Lemma 1.7.4.1
Proof. By forestl, E(p) C Z(p) C Z(u). Thus by definetp*

Tyg(z) =Ty (17(5)9) ()

N /E( )We(—Q(y)(x) +Q(y)(v))1zp) (y)g(y) du(y).
P

If thisintegralisnot 0, then there exists y € Z(p) suchthat K, (y, z) #
0. By supp-Ks, eq-vol-sp-cube and the triangle inequality, it fol-
lows that

z € B(c(p), 5D05%).

Thus
Ty 9() = 1p(c(p),s050) () Ty (1z(p)9) (2)-
The second claimed equation follows now since Z(p) C Z(u) and
by forest6 we have B(c(p), 5D%%)) C Z(u).
Lemma1.74.2

For all bounded g supported on G we have that

* a3
> Tpg| <2 dens; (T(w)' /gl
peT(u) 2

1r Y Tig < 2282¢° deng, (T(u)) /2 densy (T (1)) /2| g2
peT(u) 9
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Proof for Lemma 1.7.4.2

Proof. By Lemma 1.7.3.1, we have for all bounded f and g with |g| <

1. that
/Z gfdu‘/ > Tfdp

peT(u) peT(u)

< 21510° dens, (T(u))/2llgll /-

Letf =3, cx( Iy - Since|g| < 1¢, fisbounded and has bounded

support. In particular || f||2 < co. Dividing eq-adjoint-bound by
I fll2 completes the proof.The proof of the second part is similar

We define

Sowgi=| > Tyg|+Msag+lgl-
pPET(u)

Lemma1.7.4.3

We have for all u € {l and all bounded ¢ supported on G

3
192,092 < 25297 g 2.

Proof for Lemma 1.7.4.3

Proof. This follows immediately from Minkowski’s inequality, The-
orem 1.2.6 and Lemma 1.74.2, using that a > 4.

Now we are ready to state the main result of this subsection.
Lemmal.74.4

For any u; # uy € 4l and all bounded g1, g with bounded support,

we have
[ Y ¥ maled

P1ET(u1) p2€T(u2)

2
3_
< 9p12a°—dn H 152,u; 95 | L2 (Z(u1)nZ (ua)) -
Jj=1

Proof for Lemma 1.7.4.4



CHAPTER 1. FORMALIZATION OF CARLESON’S THEOREM

Proof of Lemma 1.74.4. By Lemma 1.74.1 and dyadicproperty,
the left hand side eq-lhs-sep-tree is 0 unless Z(u;) C Z(uz) or
Z(uz) C Z(uy). Without loss of generality we assume that Z(u;) C
Z(uz).Define

G = {p € T(ur) UT(u) : dp(Qu1), Qlus)) > 277/2}.

Lemma 1.7.4.4 follows by combining the definition defineZ of Z
with the following two lemmas.

Lemma 1.7.4.5

We have for all u; # uy € Y with Z(w1) C Z(uz) and all bounded
g1, g2 with bounded support

[ Y ¥ melaw

P1 Ef(ul) PQE‘I(UQ)OG

2
30— Zn/(4a%+2a3
< 9flla®g—2n/(4a”+2 )H\|5’2,uj9j||L2(I(u1))'
j=1

Lemma 1.7.4.6

We have for all u; # uy € Y with Z(w) C Z(uz) and all bounded
g1, g2 with bounded support

/X > > Ty oTyg2du

pP1E€T (1) p2€X(u2)\&

2
2320°+21a+59— 1355 Znek j
S 2 2 101a H ||SQ}UJ'QJHL2(I(U‘1)).
Jj=1

In the proofs of both lemmas, we will need the following observation.

Lemma1.7.4.7

Letu; # uy € Ywith Z(uy) C Z(uz). Ifp € T(ug) U T(uy) with
Z(p) NZ(uy) # 0, then p € &. In particular, we have T(uy) C G.

Proof for Lemma 1.7.4.7

Proof. Suppose first that p € T(uy). Then Z(p) C Z(u1) C Z(ua),
by forestl. Thus we have by the separation condition forest5,
eq-freq-comp-ball, forestl and the triangle inequality

dp(Q(wr), Quz)) = dy(Q(p), Quz)) — dp(Q(p), Qw1))

95
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Z 22(n+1) _ 4
Z 2Z7’L/2,
using that Z = 212% > 4, Hence p € &.Suppose now thatp € T(us).
If Z(p) C Z(uy), then the same argument as above with u; and us
swapped shows p € &. If Z(p) ¢ Z(u;) then, by dyadicproperty,
Z(w) C Z(p). Pickp’ € T(u1), we have Z(p') C Z(w) C Z(p).
Hence, by Lemma 1.2.1.2 and the first paragraph

dy(Q(u1), Qluz)) > dp (Q(an1), Q(ua)) > 277,
sop 6.

To simplify the notation, we will write at various places throughout the
proof of Lemmas Lemma 1.7.4.5 and Lemma 1.7.4.6 for a subset € C 3

Tef:=Y Tof, Tég=> T7g.

pec pee

Proof of the Tiles with large separation Lemma

Lemma 1.74.5 follows from the van der Corput estimate in Theorem 1.2.5. We
apply this proposition in[The van der Corput estimate](p.[106). To prepare this
application, we first, in[A partition of unity| (p. [96), construct a suitable par-
tition of unity, and show then, in[Holder estimates for adjoint tree operators|
(p.[99) the Holder estimates needed to apply Theorem 1.2.5.

A partition of unity

Define
J ={JeJ6): JCI(wm)}
Lemma1.7.5.1.1

We have that

Tw) = |J

JeJ’

Proof for Lemma 1.7.5.1.1

Proof. By Lemma 1.7.1.2, it remains only to show that each J €
J(G)with JNZ(uy) # Pisin J’. Butif J ¢ J', thenbydyadicproperty
Z(uwy) C J. Pickp € T(uy) C &. Then Z(p) C J. This contradicts

the definition of 7(&).

For cubes J € D, denote
B(J) := B(c(J),8D%).

The main result of this subsubsection is the following.
Lemma 1.7.5.1.2
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There exists a family of functions y s, J € J’ such that
]-I(ul) = Z XJ5
JeJ’
andforall J € J'and ally,y’ € Z(u;)

0<xs() <1pw)(y),

sp(y,y')

- / 227a
Ixs(y) — xs(y)| <2 Ds()

In the proof, we will use the following auxiliary lemma.
Lemma1.7.5.1.3

If J,J' € J with
B(J)NB(J") # 0,

then |s(J) — s(J')| < 1.
Proof for Lemma 1.7.5.1.2
Proof of Lemma 1.7.5.1.2. For each cube J € J let

)2‘](1,/) = II(ul)(y) rnax{O, 8 — DiS(J)p(ya C(‘]))}7

and set
ay)= 3 W)
Jeg’
We define W)
o xag\y
W=y

Then, due to forest6 and def-BJ, the properties eq-pao-1 and
eq-pao-2are clearlytrue. Estimate eq-pao- 3 follows from eq-pao-2
ify,y’ ¢ B(J). Thus we can assume thaty € B(.J). We have by the
triangle inequality

X () = Xa ()| | Xa()laly) — a(y’)|
a(y) a(y)a(y’)
Since Ys(z) > 4 forall z € B(c(J),4D*)) > J and by Lemma

1.7.5.1.1, we have that a(z) > 4 for all z € Z(u;). So we can estimate
the above further by

< 272(IXs(y) = xa () + X (y)]aly) — a(y)]).

Ify ¢ B(c(p),8D®)) then the second summand vanishes. Else,
we can estimate the above, using also that |x;(v)| < 8, by

<27 —xa@)+2 Y ko) =X @)
J'eJ’

B(J)NB(J)#0

Ixs(y) — xs(")| <
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By the triangle inequality, we have for all dyadic cubes

X1 (y) = X1 ()] < ply,y) D™D
Using this above, we obtain

1, L

o) =)l < py) (307042 3T D),
J'eJ’

B(J)NB(J)#0

By Lemma 1.7.5.1.3, this is at most

Plg{’(g;) <411 +2D|{J' € 7' : B(J')NB(J) # @H) :

Byeq-vol-sp-cubeand Lemma1.7.5.1.1, the balls B(c(.J"), 1 D*(/")
are pairwise disjoint. By the triangle inequality and Lemma 1.7.5.1.3,
each such ball for J’ in the set of the last display is contained in

B(ce(J), 9D+,
By the doubling property doublingx, we further have
p(B(e(),9D° 1)) < 92007y (Be( 1), D))
for each such ball. Thus

{J' € T' = B(J)NB(J) #0}] < 22000 +7a,

Recalling that D = 2100%° we obtain

i +2D|{J € J" : B(J')N B(J) # 0}] < 22000°+100a+Ta+2

Since a > 4, eq-pao-3 follows.
Proof for Lemma 1.7.5.1.3

Proof of Lemma 1.7.5.1.3. Suppose that s(J') < s(J) — 1. Then
s(J) > —S. Thus, by the definition of 7’ there existsnop € &
with

Z(p) € B(c(J), 100D +1),
Since s(J') < s(J), there exists a cube J” € D with J C J” and
s(J") = s(J") + 1. By the definition of ', there exists atilep € &
with

Z(p) C B(c(J"),100D°)+2),

But by the triangle inequality and defineD, we have
B(c(J"),100D°)+2)  B(c(J), 100D+,

which contradicts eq-tile-incl-1and tile-incl-2.
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Holder estimates for adjoint tree operators

Let g1, g2 : X — C be bounded with bounded support. Define for J € 7’

hi(y) = xa(y) - (e(Qw)(9) Ty 91 () - (e(Qu2) () T2y, )ns 92(9))-

The main result of this subsubsection is the following 7-Holder estimate for
hj, where T = 1/a.
Lemma1.7.5.2.1

We have for all J € J' that

3
1l B oy <2 [ inf (T, g5l +Hnf Mg gs)).
O (B(e(1),16D*()) jll Be ey | T ) 9310 j

We will prove this lemma at the end of this section, after establishing sev-
eral auxiliary results.

We begin with the following Holder continuity estimate for adjoints of op-
erators associated to tiles.
Lemma 1.7.5.2.2

Letu € Yand p € T(u). Then for all y, 3/ € X and all bounded g
with bounded support, we have

(W) ()T 9(y) — e(Quw) (¥ )Ty 9(y)|

9128a° o(y,y') 1/a
< 1(B(c(p), 4D35()) ( Ds®) ) /E(p) |g(x)[du().

Proof for Lemma 1.7.5.2.2

Proof. By definetp*, we have

|e(Q) ()T 9(y) — e(Qu) ()T 9(y)|

/E(p) e(Q() ()= Q) (y)+ (W) () Ky(p) (2, y)g(z) —e(Q() (2) —Q(x) (¥ )+ Q(w) () Ks(p) (, ") g () €

< /E(,,) 19(2)|[e(Q(2) (y)—Q () () — Q) (y) + QW) (¥ ) Ks(p (z, ) — Ks(p (z, y/)| dua(z)

S/ 19(2)|le(=Q(2) (y)+Q(x)(y")+Q(u) (y)— Q) (y) — L1 | Ks(p) (2, y)| du(z)
E(p)

[ g .3 ~ Ko ) o).
E(p)
By the oscillation estimate osccontrol, we have

| = Q@) () + Q)(Y) + Qu)(y) — Qu)(¥)]
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< dB(y,l.Gp(y,y/))(Q(x)v Q(u))

Suppose that v,y € B(c(p),5D%®)), so that p(y,y’) < 10DF),
Let k € Z be such that 2%%p(y, y') < 10D®) but 2¢¢+1 p(y, ') >
10D%®), In particular, k¥ > 0. Then, using seconddb followed by
firstdb, we can bound eq-lem-tile-Holder-comp from above
by

27kdB(c(p),16D5<P))(Q(I)v Q(u)) < 2%7*dy(Q(x), Q(u)).

Since z € E(p) we have Q(z) € Q(p) C B,(Q(p),1), and since
p € T(u) we have Q(u) € B,(Q(p),4), so this is estimated by

< 5.900—k

By definition of k, we have

10D5<p>>
p(y,y') )’

1
—k<1—alog2(

which gives

’ 1/a
Q) )+ Q)+ Qw3 - Q)| < 1028 (LBIL)

For all z € Z(p), we have by doublingx that
u(B(z, D*®))) = 27 u(B(c(p), 4D°P)).

Combining the above with eq-Ks-size, eq-Ks-smoothandeq-lem-Tile-holder-iml,
we obtain that the sum of the terms in T*Holderlb and T*Holderl

is bounded by
28¢ 102a° 6a p(y,y') e 12748 p(y,y') la
1(B(c(p), 4ADs®))) /E(p) lg(@)| dpu(2) (2 -10-2 ( Ds(r) ) +2 < 00 ) )

Since p(y,y’) < 10D%®), we conclude that the sum of the terms in
T*Holderlb and T*Holder1l is bounded by

212&13 p(y,y’) 1/a
1(B(c(p),4Ds®))) ( Ds(®) ) /E(p) lg(z)| dp(x).

Next, if y,y' ¢ B(c(p),5D%")), then T;g(y) = Tyg(y') = 0, by
Lemma 1.7.4.1. Then T*Holder2 holds.Finally, ify € B(c(p),5D5®))
and y' ¢ B(c(p),5D%%)), then

le(Qu) () Ty 9(y) — e(QU)(Y)) Ty 9(y) = [Ty 9(y)]
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< /E st 0 9(2) 8 0).

By the same argument used to prove eq-Ks-aux, this is bounded
by

1
< 2102a3 /
B(p) M(B(z, D?))

It follows from the definition of v that

YD p(z,y))|g(z)| dp(z).

Y(x) < max{0, (2 — 4x)'/}.

Now for all z € E(p), it follows by the triangle inequality and
eq-vol-sp-cube that

2-4D7®) p(z,y) < 2—4D 7P p(y, c(p))+4D P p(z, ¢(p)) < 184D p(y, c(p)) < 4D™>F)p(y,y')—2
Combining the above with the previous estimate on v, we get
(D p(z,y)) < 4D~Pp(y, y'))e.

Further, we obtain from the doubling property doublingx and eq-vol-sp-cube
that
u(B(z, D*®))) > 27 u(B(c(p), 4D°P)).

Plugging this into eq-lem-Tile-holder-im2 and using a > 4, we
get

] 2103" ply,y)\""
G501 < iy (D) gy 900190

which completes the proof of the lemma.

Recall that
B(J) := B(c(J),8D*).

We also denote
B'(J) := B(c(J),16D>)),
1
B°(J) := B(c(J), gDSW)).
Lemma1.7.5.2.3

Letp € T(ug) \ 6, J € J' and suppose that
B(Z(p)) N B°(J) # 0.

Then

s(J) <s(p) < s(J)+3.
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Proof for Lemma1.7.5.2.3

Proof. For the first estimate, assume that s(p) < s(J), then in par-
ticular s(p) < s(up). Since p ¢ &, we have by Lemma 1.74.7 that

Z(p) N Z(w;) = 0. Since B(C(J),%DS(‘])) c I(J) C Z(w), this
implies
1
plel),c(p)) > 1 D°).

On the other hand

p(e(7), (p)) < ¢ 4 8D,

by our assumption. Thus D3®*) > 64~ D*(/) which contradicts
defineD and ¢ > 4.For the second estimate, assume that s(p) >
s(J) + 3. Since J € J’, we have J C Z(uy). Thus there exists
J' € Dwith J C J and s(J') = s(J) + 1, by coverdyadic and
dyadicproperty. By definition of J’, there exists some p’ € &
such that Z(p’) C B(c(J'),100D*(/)+2), On the other hand, since
B(Z(p)) N B°(J) # 0, by the triangle inequality it holds that

B(c(J"), 100D 3 « B(c(p), 10D3P)).
Using the definition of &, we have
272 < dp (Q(u1), Q(u2)) < dp(c(sr),100p5)+2) (1), Qu2)).
By seconddb, this is
< 2719%% 5 (1) 100De 0 +3) (Q(u1), Q(uz))

< 27199 g () 1000 (1), Q(u2)),
and by firstdb and the definition of &

< 27%ag (Q(uy), Q(uz)) < 2-%19277/2,
This is a contradiction, the second estimate follows.
Lemma1.7.5.2.4
For all J € J' and all bounded g with bounded support

3.
sup |T%(uz)\6-g| S 2104(1 ll}fMBA’1|g‘
Be(J)

Proof for Lemma 1.7.5.2.4
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Proof. By the triangle inequality and since 7, g = 15(c(p),50:01) T} 9
we have

sup [Tig,)\e9l < sup > Ty gl-
Be(J) Be PET(12)\&
B(Z(p))NB°(J)#0

By Lemma 1.7.5.2.3, this is at most

s(J)+3
2 >, sup [Tl
s=s(J)  pePs(p)=s B°)

BZ(p)NB°(J)£0
If z € E(p) and B(Z(p)) N B°(J) # 0, then
B(c(J),16D%®) ¢ B(x,32D%®)),

by eq-vol-sp-cube and the triangle inequality. Using the dou-
bling property doublingx, it follows that

p(B(z, D)) > 275 u(B(c(J), 16 D°P))).
Using definetp*, eq-Ks-sizeandthata > 4, we bound eq-sep-tree-aux-3
by

s(J)+3

10343 1
2D X B 16D /E<p>'9d“'

s=s(J)  peEP.s(p)=s
B(Z(p))NB°(J)#0

For each I € D, the sets E(p) for p € P with Z(p) = I are pair-
wise disjoint by defineep and eq-dis-freq-cover. Further, if
B(Z(p))NB°(J) # Bands(p) > s(J), then E(p) C B(c(J),16D5®)),
Thus the last display is bounded by

s(J)+3

: 1
2103a3 / |g| d.
s—Xs(:J) N(B(C(J), 16D5)) B(c(J),16D%)
< inf
z'ed

The lemma follows since a > 4.
Lemma 1.7.5.2.5

Let® = T(ug) or € = T(uz) N S. ThenforeachJ € J' andp € €
with B(Z(p)) N B'(J) # 0, we have s(p) > s(J).

Proof for Lemma 1.7.5.2.5
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Proof. By Lemma 1.74.7, we have that in both cases, € C &. If
p € € with B(Z(p)) N B'(J) # 0 and s(p) < s(J), then Z(p) C
B(c(J),100D*)+1), Since p € &, it follows from the definition of
J' that s(J) = —S, which contradicts s(p) < s(J).

Lemma 1.7.5.2.6

Let ¢; = T(u;) and €3 = T(uz) N &. Then for ¢ = 1,2 and each
J € J’ and all bounded ¢ with bounded support, we have

sup |T¢ g| < inf [T g| + 228" +44 3 inf My | |g|
B'(J) ° BO(J) ° J

and for all y,y’ € B'(J)
le(Q(ui) (1)) T¢, 9(y) — e(Qwi) (¥)Te, 9(v)]

N\ 1/a
< 91280° +4a+1 (pl()?i’(g))) irJlfMB,ﬂg\-

Proof for Lemma 1.7.5.2.6

Proof. Note that TreeUB follows from TreeHolder, since for y’ €
B°(J), by the triangle inequality,

1/a
Py, y') N o
< - < .
( D) ) = (16+ 8) s2

By the triangle inequality, Lemma 1.74.1 and Lemma 1.7.5.2.2, we
have for ally,y' € B'(J)

le(Q(wi)(¥))T¢,9(y) — e(Qwi) (¥')Te, 9(y)]
< > le(Q(ui) (¥) Ty 9(y) — e(Qui) () Ty g(y)]

peC;
B(Z(p))NB'(J)#0
D-sw)/a
< 21280 p(y, ) /e / gl dp.
®.) Z 1(B(c(p),4Ds#)) E(p)l |

ped;

B(Z(p))NB'(J)#0
By Lemma 1.7.5.2.5, we have s(p) > s(J) for all p occurring in the
sum. Further, foreach s > s(J), the sets E(p) forp € Pwiths(p) =
s are pairwise disjoint by defineep and eq-dis-freq-cover, and
contained in B(c(J),32D®) by eq-vol-sp-cube and the triangle
inequality. Using also the doubling estimate doublingx, we obtain
that the expression in the last display can be estimated by

24(1

ps/a / lg[ dpe
s>§u) w(B(c(J),32D%)) Jp(e(1),320%)

2128a3 1/a

Py, y")

104
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. Y 1/a B A
< 91280 +4a <pl()ys(g))> Z p&)=s)/a 11:]1fMB,1|9|-
S>s>s(J)

Since D~'/@ < 1 we have

Y pee <o
S>s>5(J)

Estimate TreeHolder, and therefore the lemma, follow.
Lemmal1.7.5.2.7

We have for all J € J’ and all bounded ¢ with bounded support

T egl < inf |TE 21290% inf Mg 1 |gl.
;}11;)\ g(uQ)mbglfBlg}J)l T 9l inf Mg.1g]

Proof for Lemma 1.7.5.2.7

Proof. By Lemma 1.7.5.2.6

* : * a®+4a+3 ;
sup |T¢(u2)069| < 13’1f |T¢(u2)ngg| 4 o128a7+da+3 inf Mg 19|
B'(J) Be(J) J

. * * a’ a+3 3

< inf T ,)90 + sup [T, \e9] + 22 T4 inf M 1|g],
Be(J) Be(J) J

and by Lemma 1.7.5.2.4

< inf IT* 2104(13 2128a3+4a+3 inf M )
_Blof%t])| T 9|+ ( + )151 5,19l

This completes the proof.
Proof for Lemma 1.7.5.2.1

Proof of Lemma 1.7.5.2.1. Let P be the product on the right-hand
side of hHolder, and h; be as defined in def-hj. By eq-pao-2
and Lemma 1.74.1, the function h; is supported in B'(J) N Z(uy).
By eq-pao-2, Lemma 1.7.5.2.6 and Lemma 1.7.5.2.7, we have for all
y € B'(J):

|hJ(y)| < 2257a3+4a+3p.

We have by the triangle inequality
|hy(y) = hs(y)l

< Ixs(¥) = xs (W5 0 91 DT () e 92(V)]

105

+xa )e(Qu1) () T )91 (1) —e( Q) (¥) Tt ) 91 W T () e 92 (1)



CHAPTER 1. FORMALIZATION OF CARLESON’S THEOREM 106

I WONT ) 91 (W) e(Qu2) (1)) T (4, )0 92 (1) —e(Q(u2) () Tt (1) e 92(¥ -
As hy is supported in Z(u;), we can assume without loss of gener-

ality that ¢’ € Z(uy). If y ¢ Z(uy), then eq-h-Lip-1 vanishes. If

y € Z(uy) then we have by eq-pao-3, Lemma 1.7.5.2.6 and Lemma

1.7.5.2.7 that eq-h-Lip-1is bounded by

9484a° +-4a+3 M P,
Ds(J)

where P denotes the product on the right hand side of hHolder.By
eq-pao-2, Lemma1.7.5.2.6 and Lemma 1.7.5.2.7, we have the bound

1/a
2257a3+4a+1 P(i% y') / P
Ds(J) ’

By eq-pao-2, and twice Lemma 1.7.5.2.6, we have the bound

1/a
2256a3+8a+5 p(y,y'") /P
Ds(J)

Using that p(y,y’) < 32D*(Y) and a > 4, the lemma follows.

The van der Corput estimate

Lemma 1.7.5.3.1

Forall J € J', we have that
dB(J)(Q(Uq)7 Ouz)) > 2—201a32zn/2.

Proof for Lemma1.7.5.3.1

Proof. Since ) # ¥(u;) C & by Lemma 1.74.7, there exists at least
onetilep € SwithZ(p) C Z(u1). Thus Z(u1) ¢ J', s0 J C Z(uq).
Thus there exists a cube J' € Dwith J C J' and s(J') = s(J) + 1,
by coverdyadic and dyadicproperty. By definition of 7’ and the
triangle inequality, there exists p € & such that

Z(p) C B(c(J'),100D°7)+1) ¢ B(c(J),128 D)) +2).
Thus, by definition of &:
2702 < dp(Q(u1), Qu2)) < dp(e(sy128psn+2) (1), Q(uz)).
By the doubling property firstdb, thisis
< 22()0a3+4“dB(J)(Q(u1)7 Q(uz)),

which gives the lemma using a > 4.



CHAPTER 1. FORMALIZATION OF CARLESON’S THEOREM 107
Now we are ready to prove Lemma 1.7.4.5.
Proof for Lemma 1.7.4.5

Proof of Lemma 1.74.5. The left-hand side of eq- lhs-big-sep-tree
equals

’/x T 91T (up)ne 92 -

By Lemma 1.7.4.1, the right hand side is supported in Z(u;). Using
eq-pao-1 of Lemma 1.7.5.1.2 and the definition def-hj of h;, we
thus have

<

JeJ’

[ c(@ua)w) - Q) du<y>] |

Using Theorem 1.2.5 with the ball B(J), we bound this by
<27 3 BN llom ) (e (Qu), Q) ™/,
Jeg

Using Lemma 1.7.5.2.1, Lemma 1.7.5.3.1 and a > 4, we bound the
above by

2
< 2485a°+7a+8a%+3ag—2n/(4a® +20%) B(J))x inf 1T ool inf Mo - a0,
~ J;/:u( ( )) j_liII(BIO(J)| Z(uj)g‘7|+1‘] B’lg‘])

By the doubling property doublingx
u(B(J)) < 2°u(B°(J)),

thus

::]w

11'%5) T3 ,)95] + il:JIfMB,lgj)

<90 / ] H (1T, 951(2) + Mg, g5 () dpu()

< 20¢ /J H(|T‘;(uj)gj|($) + Mg 19;(x)) dp(z).

Summing over J € J', we obtain the estimate eq-big-sep-1:
3 2 3 2
9499a° 9—Zn/(4a’+2a )/X H(\Tg(uj)gj|(x) + Mp1g;(z))dp(x).

Applying the Cauchy-Schwarz inequality, Lemma 1.7.4.5 follows.
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Proof of The Remaining Tiles Lemma

Lemma 1.7.6.1

We have .
Tw)= |J /.

JeJ’

Proof for Lemma 1.7.6.1

Proof. By Lemma 1.7.1.2, it remains only to show that each J €
J(Z(uwy)) with J N Z(wy) # Disin J'. Butif J ¢ J’, then by
dyadicproperty Z(u;) € J. Pickp € T(uy). Then Z(p) C J. This
contradicts the definition of 7 (%(uq)).

Lemma 1.7.4.6 follows from the following key estimate.
Lemma1.7.6.2

We have for all bounded f with bounded support

< 91020 +21a+59— 151, Znk I 17

1P7 [T (uyn e 92lll2 un)Mp 11g2]|l2-

We prove this lemma below. First, we deduce Lemma 1.7.4.6.
Proof for Lemma 1.7.4.6

Proof of Lemma 1.74.6. By Lemma 1.7.2.1 and Lemma 1.74.1, we
have that the left-hand side of eq-lhs-small-sep-treeisbounded
by

3 *

259 Pr gy ) Mz ) 91 2l P s ) 11z ) T g 921 2
It follows from the definition of the projection operator P and Jensen’s
inequality that
1Pz l911zunlllz < 11z ll2-

By Lemma 1.7.6.1, a cube J € J(%(uy)) intersects Z(u, ) if and only
if J € J'. Thus

Pz lzew) Tz une 92l = Prl Tz ns92|-

Combining this with Lemma 1.7.6.2, the definition definekappa
and a > 4 proves the lemma.

We need two more auxiliary lemmas before we prove Lemma 1.7.6.2.
Lemma1.7.6.3

Ifp € T(up) \ S and J € J' with B(Z(p)) N B(J) # 0, then

Zn

< _——_—
s(p) <s(J)+2 5030
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Proof for Lemma1.7.6.3

Proof. Suppose that s(p) > s(J) +2 — 322%5 =: 5(J) — s1. Then, we
have s; +2 > 0so

p(c(p), c(J)) < 8D 4 8Ds®) < 16 psP)+1+2,

There exists a tile q € T(u1). By forestl, it satisfies Z(q) C Z(u).
Thus Z(uy) ¢ J'. It follows that J C Z(u;). By coverdyadic and
dyadicproperty, there exists a cube J' € D with J C J' and
s(J") = s(J) + 1. By definition of 7', there exists a tile p’ € T(uy)
with

Z(p') € B(e(J'), 100D+,

By the triangle inequality, the definition defineD and a > 4, we
have
B(c(J'),100D°Y) 1) © B(c(p), 128 D3(P)+s1+2),

Since p’ € T(u;) and Z(u;) C Z(uz), we have by forest5
dy (Q1"), Q(uz)) > 27(*+1),

Hence, by forestl, the triangle inequality and using that by defineZ
Zn+1)=22(n+1)>3

dp’(Q(u1)7 Q(ug)) > 2Z(n+1) _4 > 2Z(n+1)—1.
It follows that
270D < (Q(wn), Qu2)) < dip(e(py asptm e +2) (Qu1), Q(uz)).
Using firstdb, we obtain
< 29a+100a3(51+3)dp(g(u1)’ Q(uQ))
Since p’ ¢ & this is bounded by

< 29a+100a3(51+3)2Z’n/2.

Thus
Zn/2+ Z —1 < 9a + 100a3(s1 + 3),

contradicting the definition of s;.
Lemma 1.7.6.4
For each J € J' and all s, we have

2
,u(lj)/‘]< > lB(I)) du < 2MF1@8D70)",

I1€D,s(I)=s(J)—s
INZ(up)=0
JNB(I)#£0
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Proof for Lemma 1.7.6.4

Proof. Since J € J' we have J C Z(uy). Thus, if B(I)NJ # () then
B(I)nJc{xeJ: plx,X\J)<8DDY,

Furthermore, for each s the balls B(I) with s(I) = s have bounded
overlap: Consider the collection D, , of all I € D with « € B(I)
and s(I) = s. By eq-vol-sp-cube and dyadicproperty, the balls
B(c(I),2D*D), I € D, , are disjoint, and by the triangle inequal-
ity, they are contained in B(x, 9D?). By the doubling property doublingx,

we have
EDS(I)))

p(B(z,9D%)) < 27%u(B(c(1), 1

foreach I € D, ;. Thus
1
p(B@9D*) 2 S w(Ble(T), 7D°V)) 2 27D, 4 (B, 9D%)).
I€D, ,

Dividing by the positive p(B(x,9D?)), we obtain that for each x

2
( > 1p(1) (x)) < |Dygy—s,l? < 21
IeD,s(

,s(I)=s(J)—s
INZ(up)=0
JNB(I)#0

Combining this with the previous inclusion and the small bound-
ary property eq-small-boundary, noting that8D*(!) = 8D~ Ds(),
the lemma follows.

Proof for Lemma 1.7.6.2
Proof of Lemma 1.7.6.2. Expanding the definition of P, we have
1P| T5 (0 s 9212
o\ 1/2

1 *
-1 25 /J mz T; ga(y)| duly)

JeJg’

By Lemma 1.7.4.1, the innermost sum in the last display is 0 if J N
B(Z(p)) = 0. Then we split that sum according to the scale of p
relative to the scale of J. By Lemma 1.7.6.3, s; < s(J) —s(p) <25
with S1 = |-202a3 2J

o 1/2

= > /Z > Tiga(y)| duly)

JeJ’ ”( 5=s1 peT(ux)\&
s(p)=s(J)—s
JNB(Z(p))#0
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Then we apply the triangle inequality and Minkowski’s
to get

<§: =l ¥ mewie

§=51 JEJ' PET(u2)\&

s(p)=s(J)—s

JNB(Z(p))#0
We have by Lemma 1.74.1 and eq-Ks-size

1
T < 9l02a®4 . / .
| p92(y)\ > B(c(p),8D <p>)(y) 5e) 1(B(z, D®))
Using the doubling property doublingx, it follows that
H(B(c(p), 8D*W))) < 24 u(B(, D)),

Thus, using also a > 4

* (]/3 1
Ty 92(y)] < 21927 4 g ) 8500 (9)

p(B(c(p),8D5()))

that

/Z|<>\

peET(u2)\S
I(p)=I
JNB(Z(p))#0

1

< 2102a3+4a/ L)
J

< 9102 +4a/M31|gz|< Vs (y) dpa(y).

111

inequality

2 1/2

|92(2)| dpu(2).

/ 192(2)| dpu(2).
E(p)

Since for each I € D the sets E(p), p € PB(I) are disjoint, it follows

(B(c(p), 8Ds(r))) /B(C(WSDS(M) g ()] du()

By Lemma 1.74.7, we have Z(p) N Z(uy) = @ for all p € T(uz) \ &.

Thus we can estimate eq-sep-tree-small-1 by

2 1/2
25
3 1
9102a°+4a Z (7 / M571|g2|13(1) du ;
s=s1 | JET' JIEDS I) s(J) s
IﬂI u1 =0
JNB(I)#0

which is by Cauchy-Schwarz at most

28
3
gl02aitaa 3" %" / Mp.1]ga])? dp x 7 )/ > 1p(n)
s= 51 JeJg’ J IeD,s(I)=s(J)—s
INZ(up)=0

JNB(I)#0
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Using Lemma 1.7.6.4, we bound this by

- 1/2
3 —s\k
91020%+4a 2: <2l4a+1(8D ) E /J(MB,1|92|)2> )

s=s51 JeJ’

and since dyadic cubes in 7’ form a partition of Z(u;) by Lemma
1.76.1, k < 1 by definekappa, and a > 4

25
3 _
< 9102a%+11a+2 E D S"“/Qle(ul)MB,1|92|H2

5=81

3 . 1
< l02¢°+11a+2 ) 51“/2m||12(u1)MB,1|g2|||2-

By convexity of ¢t — D~* and since D > 2, we have forall0 <t <1
» 1
D' <1-t(1-1/D)<1-t.

Using this for t = /2 and using that s; = ;2% — 2 and the defini-
tions defineD and definekappa of x and D

3 2 Z
< 910207 +11a+29—100a% (52

_ays 2
3)% ;le(ul)MB,l\ng\z

3 2 _ 100
_ 2102a +21a+42150a K9~ 30da ZnHHII(ul)MB,1|92|”2-

Using the definition definekappa of x and ¢ > 4, the lemma fol-
lows.

Forests

In this subsection, we complete the proof of Theorem 1.2.4 from the results of
the previous subsections.

Define an n-row to be an n-forest (4, ¥), i.e. satisfying conditions forest1l
- forest6, such that in addition the sets Z(u), u € 4l are pairwise disjoint.
Lemma1.7.7.1

Let (4, ) be an n-forest. Then there exists a decomposition
U= J g
1<j<an
such that forall j = 1,...,2" the pair (i}, Ty, ) is an n-row.

Proof for Lemma 1.7.7.1
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Proof. Define recursively 4, to be a maximal disjoint set of tiles u

in
O\ yy
J'<J

with inclusion maximal Z(u). Properties forestl, -forest6 for
(45, %y, ) follow immediately from the corresponding properties
for (U, %), and the cubes Z(u), u € 4l; are disjoint by definition.
The collections 4l; are also dlsJomt by deﬁnltlon Now we show by
induction on j that each point is contained in at most 2™ — j cubes

Z(u) with u € £\ U < U . This implies that U ,111 = {l, which
completes the proof of the Lemma. For j =0 each point is con-
tained in at most 2™ cubes by forest3. For larger j, if « is con-
tained in any cube Z(u) withu € U\ U, U5, then it is contained
in a maximal such cube. Thus itis contained in a cube in Z(u) with
u € ;. Thus the number u € U\ |J; .,y with z € Z(u) is zero,
oris Iess than the number of u € il\ U< 1 Yy with z € Z(u) by

at least one.

We pick a decomposition of the forest (4, ¥) into 2" n-rows
(ﬂj7 Tj) = (ﬂj, ‘I‘uj)

asin Lemma 1.7.7.1. To save some space in the proofs of the remaining lemmas
in this section we will write

Te=> T,, T¢=>T,

pee pee
T, =) Tswy, Ty = ) Ti.
ueﬂj Lleﬂj

Lemma 1.7.7.2

For each 1 < j < 2™ and each bounded g supported on G we have
|75,9], = 22 2721l
7712

and
|

Proof for Lemma 1.7.7.2

, S 22830971/2 densy (| T(w))"/?[g]l2.
uell

Proof. Since for each j the top cubes Z(u), u € il; are disjoint, we
have for all bounded g supported on G by Lemma 1.74.1

2 2

1FZ Z Tyg| = IFZ Z 17Ty 1I(u)9

ueil; peT(u) 9 ucil; peT(u)
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2 2

= Z/z 1p Z Tylzayg| du < Z 1p Z Tilg1z(u)g

ueil; (w) peET(u) uetl; peT(u) 9

Applying Lemma 1.74.2 and the density assumption forest4, then
taking square roots, we obtain

1/2

* a® a+l-n 2
16T, || < 222" gtarammre Glerlsz(uLejuf(u))”2 u; [zl

Again by disjointedness of the cubes Z(u), this is estimated by

2282a32(4a+1—n)/2 densg( U 5(u))1/2||g||2.
uedl

Thus eq- row-bound- 2 follows, since a > 4. The proof of eq- row-bound-1
is the same up to replacing F' by X.

Lemma1.7.7.3

Forall1 < j,5/ < 2™ with j # j' and for all bounded g1, g> sup-
ported on G, it holds that

[ B30T | < 27 g

Proof for Lemma 1.7.7.3

Proof. We have by Lemma 1.74.1 and the triangle inequality that

’/ Ts;jmT*j,gz dM’

<2 2

uetl; u'esly

/ T5, ) (2 90) T, () (Az(w) 92) dﬂ‘ :
By Lemma 1.7.4.4, this is bounded by

3_4n
5120”4 Z Z 192, (12w 91) | L2 (zw ) nz () | 92,0 Az () 92) | L2 (2w T (1)) -
uetl; u el

We apply the Cauchy-Schwarz inequality in the form

> aibe < (3 at) (3 02

€M i€ M ieM
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to the outer two sums:

1/2

a®—4n
< 2512 > 182z ) 122z wynzw)
uEL(]‘ u/Euj/

1/2

> 1182w Az 92) 12z nze)

uell; w el

We can now estimate the factor involving g; as follows:

SN 182z g0 72 z(wynzw)

u€ll; u el

=2 Z/ STz ()1 (1) diay).

uesl; westy, Y TWNZw)

By pairwise disjointedness of the sets Z(u’) for u’ € 4l;/, we have

Z/ ‘5211 lIu) ) | dM Z/ |52u IIu) gl( ))| dM( )

uey; VI uell;

=) 1821z g)ll3-

uell;

By Lemma 1.7.4.3 we now estimate:

3
< Y @™ 1zagl3-
ucl;

By pairwise disjointedness of the sets Z(u) for u € {{; (and writing
out the definition of L?-norms), we have

3
< (2"%)?|ga 13-
Arguing similarly for g,, we obtain the desired inequality.

Definefor1 < j <2"

-U U

ueil; pe(u)
Lemmal.7.7.4
The sets £}, 1 < j < 2" are pairwise disjoint.

Proof for Lemma 1.7.7.4
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Proof. Suppose thatp € T(u) and p’ € T(v') withu # v andz €
E(p) N E(p’). Suppose without loss of generality that s(p) < s(p’).
Then z € Z(p) NZ(p’) C Z(v'). By dyadicproperty it follows that
Z(p) C Z(v'). By forest5, it follows that

dp(Q(p), Q') > 221,

By the triangle inequality. Lemma 1.2.1.2 and forest1 it follows
that

dp(Q(p), Q(p)) > dp(Q(p), Q)) — dp(Q(p"), Q"))
> 270 — d (Q(p'), QW)
> 2Z(n+1) _ 4.

Since Z > 3 by defineZ, it follows that Q(p’) ¢ B,(Q(p), 1), so
Q(p') ¢ Q(p) byeq-freq-comp-ball. Hence, byeq-freq-dyadic,
Q(p)NQ(p’) = 0. Butifx € E(p) N E(p’) then Q(z) € Q(p) NQp’).
This is a contradiction, and the lemma follows.

Now we prove Theorem 1.2.4.
Proof for Theorem 1.2.4

Proof of Theorem 1.2.4. By definetp*, we have for each j

Ts,9= Z Z Z Z To1p;9 =Ty 15, 9.

ueil; peT(u) ueil; pe(u)

Hence, by Lemma 1.7.7.1 and the triangle inequality,

2 2 2
2" 2"
> 2 Tgl| = |2 B = |2 T, 169
ue peT(u) 9 j=1 9 Jj=1 9
2
2TL
— [ ¥ 5,19] au
X =1
<Z||Tm g+ 3 Y [ 50505, 11, .
J=1j"'=1
375]

We use Lemma 1.7.7.2 to estimate each term in the first sum, and
Lemma 1.7.7.3 to bound each term in the second sum:

< 9366a° —nz 15, lI2 + 9876a° —4nz Z 115;9ll20118, 9ll2-

j=1j'=1
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By Cauchy-Schwarz in the second two sums, this is at most

2876a3(2*n + 2”2*4") Z ||1E_7»9H%v
j=1

and by disjointedness of the sets E;, this is at most

2877 g 12,

Taking square roots, it follows that for all ¢

gll2-

SN Trg|| <2t
)

ued peT(u 9
On the other hand, we have by disjointedness of the sets E; from
Lemma 1.7.74 and the triangle inequality

on 2 on on

2

163 Y Tof| = D15 16To, f| <D Is,16To, FI3 < 16T, £I3.
u€ peT(u) 9 j=1 5 J=1 Jj=1

Now with |f| < 1y and Lemma 1.7.7.2 we obtain |15Tw, f||3 =

[ 6Ton, FTon, f| = | T 1T, P f| < 12 00P T, 16T, £z <

22830°=1/2 densy (|, o T(1)) /2|1 T, f||2] f|lo- Dividing this last

inequality by the finite ||1GTw, f||2, substituting back and taking

square roots we get HIG D ues Dpet(u) Tpr2 < 9283 densy (U, T(1)

2283¢” densy (|, T(u)) ]| f]|2- Theorem 1.2.4 follows by taking the

product of the (2 — %)-th power of eq-forest-bound-1 and the

(2 — 1)-st power of eq-forest-bound-2.

=

Nl=

25 (X0, II£113)

1.8 Proof of the H”older cancellative condition

We need the following auxiliary lemma. Recall that 7 = 1/a.
Lemma1.8.1

Letz € X and R > 0. Letp : X — Cbe afunction supported in the
ball B := B(z, R) with finite norm |¢[|c+(B(z,2r)). Let0 <t < 1
. There exists a function ¢ : X — C, supported in B(z, 2R), such
that for every x € X

o(z) = @) < (t/2)" l[ellor (B(z2m))

and
1B l|Lip(B(=2R)) < 2*t™ " |l¢llcr(B(,2R))-
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Proof for Lemma 1.8.1

Proof. Define for z, y € X the Lipschitz and thus measurable func-
tion

L(z,y) := max{0,1 — 2 (f]’%y) 1.
We have that L(x,y) # 0 implies
y € B(z,tR).
We have for y € B(z,27tR) that
L(z,y)] > 27"

Hence
/ L(,y)dp(y) > 2 u(B(x, 2 R)).

Let n be the smallest integer so that
2"t > 1.
Iterating n + 2 times the doubling condition doublingx, we obtain

/L(:my) du(y) > 271702 u(B(x, 2R)).

Now define

—1
s = ([ e @) [ L) o)
Using that ¢ is supported in B(z, R) and eql01, we have that ¢ is

supported in B(z,2R).We prove eq-firstt. For any « € X, using
that L is nonnegative,

(/26 dutn)) o) - o)

- \ [ 16 - el du(y)‘ .

Using eql01, we estimate the last display by
S/ L(z,y)le(z) — ¢(y) du(y).
B(z,tR)

We claim thatin thisintegral, |o(z)—¢(y)| < p(z,y)7 |¢llcr (B(z,2r)) (2R) 7.
Indeed, if = or y does not belong to B(z, 2R), then the other point
isnotin B(z, R) as p(z,y) < tR < R. Therefore, p(z) = ¢(y) =
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0 since ¢ is supported in B(z, R). Otherwise, both points are in
B(z,2R), and the inequality follows from the definition of || ¢|| ¢+ (5(,2r)).There-
fore, we can estimate the last display further by

< (/ L(z,y)p(z,y)" du(y)> leller (Bez2r)) (2R) 7.
B(z,tR)

Using the condition on the domain of integration to estimate p(z, y)
by ¢tR and then expanding the domain by positivity of the inte-
grand, we estimate this further by

< (/L(%y) du(y)) lllom (B(z2r)) (t/2)7

Dividing the string of inequalities from eql1 to eql5 by the positive
integral of L proves eq-firstt.We turn to eq-secondt. For every
z € X, we have

‘/L(x,y) dﬂ(y)’ |@(z)] = ’/L(wvy)cp(y) du(y)

< sup [p(z2)].

z'eX

/ L(z,y) du(y)

As ¢ is supported on B, dividing by the integral of L, we obtain

()] < SUI; lp(z")| < lleller(Be2r))-
x'e

If p(x,2') > R, then we have by the triangle inequality

|¢(z") — ¢()| o
R—~ T~ 72 <2 <9 . )
o) = j}g{hﬂ(ﬂf )| < 2[lellor(B(z2r))

Now assume p(x,z’) < R. Fory € X we have by the triangle in-
equality and a two fold case distinction for the maximum in the
definition of L,

p(z, ")
tR

|L(x,y) - L(x/’y” <

We compute with eq110, first adding and subtracting a term in the
integral,

([ penautn) 16t - ool =

‘/L(J«“,yﬁ(fc’) — Lz, y)p(x) + L(a', y)o(2') — L(2', y)@(«) duly) | -
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Grouping the second and third and the first and fourth term, we
obtain using the definition of ¢ and Fubini,

< ‘ [ - o) du(y)‘

#| [ e ant) - [ 260 )l

<2 / \L(z.y) — Lz y)| dp() ol (5e2m).

where in the last inequality we have used eql42. Using further
eq110 and the support of L, we estimate the last display by

pla,a')

<2
- tR

w(B(z,tR) U B(2',tR))|l¢llcr(B(2.2Rr))-

Using p(z,z’) < R and the triangle inequality, we estimate the last
display by

px,a’)

<24 w(B(x,2R))||¢llcr (B(z,2R))-

Dividing by the integral over L and using eq132 and 2nt1, we ob-
tain

R|¢($/) - ()5($) a(n — ay—1—a
pl_x,| < 22F D ol or (B aory) < 22T @l or (B2 2R)) -

Combining eq152 and eql226 using a > 4 and ¢ < 1 and adding
eql42 proves eq- secondt and completes the proof of Lemma 1.8.1.

We turn to the proof of Theorem 1.2.5.
Proof for Theorem 1.2.5

Proof of Theorem 1.2.5. Let z € X and R > 0 and set B = B(z, R).
Let ¢ be given as in Theorem 1.2.5. Set

t:=(1+dp(v,0)) ==

and define ¢ as in Lemma 1.8.1. Let ¢ and 6 be in ©. Then

\ [ c0() ~ b)eta) duta)

< / e((z) — 0(x))3(x) dpu(z)

+ ’/ e(d(z) = 0(x))(p(x) — ¢(x)) du(z)
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Using the cancellative condition eq-vdc- cond of © on theball B(z, 2R),
the term eql61 is bounded above by

2°u(B(z,2R))||@llLip(B(z,2r)) (1 + dp(22r) (V,0)) 7.

Using the doubling condition doublingx, the inequality eq- secondt,
and the estimate dp < dp(.2r) from the definition, we estimate
eql63 from above by

25717 u(B)gllor () (1 +dp(9,6)) 77

The term eql62 we estimate using eq-firstt and that ¢ and 0 are
real and thus e(¢) and e(#) bounded in absolute value by 1. We
obtain for eql62 with doublingx the upper bound

2°u(B)t" || ellcr (-

Using the definition eql69 of ¢ and adding eql64 and eql65 esti-
mates eql60 from above by

25°0(B) ||l (my (1 + dp(9,0)) 7+

2

+2°u(B)|l¢llc (5 (1 + dp (0, 0)) " 7.
This is ,
< 2'%5(B)lell -5y (1 + dp(9,0)) 77,
where we used 7 < 1. This completes the proof of Theorem 1.2.5.

1.9 Proof of Vitali covering and Hardy-Littlewood

We begin with a classical representation of the Lebesgue norm.
Lemma1.9.1

Let1 < p < co. Then for any measurable function v : X — [0, o0)
on the measure space X relative to the measure y we have

Jully =p [ttt s uta) 2 N

Proof for Lemma 1.9.1

Proof. The left-hand side of eq- layercake is by definition

/X u(z)? du(z).
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Writing u(z) as an elementary integral in A and then using Fubini,
we write for the last display

:// pAP N dp(x)
X JO

= p/ N (e u(z) > A})dA
0
This proves the lemma.

The following lemma will be used to define M in the proof of Theorem
1.2.6.
Lemma 1.9.2

For each r > 0, there exists a countable collection C(r) C X of
points such that
xc U

ceC(r)
Proof for Lemma 1.9.2

Proof. It clearly suffices to construct finite collections C(r, k) such

that
B(o,r2%) U B(c,r),
ceC(r,k)

since then the collection C(r) = | J,.cy C(r, k) has the desired prop-
erty.Suppose that Y C B(o,2F) is a collection of points such that
for all y,y/ € Y with y # ¢/, we have p(y,y’) > r. Then the
balls B(y,r/2) are pairwise disjoint and contained in B(o, r2F*1).
If y € B(o,r), then B(o,r2**1) C B(y,r2**2). Thus, by the dou-
bling property doublingx,

W(B(y, =) > 2~ ++2(B(o,r25+1)).

2
Thus, we have
u(Blo,r2" 1)) = 3" u(Bly, 5)) = [Y |2~ F+2u(B(o, r2"4)).
yey

We conclude that |Y| < 2(*+2)e, In particular, there exists a set
Y of maximal cardinality. Define C(r,k) to be such a set.If z €
B(o,r2¥) and 2 ¢ C(r, k), then there must exist y € C(r, k) with
p(x,y) < r. Thus C(r, k) has the desired property.

We turn to the proof of Theorem 1.2.6.
Proof for Theorem 1.2.6
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Proof of Theorem 1.2.6. Let the collection 55 be given. We first show
eq-besico.We recursively choose a finite sequence B; € B for i >
0 as follows. Assume B is already chosen for 0 < ¢’ < 4. If there
existsaball B; € B so that B; is disjoint from all B;; with 0 < ¢’ < 4,
then choose such a ball B, = B(x;,r;) with maximal r;.If there is
no such ball, stop the selection and set " := i.By disjointedness of
the chosen balls and since 0 < u, we have

0<i<i” /Bi u(@) du() < /XU(x) dp(z).

By eq-ball-assumption, we conclude

A Y By < [ @) duto)

0<i<i!

Letz € | B. Choose aball B’ = B(2',r’") € Bsuch thatz € B’. If
B’ is one of the selected balls, then

HAS U B; C U B(,’Ei,37"i).

0<i<i” 0<i<i

If B’ is not one of the selected balls, then as it is not selected at
time 4", there is a selected ball B; with B’ N B; # (). Choose such
B; with minimal index i. As B’ is therefore disjoint from all balls
By with ¢/ < ¢ and as it was not selected in place of B;, we have
r; > r'.Using a point y in the intersection of B; and B’, we conclude
by the triangle inequality

p(zi,2") < plai,y) + p(a’,y) < rit 1" < 2mg
By the triangle inequality again, we further conclude

p(zi,x) < p(xi, ') + p(z’, ) < 2r; + 7" < 3r;.
It follows that

€ U B(z;,3r;).

0<i<i!

With 3rone and 3rtwo, we conclude

UBC U B(.%‘i,?)’l“i).

0<i<il

With the doubling property doublingx applied twice, we conclude

pUB S Y wBsr) <2 3 u(B).

0<i<i’ 0<i<i
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With egbesl and eqgbes2 we conclude eq-besico.We turn to the
proof of eq-hlm. We first consider the case p; = 1 and recall My =
Mp 1. We write for the p,-th power of left-hand side of eq-hlmwith
Lemma 1.9.1 and a change of variables

Mau(e)lg; =2 | TN (s Mau(z) > A}dA

= 2p2p2/ NP2ty ({2 s Mpu(x) > 20})dA.
0
Using Lemma 1.9.1 and a change of variables, fix A\ > 0 and let

x € X satisfy Mgu(z) > 2\. By definition of Mp, there is a ball
B’ € Bsuch thatz € B’ and

[ utw)duts) = 22005,

Define uy(y) := 0if |u(y)| < X and ux(y) = u(y) if |u(y)| > A
Then with egbesil0

[t dut) = [ aw)dnt) - [ @ u)wint)

’

> oAu(B') - / (1 — ux) (1) dp(y)-

As (u — uy)(y) < A by definition, we can estimate the last display
by

> 20(B) ~ [ Nduly) = (B

’

Hence z is contained in | J(B)), where B, is the collection of balls
B" in B such that

[ ) duty) = wuB").

We have thus seen
{z: Mpu(z) > 2\} C | JBx.
Applying eq-besico to the collection 5, gives
Me({z : Mpu(x) > 2\}) < 22¢ /uA(x) dz.

With Lemma 1.9.1,

Mu({z : Mpu(x) > 2\}) < 22¢ /000 p({z o Jua(z)] > N} dN.
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By definition of u,, making a case distinction between A > )" and
A < X, we see that

u({z : [ux(@)] > X'}) < u({e : Ju(z)] > max(A,N)}).
We obtain with eqbesill, eqbesil2, and eqbesil3

[Mpu(z)|3;

< 2p2+2ap2/ )\P2—2/ p({z : |u(z)] > max(\, \)}) dNdA.
0 0

We split the integral into A > X and A < )’ and resolve the maxi-
mum correspondingly.We have for A > ) with Lemma 1.9.1

/OOC A /OAM{x : Ju(z)] = A}) dNdA

N /ooo N2 t({a s fu(@)] > A)dx

=py ul2.

We have for A < )’ with Fubini and Lemma 1.9.1

/Oo P22 /:o p({z : Ju(z)| > N})dNdA

0
oo N
:/ / N2 =2 u({ s u(z)| > X'} )dAdN
0 0

=(p2-1)7" /Ooo(/\’)p“u({l’: u(@)] = AN

= (p2 — 1) 'py lullBz.
Adding the two estimates eqbesil4 and eqbesil5 gives

IMpu(@)|lpz < 2722 (1+(p2—1) ") ullpz = 2722 pa (p2—1) 7" [lull 2.

With a > 1 and p; > 1, taking the po-th root, we obtain eq-hlm. We
turn to the case of general 1 < p; < po. We have

1
Mp p,u = (Mp([ul"))?r.

Applying the special case of eq-hlm for Mg gives

1
HMB7PIU’||Z72 = [|Mp(|ul") H;zl/m

1
< 2% (pa/p1)(p2/p1 — V) HI ()2, = 22P2(p2 — 1) [, -



CHAPTER 1. FORMALIZATION OF CARLESON’S THEOREM 126

This proves eq-hlm in general. Now we construct the operator M
satisfying eq-ball-av and eq-hlm-2. For each k € Z we choose a
countable set C'(2*) as in Lemma 1.9.2. Define

Boo = {B(c,2%) : c€ C(2"),k € Z}.

By Lemma 1.9.2, this is a countable collection of balls. We choose
an enumeration Bo, = {Bjy, ... } and define

B, = {Bl,...,Bn}.

We define
Muw = 2°* sup Mg, w.
neN

This function is measurable for each measurable w, since it is a
countable supremum of measurable functions. Estimate eq-hlm-2
follows immediately from eq-hlm and the monotone convergence
theorem.It remains to show eq-ball-av. Let B = B(z,r) C X.
Let k be the smallest integer such that 2¥ > r, in particular we have
2% < 2r. By definition of C(2¥), there exists ¢ € C(2*) with = €
B(c,2%). By the triangle inequality, we have B(c,2*) C B(z,4r),
and hence by the doubling property doublingx

u(B(e,2%)) < 22 u(B(x,r)).

It follows that for each 2z € B(z, )

22a
‘/B(LT) lw(y)| du(y) < W /B(lec) lw(y)| du(y)

< Mw(z).

-
p(B(z,r))

This completes the proof.

1.10 Two-sided Metric Space Carleson

We prove a variant of Theorem 1.1.1.1 for a two-sided Calderon-Zygmund ker-
nel on the doubling metric measure space (X, p, i1, a). This means a one-sided
Calderon-Zygmund kernel K which additionally satisfies, for all z,2’,y € X
with z # y and 2p(z, 2’) < p(z, ),

3

pla,a’)\* 2
%

1K (@y) ~ Klay)l < (p(w Y) (z,y)

By the additional regularity, we can weaken the assumption nontanbound to
a family of operators that is easier to work with in applications. Namely, for
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r > 0,z € X, and a bounded measurable function f : X — C supported on a
set of finite measure, define

T, f(x) = / K duty) = /X K(x,9)f(y) du(y).

\B(z,r)

Theorem 1.10.1

For all integers ¢ > 4 and real numbers 1 < ¢ < 2, the following
holds. Let (X, p, u, a) be a doubling metric measure space. Let ©
be a cancellative compatible collection of functions and let K be a
two-sided Calderon-Zygmund kernel on (X, p, 4, a). Assume that
for every bounded measurable function g on X supported on a set
of finite measure and all » > 0 we have

3
1Trgll2 < 2% |g]|2-

Then for all Borel sets F' and G in X and all Borel functions f :
X — Cwith |f] < 1, we have, with T defined in def-main-op,

4740

/| deu‘ < (@) ()t

Q=

For the remainder of this chapter, fix an integer a > 4, a doubling metric
measure space (X, p, i, a) and a two-sided Calderon-Zygmund kernel K as in
Theorem 1.10.1. The following lemma is proved in|Proof of Cotlar’s Inequality|

(p-[128).

Lemma 1.10.2

Assume two-sided-Hr-bound-assumption holds. Then, for ev-
ery bounded measurable function g : X — C supported on a set
of finite measure, we have

3
ITegll2 < 2% ||gll2.

Proof for Theorem 1.10.1

Proof of Theorem 1.10.1. Let 1 < ¢ < 2be areal number. Let © be a
cancellative compatible collection of functions. By the assumption
two-sided-Hr-bound-assumption, we can apply Lemma 1.10.2 to
obtain, for every bounded measurable g : X — C supported on a
set of finite measure,

3
ITegll2 < 2°*lgll2-

Define .
K'(z,y) := 272" K(z,y).
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Then K’ is a two-sided Calderon-Zygmund kernel on (X, p, i1, a).

Denote the corresponding maximally truncated non-tangential sin-
gular operator by 7, and the corresponding generalized Carleson

operator by 7’. With original-operator-assumption, we obtain

for g as above

IT2gll2 < 2% ||gll2-
Applying Theorem 1.1.1.1 for K’ yields that for all Borel sets F' and
G in X and all Borel functions f : X — C with |f| < 1p, we have

450a°

[;Wf®4§(q_lquU“qmF)-

Q=

This finishes the proof since, for all z € X,
T' f(z) = 272" T f(z).

The proof of Lemma 1.10.2 relies on the following auxiliary lemma, which
is proved in[Calderon-Zygmund Decomposition|(p. [136).
Lemma1.10.3

Let f : X — C be a bounded measurable function supported on
a set of finite measure and assume for some r > 0 that for every
bounded measurable function g : X — C supported on a set of
finite measure,

3
ITgll2 < 2% lgll2-

Then for all « > 0, we have

p({z e X : T f(@) > a}) < =

+19a
/uwmmw.

(07

Throughout|Calderon-Zygmund Decomposition| (p. and [Proof of Cot-
(p. [128), for any measurable bounded function w : X — C,

let Mw : X — [0,00) denote the corresponding Hardy-Littlewood maximal
function defined in Theorem 1.2.6. In some cases a stronger formalization of
Theorem 1.2.6 is used, where w is not necessarily bounded; in particular it
is applied to T,.g. Apart from Theorem 1.2.6, these two subsections have no
dependencies in the previous chapters.

Proof of Cotlar’s Inequality

Lemma 1.10.1.1

For all real numbers = > 4,

oo

Z —F <27

n=0
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Proof for Lemma 1.10.1.1
Proof. By convexity, forall 0 < A < 1,
223 < X27F 4 (1 — A)2°.

For \ := 2, we obtain

=

27 <1—(1—27%)=.

8

We conclude

. =& 1 1
Sk = < <2,
1-27% ~ 4(1—2-1)

n=0

Lemma 1.10.1.2

Let0 < r,z € X, and letg : X — C be a bounded measurable
function supported on a set of finite measure. Then for all 2’ with
p(x,2") < r, we have

3
Tog(z) — Trg(a')| < 2 F2*F2Mg(a).
Proof for Lemma 1.10.1.2

Proof. By definition,

|Trg(x) - Trg($/)| =

r<p(z’,y)

We split the first integral into the domains r < p(z,y) < 2r and
2r < p(z,y). The integral over the first domain is estimated by

/ 1K (2, 9) 19 ()] duy).
r<p(z,y)<2r

For the second domain, p(z,z’) < r and the triangle inequality im-
ply r < p(a’',y). We therefore combine it with the corresponding
part of the second integral and estimate it by

/2 <p( >(K(x’y) — K(2',9))g(y) duly)| -

The remaining part of the second integral is estimated by

/ K (@) llg(w)] du(y).
'rgp(m’,y), rgp(z,y)<2r

129

/ L K duty) - / K(2' 9)g(y) du(y)| .
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Using the bound on K and the doubling condition, the first term
is at most

3

20, 2@32(1 a3 .
u<B<>>/<> oWl dn) < T30 5 /() 9(0) | duly) < 2"+ Mg(x).

Similarly, on the domain of the third term the triangle inequality
and the assumption on z’ give p(z’, y) < 3r, so that term is at most

o
w(B(x',r))

For the remaining term, kernel smoothness gives

L (=) % {90 )

Decomposing into dyadic annuli and using the triangle inequality

3
/ lg(y)| dp(y) <2 T2 Mg(z).
p(z’y)<dr

bounds this by
3 plz, 2’ ) 27"
9(y)| dply
jz—:l/QjT<P( ) <2i+1ir (p(a%y) V(x, y)‘ W)l du(y)
o0 , 2a 34,
*; "
; (2, 27717)) Sy gy <itin (W)l dp(y)
<2a+a22 ng( )<2a+2aMg( )
j=1

where the last step uses Lemma 1.10.1.1. Summing the three esti-
mates proves the lemma.

Lemma 1.10.1.3

Let0 < r < R,z € X,andletg: X — Cbe abounded measurable
function supported on a set of finite measure. Then forall 2’ € X
with p(z,z') < £, we have

|Trg(z)| <

0.3 a
T (9= 91p.s)) (@) + 22 H Mg ().
Proof for Lemma 1.10.1.3
Proof. Let z and 2’ be given with p(z,z') < £. By Lemma 1.10.1.2,

3
Try(2)| < |Trg(x))| + 2% F2*2Mg(x).
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We have
Try(a') = / K, 9)9(y) duly).
R<p(z',y)

On this domain, & < p(z,y), hence

\ ol

Try(a') = K(',9) (9= 9155, ) () duly)
R<p(a’,y)
=Tr (9 - ng(z,g)) ().
It follows that
Trg(@)| < |Tr (9= 915, ()] + 27220 g ).
Moreover,

(T, — Tr) (g - ng@,g)) (=)
-/ K@) (9~ 9Lpe,n)) () dply)
B(z',R)\B(z’,r)

= / K(a',y)g(y) du(y).
B(a',R)\(B(z',r)UB(z, %))

Since £ < p(z,y) together with p(z,2") < £ implies £ < p(a’,y),

the absolute value of this integral is at most

3
20 /
- lg(y)| du(y)
wB(@', ) Je@2r)\B@ . 5)

2a3+a

< B ) /BWR) l9(y)| du(y)

< 2a3+a M(B(xa 2R))

wB(x, §))

The triangle inequality now proves the lemma.

Mg(z) < 2a3+4aMg(as).

Lemma 1.10.1.4

Assume the two-sided 7, bound. Let0 < r < R, x € X, and let
g : X — C be a bounded measurable function supported on a set
of finite measure. Let F| be the setof all 2’ € B(z, &) such that

| Trg(a')| > 4M(T,.g) ().

Then p(Fy) < p(B(z, £))/4.Moreover, let F, be the set of all 2’ €
B(z, £) such that

ll3 a
T (9150 ) (@)] > 2772020 g (a),

Then pu(Fy) < pu(B(z, £))/4.
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Proof for Lemma 1.10.1.4

Proof. Let r, R, x, and ¢ be given. If M (T,g)(xz) = 0, then T,.g is
zero almost everywhere and the estimate for F} is trivial. Assume
M(T,g)(x) > 0. Then

\%

M(T,.g)(x) > M/ » |T-g(")| dz’

4 B( ’4‘)

/ AM(T,g)(x) dx'.
Py

v

w(B(z, 7))
Dividing by M (T,.g)(x) gives

1>+
~ u(B(z, §))

which is the desired bound for F;.For F5, we may similarly assume
Mg(z) > 0. By Lemma 1.10.3, its measure is at most

p(F1),

1
M()—W

2a +19a
205+ 20a+2 ][ ¢(z) / ‘9 B(x, &
This proves the desired bound for F5.
Lemma 1.10.1.5

Assume the two-sided T, bound. Let0 < r < R, x € X, and let
g : X — C be a bounded measurable function supported on a set
of finite measure. Then

3
[Try(z)| < 22M(T,g)(x) + 2 223 Mg(x).
Proof for Lemma 1.10.1.5

Proof. By Lemma 1.10.14, the set of all 2/ € B(z, £) such that at
least one of the two exceptlonal conditions is satlsﬁed has measure
less than or equal to (B(z, £))/2, and hence is not all of B(z, £).
Pick an 2/ € B(z, &) such that both conditions are not satlsﬁed
Applying Lemma 1.10.1.3 for this z’ and using the triangle inequal-
ity estimates the left-hand side of the Cotlar estimate by

AM(T,g)(x) + 2% F200 2 M g(z) + 29" H49H M g ().
This proves the lemma.
For the next lemma, define

Tig(x):=sup sup |[Trg(a')|-
r<Rz’'€B(z,R)

Lemma 1.10.1.6

p(B(x, 4))Mg(x) <
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Assume the two-sided 7, bound. For everyr > 0 and every bounded
measurable function g supported on a set of finite measure, the
function 77 g is lower-semicontinuous and

3
ITLglla < 2% F24F5 g
Proof for Lemma 1.10.1.6

Proof. For fixed )\, rewriting «’ € B(x, R) as x € B(z/, R) gives
{w:Tlg(x) >N} = | U B(a', R).
r<R{a"|Trg(x")|>A}

The right-hand side is open, hence T7 g is lower-semicontinuous
by definition.For the second part, Lemma 1.10.1.2 and the triangle
inequality give, for every z € X,

Trg(x) < 29420420 g(x) + sup [Try(z)|-
r<R

Using Lemma 1.10.1.5 further gives
Tlg(w) < 2% My(x) 242 Mg(a) + 2° M (Trg) (a).

Taking the L? norm and applying Theorem 1.2.6 witha = 4, p; = 2,
and p; = 1, we obtain

IT5glle < 274204 | Mgllo + 2| M (Trg)l2
< 29 g 4 240 T, g .
The assumed 7, bound now gives
ITIglle < 27 ¥242 glly 4 207+ g |,
which proves the claimed inequality.

To pass from the one-sided truncations in 7;. and T to the two-sided trun-
cation in 7, the following two lemmas show that the integral in the definition
of the non-tangential operator can be exchanged for an integral over the dif-
ference of two balls.

Lemma 1.10.1.7

Let f : X — C be a bounded measurable function supported on a
set of finite measure, and let z € X and R > 0. Then, forall e > 0,
there is some ¢ > 0 such that

K(z,y)f(y)du(y)| < e

/R<ﬂ(z,y)<R+5
and

<e.

/ K (. 9) /() dpy)
R—6<p(z,y)<R
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Proof for Lemma 1.10.1.7

Proof. We prove only the second inequality; the first is analogous.
The integrand is bounded in X \ B(z, £). Thus, for 0 < § < £ its
absolute value is at most

(LS

msu}}g|f(w)|~u({y€)(:R—6<p($7y) <R}).
)2 ye

By continuity from above of 4, the right factor becomes arbitrarily
small as 6 — 0. Hence, for sufficiently small §, the whole expres-
sion is at most e.

Lemma 1.10.1.8

Let f : X — C be a bounded measurable function supported on a
set of finite measure. For all z € X,

T.f(x) = sup  sup K(x',y) f(y) du(y)

R1<Rz z2’€B(x,R1)

/B(II:R2)\B($/7R1)

Proof for Lemma 1.10.1.8

Proof. We prove two inequalities. Lete > 0, Ry < Ry, and 2’ €
B(xz, Ry). For sufficiently small § > 0,

K, y) f(y) du(y)

/Rl <p(z',y)<R2

<

K@, y) f(y) du(y)

/R1 <p(z’,y)<R1+5

+ K(z',y) f(y) du(y)

/R1+6§p(why)<Rz

By Lemma 1.10.1.7, choose § so that the first term on the right is at
most ¢; we may assume R; + 6 < Ry. The second term is bounded
by the right-hand side of the claimed equality. Thus the expression
is at most

e+ sup  sup K(z',y) f(y) duly)

Ri1<R2 z’€B(z,R1)

/B(I’»R2)\B(r’,R1)

The inequality remains true after taking the suprema over R; < R»
and p(z,2’) < R;. Since e is arbitrary, this proves the first in-
equality.For the other direction, let again ¢ > 0, R; < R, and

134
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z’ € B(z, Ry). For § > 0,

K(x',y) f(y) du(y)

A(z’,Rz)\B(m/,Rl)

<

K(a',y) f(y) du(y)

~/Rl —o6<p(z’,y)<Ri1

+ K(a',y) f(y) du(y)

~/Rl —6<p(z’,y)<R2

By Lemma 1.10.1.7, choose § so that the first term on the right is
at most ¢; we may assume p(z,z’) < Ry — §. The second term is
bounded by the left-hand side of the claimed equality. Hence the
expression is at most

€+ sup sup
R1<R> z’€B(z,Ry1)

/ K2 9) () duly)
Ry <p(z',y)<R2

Taking the same suprema and letting e tend to zero proves the sec-
ond inequality.

Proof for Lemma 1.10.2

Proof of Lemma 1.10.2. Fix g as in the lemma. Applying Lemma
1.10.1.6 with a sequence of r tending to zero and using Lebesgue
monotone convergence gives

3
«dl2 > gll2,
||T0 H < 9@ +24a+6|| ”

where

T%(x) :=sup sup
0<Rz'€B(z,R)

/ K(2',y)g(y) dp(y)
X\B(z',R)
By Lemma 1.10.1.8 and the triangle inequality,

T.g(x) < sup sup
0<R1<R2 z’€B(z,R1)

/ K (', 9)g(y) duy)
X\B(z’,R1)

+ sup sup
0<R1<R2 z’€B(z,R1)

/ K(',y)g(y) du(y)
X\B(2/,R»)

The first integral does not depend on R,. In the second summand,
enlarge the supremumtoallz’ € B(x, Rz), after which the integral
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does not depend on R;. Therefore

T.g(z) < sup  sup
0<Ry z’€B(z,R1)

/ K(',y)g(y) du(y)
X\B(z',R1)

+ sup  sup
0<R2 2’€B(z,R2)

/ K(x',9)g(y) du(y)
X\B(z',R2)

Applying the triangle inequality to the L? norm and the bound for
TV g twice proves the claimed estimate and completes the proof.

Calderon-Zygmund Decomposition

Calderon-Zygmund decomposition is a tool for extending L? bounds to L?
bounds with p < 2, or to the weak (1,1) endpoint bound. It is classical and
can be found in Stein’s book.

The following lemma is Theorem 3.1(b) in Stein’s book. Its proof uses The-
orem 1.2.6.
Lemma 1.10.2.1

Let f : X — Cbe bounded, measurable, and supported on a set of
finite measure, and let « > 0. Then

il € X 005w) > ) < 2 [ 1wl duy).

(6%
Proof for Lemma 1.10.2.1

Proof. By definition, for each x € X with M f(z) > «, thereisa
ball B, containing x such that

au(B,) < / £ ) duy).

Bz

Since {x € X : M f(z) > a} is open and p is inner regular on open
sets, it suffices to prove

u(E) < == [ 1) duy

for every compact FE contained in this set. By compactness, choose
a finite subcollection B C {B, : € E} covering E. Applying the
finite ball-union estimate gives

an (UB) <2 [ 11wl duty).

Consequently,

u(e) < (UB) < 2 15wl auty)
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Lemma 1.10.2.2

Let f be a bounded measurable function supported on a set of fi-
nite measure. Then, for y-almost every z,

1

lim s [ =),

where {B,, },,>1 is a sequence of balls containing =, with radii r,, >
0 satisfying lim,, o, 7, = 0.

Proof for Lemma 1.10.2.2

Proof. This follows from the Lebesgue differentiation theorem,
which is already formalized in Lean.

Lemma1.10.2.3

In a doubling metric measure space (X, p, i, a), every disjoint fam-
ily of balls B; = B(x;,r;), j € J, is countable.

Proof for Lemma 1.10.2.3

Proof. Choose an arbitrary x € X as reference point. For ¢,Q €
Qs, let J, ¢ be the set of all j € J such that B; C B(z,Q) and
r; > q. It suffices to prove that all J, ¢ are finite. Indeed, for every
J € Joq

2 alog, |22
(B Q)) < (Bl 20 = e (B (2,220, ) ) < 2% [ i,
J
Since the balls B; are disjoint,
aalin(B,@) < 2% Y sy <27 1% (B, Q)),
J€Jq,Q

and hence |J, o| < 20108:[2Q/dl,

The following lemma corresponds to Lemma 3.2 in Stein’s book, with the
proof of the bounded-intersection property taken from the proof of Proposi-
tion 7.1. Whenever B; = B(x;,r;), write

Bn,j = B(:vj,m"j).

Lemma1.10.2.4
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Given an open set O # X, there is a countable family of balls B; =
B(z;,r;) such that the B, are pairwise disjoint,

UB3,j =0,
J

B; ;N (X \ O) # 0 for every j, and every z € O belongs to at most
269 of the balls Bs ;.

Proof for Lemma 1.10.2.4

Proof. For z € O, define
0(z) :==sup{d € R: B(z,d) C O}.
Since O is open and O # X, we have 0 < §(z) < oco. By Zorn’s
lemma, choose a maximal disjoint subfamily of {B(z,d(x)/6) :
z € O}. By Lemma 1.10.2.3, this gives a countable family B; =
B(z;,6(x;)/6), j € J. Pairwise disjointness, B; ; N (X \ O) #
0, and |J; Bs; C O are immediate.For the reverse inclusion, if
B(z,0(x)/6) N B(y,d(y)/6) # 0, then
o(x 70
() < pla,y) +3(y) < 2D 4 W),

so d(x) < 20(y). Given z € O, maximality yields some j € J with
B(z,0(2)/6) N B, # (. Hence

0(z) | 0()) _ 30(z;)

6 6 — 6

p(vaj) < :3Tj7

so z € Bs ;.For bounded intersection, suppose z € ﬂszl Bs ;.. For
1 <k < N, we have
35(xjk)

2

5(2) < p(’z?xjk) + 5(xjk) <

and
S(as) < g 2) +3(2) < 2 4 50s),
80 d(xj,) < 20(z). Thus B(z,6(2)/6) C B(xj,,5r;, ) and B;, C
B(z,80(z)/6). Using pairwise disjointness,
N
Nu(B(z 7)) < Y p(Bla,, 5r5,)

N
< 2% " u(B
(B(z
(B(z

jk)
fi@))
()(Gz) ))

3a

k
3a1u
6a’u

IA
NN

b
)

IN

Therefore N < 26,



CHAPTER 1. FORMALIZATION OF CARLESON’S THEOREM 139

Most of the next lemma and its proof is taken from Theorem 4.2 in Stein’s
book.
Lemma 1.10.2.5

Let f be a bounded, almost-everywhere measurable function sup-
ported on a set of finite measure, and let & > p(X)™! [ |f]dp.
Then there exist a bounded, almost-everywhere measurable func-
tion g supported on a set of finite measure, a countable family of
balls B3 ; (allowing Bs; = X in the special case ;(X) < o) such
that each 2 € X belongs to at most 2% of them, and a countable
family of almost-everywhere measurable functions {b,},c; such

that
7+ > b)

for every x € X, and the following properties hold:

* |g(z)| < 239« for almost every x € X;

 Jlglduty) < [1f(y Idu Y);
* suppb; CB3Jande (z) du(x) = 0 for every j;

(gwhuwm>s?MMM&»mmwwx

E: Hw 133J =~ T4
* 25 b, i)l dply) <2 [1f(y)]du(y)

Proof for Lemma 1.10.2.5

y)| du(y); and

Proof. Put E, := {x € X : M f(x) > «a}. This set is open. First
suppose E, # X. Apply Lemma 1.10.2.4to O = E,, obtaining balls
Bj, j € J, and identify J with N. Define inductively

o fyo)

1<j i>]

Then B; C @; C Bsj, the Q; are pairwise disjoint, and |J; Q; =

E,. Define
{f(x), x € X\ E,,
g(z) = L ,
@) o, fW)duly), =€ @y,
and
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The decomposition, support, and mean-zero properties follow im-
mediately. The function g is bounded and its support is contained
in supp f UJ; Q;; the maximal theorem therefore shows that this
support has finite measure.If ¢ E,, every ball B containing =
satisfies

1
5 /B F@)ldu(y) < o

Lemma 1.10.2.2 gives | f(z)| < a for almost every such z. If z € E,,
then = € Q; for some j, while

1

m /Bm If(y)du(y) < a

because B; ; meets X \ E,. Hence

# 1 3aa
901 < gy [, 1010 < S [ 17 ) < 2.

For the L! estimate on g, pairwise disjointness gives

JLCIZEEY SRVCIETORS Sy APy MUOIIORIC

- / £ du(z).

The triangle inequality also yields
/B 1b; ()| du(y) < 2/ [f ()l du(y).-
3. J

Using the estimate on By ;, the right side is at most 22¢*1au(B; ;).
Summing the preceding inequality over j proves the total L' bound
for the bad parts. Finally, the maximal theorem gives

S ulBay) < 2 Y u(B) < 2(Ea) < 2 [ 11wl duty)

It remains to consider E, = X. Lemma 1.10.2.1 implies p(X) < oo.
Set

1
9= / FW)lduly), b= —g,

and take B3 ; = X. All decomposition, support, mean-zero, and
L' properties are immediate. The hypothesis gives g < «, and

/ b2 (9)| dia(y) < 2 / F @) duly) < 201(X),
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which proves both bad-part estimates. The maximal theorem also

gives
2211
X <2 [11wldut)
and finishes the proof.

We use Lemma 1.10.2.5 to prove Lemma 1.10.3. For the rest of this section,
fix f: X - C,r >0, and a > 0 as in that lemma. Define

— 37 —
¢i=927 9 T12a—4 o = ca.

If o/ < p(X)~" [|f|dp, then

a®+19a
plo € X5 (5@ > 0} <) < & [ 15 duty) < T [ 15 duty),

which is the desired weak (1, 1) estimate. Hence assume o’ > pu(X)~* [| f| dp.
Applying the decomposition at height o’ gives

f =g +b= g + Z bj
J
with all the preceding properties. Write Bs ; = B(z;,3r;) and let Bg; =
B(xz;,6r;). Then pu(Bs ;) < 2°u(Bs,;). Finally set Q := (J; Bs ;. The following
lemmas estimate 7,.g and T,.b separately.
Lemma1.10.2.6

We have
2a®+3a+2,,
pla € X 5 [Lg(o)] > a/2) < T [ 11 duty).

Proof for Lemma 1.10.2.6

Proof. Monotonicity of the integral gives

plo € X s Lg(o) > a2} < 2 [ 1Thg)P du(o)

Using the strong L? assumption, followed by the pointwise and L'
bounds on g, the right side is at most

2a3 2a3 +3a+2 2a3 +3(1+2
2 P2 _ 2t 2
lg(y)|” duly lg(y |dy<7 |f ()| dp(y).

Lemma 1.10.2.7
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Letz € X \ Q. Then
|T:b(x)| < 3F(z) + /8,

where

1/a
F( ) o 2(1 +2a+1COZZ < 3T] ) / M(B&J) )

1‘ €Xq
jedJ j

Proof for Lemma 1.10.2.7
Proof. Decompose J into the disjoint sets

Ji(z) = {j:r+3r; < plz,z))},
Jo(x) :=={j:r—3r; < plz,x;) <r+3r;},
Js(x) = {j : p(z,z5) <7 —3r;}.

The triangle inequality gives

Tb@) < Y ITbi@)+ Y T+ Y L)l

Jj€T1(x) JET2(x) JET3 (@)

For j € J3(z), the support of b; is contained in Bs ; C B(z,r), so
the third sum vanishes.For j € J;(x), the support is contained in
X \ B(z,r), and hence

Tobj(x) = . K (z,y)bj(y) du(y).

The mean-zero property of b; lets us replace the kernel by K (x, y)—
K(z,z;). Since x ¢ Q, for y € Bs ; we have

pz,z;) > 6r; > 2p(x;,y).

The kernel smoothness bound and the L! bound on each bad part
therefore give

. r 1/a
S mhwi =2 Y () vy ol

JET1 ()

1/a )
< 90 +2a+1caz< 3r; ) /’L(B?),J-) = F(z).

SUZ]

For j € J2(x), set

1

dj = ———
7 u(Bsy)

/ 1x\B(z,r) ()05 (y) dy.
BS_]

142
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Then |d;| < 22°Flca, and

TTbJ(I) = B K(xa y)(lX\B(a:,r) (y)bj (y) - dJ) dy + 5 de(Z‘, y) dy
3,5 3,5

= /B ‘(K(% y) — K(x,2;))(1x\Bar) ()b; (y) — dj) dy + d;K(z,y) dy.

Bg_yj

Thus

|T3b; ()] S/ |K (2, y)— K (z,2;)|(|b; (y)|+2% T ca) dy+22“+1ca/
Bs,; .

3,7

Using the same smoothness estimate as above and summing yields

> h@] <26+ e S [ Kol duty)

JET2(x) JET2(x) ) Baii

Put A := ;¢ 7,(») Bs,j- We claim

JE€T2(
A C B(z,3r)\ B(z,7/3).

Indeed, if j € J2(x) and y € Bs j, then 3r; < p(z,z;)/2. Conse-
quently
plz,x;) <r+3r; <r+ 3p(z,z;),

50 p(z,z;) < 2r and p(z,y) < 3r. Similarly,
p(x,a5) > = 3r; =1 — gp(@, 1),

so p(z,x;) > 2r/3 and p(z,y) > r/3.The bounded-intersection
property of the Bs ;, the preceding annular containment, and the
kernel size estimate give

Z/B K ()] du(y) <26“/|ny)ldu()

JET2(x)
1

S 211 +6a/
B(z,3r)\B(z,r/3) M(B(x,7/3))
< 2a3+6a M(B(:E7 3T)) < 2a3+10a.
w(B(z,7/3)) —

Combining the three index-set estimates gives

du(y)

IT,b(z)| < 3F(z) 4 2% 120+l cq
By the definition ¢ = 279" ~12¢~4 the last term is «/8, as claimed.

Lemma1.10.2.8

|K

()| dy.
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For F as defined in Lemma 1.10.2.7,
a®+9a+4
pla € X\ Fla) > afs) < T [ 17w)]duty).

Proof for Lemma 1.10.2.8

Proof. First,

u{xGX\Q:F(x)>a/8}§§/ F(z)du(zx)
a Jx\Q
§ a3+2a+1ca 3Tj 1/a M(B?)J) T
= /x\n2 ZJ: (P(%%‘)) V(z,z;) ()

: 3, \V 1
S 9a +2a+4c U Ba / ( J ) du(z).
Z ( 3)]) X\BGJ' p(mVTJ) V(‘T?x]) ’u( )

J

For every j, doubling gives
Viz,z;) = p(B(x, p(x,25))) = 27 w(B(x,2p(x, 7)) = 27 u(B(xj, p(x;,x))).

Decomposing X \ B ; into dyadic annuli and using Lemma 1.10.1.1
therefore yields

N
/X\Bw (p(i,ij)) V(xl’ ) du(x)

Tj l/a
. 2Q/X\Bﬁ,j (pé,xj)) B )

<2a§:/ ( 3r; )W 1
- B(x,,27+13r, )\ B(z;,273r;) \2"37; w(B(z;,2"3r;))

n=1

dp(z)

el  on+1 .
§ 2(122771/0,1“‘(B(x]72 Sr])) S 230,'
p(B(x;,2"3r;))

n=1

Substituting this estimate and using the total measure bound for
the B; ; proves

a®+9a+4
plr € X\ F@) > /s < 2 [ 1)l duty)

Lemma 1.10.2.9

We have

o € X 1) > a2) < 2L 1 auty)
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Proof for Lemma 1.10.2.9
Proof. Split the exceptional set into its parts inside and outside 2:
plz e X 1 |T.b(x)] > a/2} < p(Q)+pf{x € X\Q:|T,0(x)] > a/2}.

The enlargement estimate for Bg ; and the total measure bound
for Bs ; give

(@) < Y uBo) <2 Y nthsg) < 2o [ w)lduty)

By Lemma 1.10.2.7 and the triangle inequality,
e € X\ Q:|Tb(x)] > a/2} < pf{r e X \Q: F(z) > a/8}.

The conclusion follows from Lemma 1.10.2.8.

1.11 Proof of The Classical Carleson Theorem

The convergence of partial Fourier sums is proved in|The classical Carleson|
(p- in two steps. In the first step, we establish convergence on a
suitable dense subclass of functions. We choose smooth functions as subclass;
the convergence is stated in Lemma 1.11.1.2 and proved in [Smooth functions|
(p.[15]). In the second step, one controls the relevant error of approximating a
general function by a function in the subclass. This is stated in Lemma 1.11.1.3
and proved in[Difference control| (p.[I59).

The proof relies on a bound on the real Carleson maximal operator stated
in Lemma 1.11.1.5 and proved in [Carleson on the real lin€| (p. [163), which in-
volves showing that the real line fits into the setting of [Proof of Metric Space]
Carleson, overview (p. [8). This latter proof refers to the two-sided variant of
the Carleson theorem, Theorem 1.10.1. Two assumptions in Theorem 1.1.1.1
require more work. The boundedness of the operator T, defined earlier is es-
tablished in Lemma 1.11.1.6; this lemma is proved in The truncated Hilbert|
(p.[152). The cancellative property is verified by Lemma 1.11.1.7,
which is proved in [The proof of the van der Corput Lemma) (p. [I58). Several
further auxiliary lemmas are stated and proved in|The classical Carleson the-|
(p.[145); the proof of one of these auxiliary lemmas, Lemma 1.11.1.10, is
done in[Partial sums as orthogonal projections] (p. [159). All subsections past
[The classical Carleson theorem](p. are mutually independent.

The classical Carleson theorem

Let a uniformly continuous 27-periodic function f : R — C and e > 0 be

given. Let
9474a®

o g1
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denote the constant from Theorem 1.10.1. Define

where

Nl

Ce = (8> 0472 + .
e

Since f is continuous and periodic, f is uniformly continuous. Thus, there is
a0 < ¢ < wsuch that for all z, 2’ € Rwith |z — 2| < § we have

[f(2) = f@@)] < €.

Define
Jo:= [ *¢s,

where ¢; is a nonnegative smooth bump function with supp(¢s) C (-4, d) and

Jg @5(x) dx = 1.
Lemmal.11.1.1

The function fj is 27r-periodic. The function fj is smooth and there-
fore measurable. The function f satisfies, for all z € R,

|f(z) — fo(z)| < €.
Proof for Lemma 1.11.1.1

Periodicity follows directly from the definitions. The other prop-
erties are part of the Lean library.

We prove this in|Smooth functions|(p. [151):
Lemma1.11.1.2

There exists some Ny € N such that for all N > Ny and z € [0, 27]
we have

ISN fo(x) = fo(z)| <

YN

We prove this in[Difference control (p.[159):
Lemma1.11.1.3

There is a set F C R with Lebesgue measure |E| < ¢ such that for
all z € [0,27) \ E we have

sup S f(2) — S fo(x)| < 7.
N>0

We are now ready to prove Theorem 1.1.1. We first prove a version with
explicit exceptional sets.
Theorem 1.11.1.4
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Let f be a 27-periodic complex-valued continuous function on R.
For all ¢ > 0, there exists a Borel set E C [0,2n] with Lebesgue
measure |E| < e and a positive integer N, such that for all z €
[0,27] \ E and all integers N > Ny, we have

|f(z) = Snf(z)| < e
Proof for Theorem 1.11.1.4

Let Ny be asin Lemma 1.11.1.2. For every = € [0, 27) \ F and every
N > Ny we have by the triangle inequality

|f(z)=Sn f(z)] < [f(x)—folx)|+]|fo(x)=SN folx)|+|SNn fo(x)—Sn f(x)].

Using Lemma 1.11.1.1, Lemma 1.11.1.2, and Lemma 1.11.1.3, the right-
hand side is bounded by ¢’ + §{ + § < e. This shows the desired
estimate for the given F and Nj.

Now we turn to the proof of the statement of Carleson theorem given in
the introduction.
Proof for Theorem 1.1.1

Proof of Theorem 1.1.1. By applying Theorem 1.11.1.4 with a se-
quence of ¢, := 2770 for n > 1 and taking the union of corre-
sponding exceptional sets F,,, we see that outside a set of measure
0, the partial Fourier sums converge pointwise for N — co. Apply-
ing this with a sequence of § shrinking to zero and taking the inter-
section of the corresponding exceptional sets, which has measure
zero, we see that the Fourier series converges outside a set of mea-
sure zero.

Let x : R — C be defined by x(0) = 0, by
k(x) = Ll

1—ew
for 0 < |z| < 1, and by k(x) = 0 for |z| > 1. This function is continuous at
every point z with |z| > 0.
The proof of Lemma 1.11.1.3 will use Lemma 1.11.1.5, which is proved in
[Carleson on the real lin€] (p. as an application of Theorem 1.1.1.1.
Lemma1.11.1.5

Let F,G be Borel subsets of R with finite measure. Let f be a
bounded measurable function on R with | f| < 1z. Then

/wwMg@mﬁmi
G

where

Tf(x) = sup sup
n€ezZ r>0

/ F)r(e — y)em dy| .
r<|lz—y|<1
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One of the main assumptions of Theorem 1.10.1, concerning the operator
T, defined earlier, is verified by the following lemma, which is proved in The]
truncated Hilbert transtorm| (p. .
Lemma1.11.1.6

Let 0 < r. Let f be a bounded measurable function on R. Then

IH: fll2 < 27| fll2,

where

Hfw)=Tfw) = | )y

The next lemma will be used to verify that the collection 2 of modulation
functions in our application of Theorem 1.1.1.1 satisfies the condition eq- vdc-cond.
It is proved in[The proof of the van der Corput Lemma| (p. [[58).

Lemma 1.11.1.7

Let o < 3 be real numbers. Let g : R — C be a measurable func-
tion and assume

1B —af l9(y) — g(z)|
l9llLip(a,) == sup |g(z)| + 5 sup ——F—— - < 00.
a<z<p a<lz<y<p |y - 33|

Then, for every n € Z,
B ) L
/ g(2)e™ dz < 2118 — o | glltip(assy (1 + Inl]6 — af) ™.

We close this section with five lemmas that are used across the following
subsections.
Lemmal1.11.1.8

For every 2m-periodic bounded measurable f and every N > 0,

27
Sxfe) = 5= [ F Rt =)

where Ky is the 27-periodic continuous function on R given by

N
. ’
E efne’
n=—N
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Proof for Lemma1.11.1.8

By definitions and interchanging sum and integral,

N Nooq g2 ,
Sxi@) = 3 R = Y o [ fweneay,
n=—N n=—N

Thus
1

:% .

2 N )
fy) Y ey,

n=—N

Sn f(x)

This proves the first statement of the lemma. By a telescoping
sum, for every 2’ € R we have

N
(e%m’ B efgm’) Z eint’ _ o(N+3)ia' _ —(N+31)ia"
n=—N

If ¢i*" £ 1, the first factor on the left-hand side is not zero and we
may divide by it to obtain

N ina’ ez’(N—&-%)x/ e—i(N+%);c’ eiNx/ e—in/
E (& = — = . — .
N ezl _ gmgin’  eyin’ _ gmgir' ] — e~ + 1— e
n=—

This proves the second part of the lemma.
Lemma 1.11.1.9

Letn > 0and —27 + n < & < 27 — pwith |z| > n. Then
. 2
[1—e"| > —n.
Y

Proof for Lemma 1.11.1.9

We have

|1 — €| = \/(1 —cosx)? +sin®z > |sinz|.

For 0 < x < 7/2, concavity of sin on [0, 7], together with sin(0) = 0
and sin(7/2) = 1, gives
|sinz| >

T > —n.

B
EREN

-

The remaining intervals x € "= +[0, 7]
are handled similarly.

orm € {—4,-3,-2,-1,1,2,3}
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The following lemma will be proved in|Partial sums as orthogonal projec-|

o (p. [159).

Lemma 1.11.1.10

Let f be abounded 27-periodic measurable function. Then, for all
N >0,
1SN fllz210,27) < 11 22(0,27) -

Lemma1.11.1.11
For z,y € R with z # y,
Kz —y)| < 2°(2fe -y~
Proof for Lemma 1.11.1.11

Fix x # y. If k(x — y) = 0, the estimate is immediate. Otherwise
0<|z—y|l<1,and

Using Lemma 1.11.1.9,

< ! < 2
‘K)(SU - y)‘ = ‘1 _ ei(z_y)| = |.’L‘ — ylv
which proves the stated bound.
Lemma 1.11.1.12
For z,y,y € Rwithz # y,y’ and
2ly —y'| < |z —yl,
we have
1 |y—y
Wz —y) — wl(z )| < 2° |
[z —yl |z -yl

Proof for Lemma 1.11.1.12

Upon replacing y by y —  and ¢ by ¢ — «x in the left-hand side
of the closeness assumption, we can assume that z = 0. Then
the assumption implies that y and y’ have the same sign. Since
k(y) = k(—y), we can assume that they are both positive, and then

it follows that y

Z < 4.
27y
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We distinguish four cases.If y,y’ < 1, then

l1—y 1—y
! — —
R e

and by the fundamental theorem of calculus this equals

/y —1+e @ +i(1—t)et
G (1 — 67”)2

dt’ |
Using ¢y’ > y/2 and Lemma 1.11.1.9, we bound this by

3 2\* _ sy -/
<ly—y'| sup ———5 <3ly—y (2> <20
‘ggtg |1 —eit]2 | | Y |y|?

Ify <1landy’ > 1,then x(—y') = 0 and the first case gives

ly — /|
|y?

6(=9) = K/ )| = () = wl-1)] < # Al < o0

Similarly, if y > 1 and ¢’ < 1, then x(—y) = 0 and the first case
gives

Y — 1 vy —v/|
k(—y) — k(=y)| = [8(~y') — K(~1)| < 2° Wi <2° WiE

Using again ¢y’ > y/2, this is bounded by

=yl _ psly— vl

<26
ly/2/ ly[?

Finally, if y, 4’ > 1, then

ly— 'l

k(—y) — k(=) = 8
k(=y) —r(=y) =0<2 e

Smooth functions
Lemma1.11.2.1

Let f : R — C be 27-periodic and continuously differentiable, and
letn € Z\ {0}. Then

~

1 ~
fn: . f/'n,‘
n

)
Proof for Lemma 1.11.2.1

This is part of the Lean library.

Lemma 1.11.2.2

151



CHAPTER 1. FORMALIZATION OF CARLESON’S THEOREM 152

Let f : R — C satisfy

> Ful < o0

nez
Then
sup |[f(z) — Snf(x)]—0

z€[0,27]

as N — oo.
Proof for Lemma 1.11.2.2

This is part of the Lean library.
Lemma1.11.2.3

Let f : R — C be 27-periodic and twice continuously differen-
tiable. Then
sup [f(z) = Snf(x)| =0

z€[0,27]

as N — oo.
Proof for Lemma 1.11.2.3

By Lemma 1.11.2.2, it suffices to show that the Fourier coefficients
fn are summable. Applying Lemma 1.11.2.1 twice and using the
fact that f” is continuous and therefore bounded on [0, 27], we

compute
—~ ~ 1, —~
oAbl =1hol+ D2 il

nez nezZ\{0}
~ 1
< |fol + < sup f(x)|> : Z 3 < oo
z€[0,27] n€zZ\ {0}

Proof for Lemma 1.11.1.2

Lemma 1.11.1.2 now follows directly from Lemma 1.11.2.3.

The truncated Hilbert transform

Let M, be the modulation operator on measurable 27-periodic functions de-
fined by ‘
M,g(z) = g(x)e™".

Define the approximate Hilbert transform by

N—-1
1
Lyg= N Z My NSN4nM_N_ng.

n=0

Lemma1.11.3.1
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For every bounded measurable 27-periodic function g,
ILngllz210,27) < 91l L2(0,27)-
Proof for Lemma 1.11.3.1

We have

2 27
1Ml 20,2x :/ e g(@)|? da :/ l9(2)[* dz = ||gll72(0,20)-
0 0

By the triangle inequality, the square root of this identity, and Lemma
1.11.1.10,

L N1
N Z Myt NSN+nM_N—ng
n=0

||LN9HL2[0,27@ =

L2[0,27]

N-1
1
< N nzo | My NSNtnM_N—ngllL2(0,27)

| V-l | V-l
=5 Z 1SN 4nM_N_ng|lL2[0,27] < N Z | M_N—ngll20,27] = 9]l L2[0,27-
n=0 n=0

Lemma 1.11.3.2

Let f be a bounded 2r-periodic function. For any 0 < z < 2,

way= [ wa= [ fy-o)ay

—x

0
Proof for Lemma 1.11.3.2

By periodicity and change of variables,

0 27

fly+2n)dy = / f(y) dy.

2n—x

0
3 fy)dy =

—T
Breaking up the domain of integration and using this identity gives

2 27

f(y)dy = /0 T )y + /2 f(y) dy

m™T—X

0

2m—x

2w —x 0
:/ fw)dy+ [ fly)dy =/ f(y) dy.
0 —x

—T

The second identity follows by substituting y by y — z.
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Lemma 1.11.3.3

Let f and g be bounded nonnegative measurable 27-periodic func-
tions on R. Then

21 21 2 %
(/ ( f(y)g(fc—y)dy> dx) < 11Fll 202019l 21021
0 0

Proof for Lemma 1.11.3.3

Using Fubini and Lemma 1.11.3.2, we have

27 27 2T 2
/ FW2ge -y dyde= | f()? / g(z — y) dudy
0 0 0 0

2 2
= f(y)QA g(x)dzdy = || fll72(0,20 911 £110,27)-
0

Let h be the nonnegative square root of g; then h is bounded and
27-periodic with h? = g. By Cauchy-Schwarz and the preceding
identity, the square of the left-hand side is at most

/:W ( :ﬂ f)Pg(x—y) dy) (/:W g(z —y) dy> da

= ||f||%2[0,27r]||g||%1[0,27r]'

Taking square roots proves the lemma.

For 0 < r < 1, define the kernel k,. to be the 27-periodic function

. _ r
kr(l') = min <T 171 —+ |1_e“:|2> s

where the minimum is understood to be 7~ when 1 = ¢~
Lemma1.11.3.4

Let g, f be bounded measurable 27-periodic functions. Let 0 <
r < w. Assume |g(x)| < k,.(x) for all z. Let
27

h(z) = ; f(y)g(x —y)dy.

Then
||hHL2[0727r] < 17Hf||L2[—7r,ﬂ']-

Proof for Lemma 1.11.3.4
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By monotonicity of the integral and the pointwise bound on g,

2
l9[l21[0,27) S/ k- (z)dz.
0

Using the symmetry k. (z) = k,.(—x), the assumption, and Lemma
1.11.1.9, the last display is

o (1 r
QA min (7"1+1—(3“:2> diL
"1 i 64
§2/ fdx—i—Q/ <1—|—2T)dm
o T ” x

ar 4
§2+2w+2<r—r> <17.
T

s

Together with Lemma 1.11.3.3, this proves the lemma.
Lemma1.11.3.5

Let 0 < r < 1, and let N be the smallest integer larger than 1/r.
There is a 27-periodic continuous function L’ on R such that, for
all 0 < x < 27 and all 27-periodic bounded measurable functions

/>
2m
Inf@) =5 [ I =) dy

Moreover, for all -7 < z < 7,
|L' (@) — 1iy: pcpyi<ny (@) | < 12k, ().
Proof for Lemma 1.11.3.5
By definition and Lemma 1.11.1.8,

N-1 2w
1 —1 n)x % n
Lvg(@) =+ D / TN R (@ — )N T (y) dy.
0

n=0

This has the required convolution form with
e
/ _ - —i(N+n)z
L'(z) = I nE_O Knin(z)e .

With the exponential-sum formula egksumexp from Lemma 1.11.1.8,
we have |Ky(x)| < 2N + 1 for every z, and hence

N—-1
> (2N +2n+1) <4N < 271

n=0

1

@) < 5

155
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Therefore, for |z| € [0,r) U (1, 7], we have
|LI( — Ly rapyl<ny(@ | = |L'(2)] < 2%r7 1.

This proves eqdifflhil for |z| € [0,7) since k,.(x) = r~! in this
case.For ¢* # 1, the Hilbert-form expression eqksumhil from
Lemma 1.11.1.8 gives

N-1 W(N4+n)x —i(N+n)x
D)= L3 (L TN v
N = 1—e @ 1—ew
1 zQ(N—i—n);E 1
32 (e )
and hence
1 1 22Nac N-1
L/ 7.2111
(.13) 1_ezw Nl_e zwze
Therefore

1= 1y rqpy<ny (@)1 — |2)
1—ei® ’

L/(.’L‘) — l{y:T<|y‘<1}H((L‘) = LN(J}) +

where
1 eiQN:v N-1

2nx
N 1 — e iz Z € :

n=0

L' (z) :=

For z € [—m,r] U [r, 7], using Lemma 1.11.1.9 gives

< 2k, (z).

1- 1{y:r<\y|<1}(x)(1 B |$|) _ m1n(|x|, 1) < 2m1n(|x|, 1)
1—ei® 1—ei® ||

It remains to estimate L”. If the real part of ¢*® is negative, then
1<|1—e ™| <2,80

= r
"
L 2:: ‘1—6”‘2.

If the real part is positive and still e®® # 41, telescoping gives

N-1

(1 _ eZir) Z 61'27120 -1 eiZNz.

n=0

As e = 1, we may divide by 1 — €?* and insert this into eqhil3
to obtain _ _
67,2N:c 1— ezQN:n

1
L'(z) = — - .
() N1—e iz 1—¢e2iz’
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and, using the nonnegativity of the real part of e**,

1 1 2 1 1 2r r
<214+ —-].
( +|1—em|2>

2
L'(z)| < = , = — . — < .
| (:L')|— N|1_ezx|‘1_621x| Nll_ezw|2|1+ezx| - ‘1_611“2 -
For|z| € [r, 7], one checks I =gz < Skr (). Thus the estimates
above show that |L”(z)| < 10k,.(z) in this range. Together with
the previous 2k,.(z) bound, this proves eqdifflhil for |z| € [r, 7].
Since |z| € [0,7) was covered by eqdiffzero, this completes the
proof.

We now prove Lemma 1.11.1.6.
Proof for Lemma 1.11.1.6

Proof of Lemma 1.11.1.6. We first show that if f is supported in
[1,4], then
IH, fllz2g2,3 < 280 fll o2 -

Let f be the 27-periodic extension of f to R, and let N be the small-
est integer larger than 1/r. Then|the identity eqdifflhil|(p.
shows that the kernels of H, and 2x Ly differ by at most 12k, on
[—7, 7]. Consider z € [2,3]. When computing H, f(x) and 27 Ly f(z),
the kernels are computed at points of the form = —y with f(y) # 0,
hence y € [1,4]. Since z € [2, 3], the difference = — y is bounded
in absolute value by 2 and therefore belongs to [, ], where the
above bound holds.Thus for x € [2, 3],

27T
1,5 < 2Ly @)+ 12| [ ke —)f0) dy\ .

0

Taking the L? norm and using subadditivity gives

27
/0 k(e — ) f(y) dy

2 1/2
dx) .

Since k is supportedin [—1, 1], H, f agrees with H,.f on [2, 3]. Using
Lemma 1.11.3.1 and Lemma 1.11.3.4, gives

27
| Hy fllz212,3) < 27| L fll£2(0,27+12 (/
0

| Hy fll2p2,3) < 27| fllL2(0,27) + 12 - 17| f]| L2[0,27)

which gives the short-support estimate.Suppose now that f is sup-
ported in [c, ¢ + 3] for some ¢ € R. Then g(z) = f(x —c+1)is
supported in [1,4]. By a change of variables in def-H-r, H,.g(x) =
H, f(x — ¢+ 1). Thus, by the short-support estimate,

I Hr fll 22[e+1,042) < 28| fl2-
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Let now f be arbitrary. Since x(z) = 0 for |z| > 1, forall z €
[c+1,c+ 2] we have H, f(x) = H,(f1[,ct3))(x). Thus

c+2 c+2
/ H, f(2)? de = / H, (fLper) (@) 2 do.

+1 c+1

Applying the short-support bound gives

c+3
< 216/ |f(x)\2dz

Summing over all ¢ € Z gives

[ s@P s <32 [ (@) da.
R R

This completes the proof.

The proof of the van der Corput Lemma

Proof for Lemma 1.11.1.7

Proof of Lemma 1.11.1.7. Let g be Lipschitz continuous as in the
lemma. If n = 0, then

8
/ g(z)dz < [B—al sup |g(x)| < |B=allgllip(a,s (1+nl|B-a) 7"

a<z<p

Assume now n # 0; by symmetry we may supposen > 0.If §—a <
7 /n, the triangle inequality gives

B 4

/ g(@)e™* dr| < |B—a S‘[JP ] l9()| < 27|B—all|gllLipa,s) (1+]nl[B—al) ",
« z€la,B

Now suppose 7/n <  — a. Since e(#+7/7) = _¢in® we write

b ; 1 [P ) 1 [P ]
/ g(x)elnq" do = 5/ g(x)eznm dr — §/ g(l,)ezn(x-&-ﬂ/n) dz.

We split the first integral at a + 7/n and the second one at 5 —
7 /n, and make a change of variables in the second part of the first
integral to obtain

1 a+n/n ) 1 B )
_ 5/ g(z)eznx do — 5/ g(x)ezn(erw/n) dx
o B—m/n

S R CRIC )
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The sum of the first two terms is, by the triangle inequality, bounded
by

v
— sup |g(z)].
" zela,B]

The third term is, by the triangle inequality, at most

1 /5
2 a+m/n
< B-alm o l9@) —g@)]
2 n alz<y<p ‘IE - y|

oo s )] i

Adding the two terms, we obtain

p ,
/ g(x)e™" dx
[0

s
< 5||9||Lip(a,g)~

This completes the proof of the lemma, using that with 7 < 3 —q,

T 27|B -« .
2P0 < on18 —al(l -
T ol <ans ol 4l - a)

as required.

Partial sums as orthogonal projections

This subsection proves Lemma 1.11.1.10.
Proof for Lemma 1.11.1.10

Proof of Lemma 1.11.1.10. The functions e,, : = — €™® form an or-
thonormal basis in L?[—r, 7], which is already in Mathlib. There-

fore
N 2
||SNfH%2[—7r,7r] = Z <f’fl7 en)LQ[fﬂ,w]
n=-N L2[—7,m]
N —~ ~
= >l D1 fal = 1fllL2(=mm)-
n=—N nez

This completes the proof.

Difference control
Lemma 1.11.6.1

Forall N € Zand x € [-m, 7] \ {0},

‘KN(x) - (efiNI/{(:c) —|—e—“\779”/{(x))' <.
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Proof for Lemma 1.11.6.1

Let N € Zand z € [-m, 7] \ {0}. With Lemma 1.11.1.8, we obtain

—ivemin(jz}, 1) iy, min(jz], 1)
1—ei® 1—ei ’

KN(:v)f(e*iN‘”/i(x) +e*“\'71’/1(x)) =e

Using Lemma 1.11.1.9 with » = min(|z|, 1), we bound

en) (e ¥enta) 4 27 | < ML) minle ) 7w

- - <
S Tl—ei] l—ew| —

b0l 3

Vs
2
Lemma 1.11.6.2

Let g : R — C be a measurable 27-periodic function such that, for
some 0 > 0 and every z € R,

lg()] < 4.

Then for every z € [0,27] and N > 0,

[Sng(x)] < o—(Tg(x) + Tg(x)) + 0.

1
2
Proof for Lemma 1.11.6.2

Letxz € [0,27] and N > 0. With Lemma 1.11.1.8 we have

|sNg(x)|:i /Oﬂg(y)KN(:v—y)dy‘-

2w

Using the 27-periodicity of g and Ky, we shift the integration do-
main and obtain

1

o /;+Trg(y)KN(x —9) dy’ ]

—T

By the triangle inequality, this is bounded by

1 x4+
o || 000 Gt = )~ max(le — 0Kl ~ )
plus
1 -+
o | [ st max(le sl o) (o 9) o]

Allintegrals are well defined, since Ky is bounded by 2N +1.Using

max(|z—y|,0)Ky(z—y) = e NEY g(z—y) +e NV g(z —y),
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Lemma1.11.6.1, and the bound on g, the integrable difference term
is at most 7. By dominated convergence and since x(z —y) = 0
for |x — y| > 1, the singular term equals

/ g(y) max(|z — y[,0)Kn(z — y) dy
r<|lz—y|<1

Bounding the limit by a supremum, rewriting with the preceding
identity, and using the triangle inequality gives

—I—lsu
2 p

1 —i
< s—sup / g(y)e Nz —y) dy
r<|z—y|<1 T r>0

5 / gy)e™ Mz —y) dy| .
T r>0 r<]z—yl<1

By the definition of 7, this is bounded by

o-(Tg(@) + Ty(x).

Lemma 1.11.6.3

Let f beabounded measurable function on R. Then T'f, as defined
earlier, is measurable.

Proof for Lemma 1.11.6.3
Since a countable supremum of measurable functions is measur-

able, it suffices to show that for every n € Z,

T — sup
r>0

[t pemay
r<|z—y|<1
is measurable. Fix n € Z. For each z € R, the map

T =

/ )kl —y)e™ dy
r<|lz—y|<1

is continuous on (0, 00), because the integrand is locally bounded
on 0 < |z — y| < 1 by the assumptions on f and Lemma 1.11.1.11.
Hence, for each z € R,

sup
r>0

= sup
r€Qxo

/ fy)r(x —y)e™ dy
r<|lz—y|<1

/ fy)r(x —y)e™ dy
r<|z—y|<1

The right-hand side is again a countable supremum, so it remains
to prove that for every r € Q~o,

T

/ Fy)r(e —y)e™ dy| = ‘/ Lirclom <13 (W) f(W)E(z — y)e™ dy’
r<|z—y|<1

is measurable. This follows because the integrand is measurable
in (z,y).
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Lemma 1.11.6.4

Let g : R — C be a measurable 27-periodic function such that, for
some 0 > 0 and every z € R,

lg(x)| < 6.

Then for every e > 0, there exists a measurable set £ C [0, 2] with
|E| < esuch that, for every z € [0,2x] \ Eand N > 0,

[Sng(z)| < Cef,

Ce = (8> 0472 + .
e

where

Proof for Lemma 1.11.6.4

Define

E = {a: € [0,2n] : sup|Sng(x)| > 066}.
N>0

Then the desired bound on Syg(z) is clear outside E, and it re-
mains to show that |E| < e. By Lemma 1.11.6.2,

1
EC {a: €f0,2n] : CH < %(Tg(x) +Tg(x)) +7r6} C E1 U E;y,
where
Ey:={z€0,2n] : n(C. —m)d <Tyg(z)}
and
Ey:={ze0,2n] : n(Cc —m)d < Tg(z)}.
By Lemma 1.11.6.3, E; and E; are measurable. Thus
m(Ce —m)0|Er| < / Tg(z)dz =6 | T 'gli_r 3n)()dz.
E1 El

Applying Lemma 1.11.1.5 with F = [—7,3n] and G = E, this is
bounded by

§-Cuo|F|2|E1|? < (47)2Cy20|Er 2.

. 2
(4m)2Cy 2 €

< | —== = —.
|Ey| < (71'((]6 — ) 2

Rearranging gives

The same estimate holds for |Es|. The result follows from |E| <
|E1| + |E2l.

Proof for Lemma 1.11.1.3

Lemma 1.11.1.3 follows directly from Lemma 1.11.6.4 with § := ¢'.
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Carleson on the real line
We prove Lemma 1.11.1.5.
Consider the standard distance function p(z,y) = |z — y| on the real line
R.
Lemma1.11.7.1
The space (R, p) is a complete locally compact metric space.
Proof for Lemma 1.11.7.1
This is part of the Lean library.
Lemma 1.11.7.2
For x € Rand R > 0, the ball B(x, R) is the interval (z — R,z + R).
Proof for Lemma 1.11.7.2
Let 2’ € B(z, R). By definition, |z’ — | < R, hence 2’ < x + R
and 2/ > ¢ — R. Thus 2’ € (x — R,z + R). Conversely, if 2’ €
(x—R,x+ R),thena’ —z < Randz — 2’ < R, so |z’ — x| < Rand
x' € B(z, R).

We consider the Lebesgue measure p on R.
Lemma 1.11.7.3

The measure p is a sigma-finite nonzero Radon-Borel measure on
R.

Proof for Lemma 1.11.7.3

This is part of the Lean library.
Lemma 1.11.7.4

For everyx € Rand R > 0,

w(B(z,R)) = 2R.

Proof for Lemma 1.11.7.4

By Lemma 1.11.7.2,

w(B(z,R)) = p((x — R,z + R)) = 2R.

Lemma 1.11.7.5
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For everyx € Rand R > 0,
w(B(x,2R)) = 2u(B(z, R)).
Proof for Lemma 1.11.7.5
By Lemma 1.11.74,
w(B(xz,2R)) = 4R = 2u(B(x, R)).

The preceding four lemmas show that (R, p, i, 4) is a doubling metric mea-
sure space. Indeed, we even show that (R, p, 1, 1) is a doubling metric mea-
sure space, but we may relax the estimate in Lemma 1.11.7.5 to conclude that
(R, p, i1, 4) is a doubling metric measure space.

For each n € Z define a,, : R — R by a,,(z) = nz. Let 2 be the collection
{ay, : n € Z}. For every n € Z we have a,,(0) = 0. Define

dB(z,R) (On, Om) = 2R[n — m|.
Lemma 1.11.7.6
For every R > 0 and = € R, the function dp(,, ) is a metric on 2l.
Proof for Lemma 1.11.7.6

This follows immediately from the fact that the standard metric on
Z is a metric.

Lemma 1.11.7.7
For every R > 0 and z € R, and for all n,m € Z,

sup  |ny —ny —my+my’| <2|n —m|R.
vy’ €B(x,R)

Proof for Lemma 1.11.7.7
The right-hand side is the supremum of

((n—=m)(y —z) = (n—m)(y' - )]

over y,y' € B(z,R). The estimate follows from the triangle in-
equality.

Lemma 1.11.7.8

For any z,2’ € Rand R, R’ > 0 with B(z,R) C B(z',R’), and for
any n,m € Z,

dB(z,R)(ana am) < dB(m’,R’) (an; am)-
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Proof for Lemma 1.11.7.8

This follows immediately from the definition of dp(, r) and R <
R.

Lemma 1.11.7.9
For any 2,2’ € Rand R > 0 with « € B(a/,2R), and any n, m € Z,
dB (2 2R)(On, Om) < 2dB (2, R) (A, G )-
Proof for Lemma 1.11.7.9

With eqcarl4, both sides of firstdbl are equal to 4R|n —m/|. This
proves the lemma.

Lemma 1.11.7.10

For any x,2’ € R and R > 0 with B(z, R) C B(«/,2R), and any
n,m &€ Z,
2dB(a:7R)(ana am) < dB(ZE/72R) (ana am)-

Proof for Lemma 1.11.7.10

With eqcarl4, both sides of seconddbl are equal to 4R|n — m)|.
This proves the lemma.

Lemma 1.11.7.11

Foreveryz € R, R > 0,n € Z,and R’ > 0, there existmi, ms, m3 €
Z such that
B C B, U By U Bs,

where
B'={aeU:dpuraa,) <2R'}

and, forj =1,2,3,

Bj = {Cl cA: dB(:v,R)(av amj) < R/}

Proof for Lemma 1.11.7.11

Let m, be the largest integer smaller than or equal to n — %. Let
mo = n. Let mg be the smallest integer larger than or equal to

n -+ %.Let a,r € B'. Then, with the definition of dp(,, r), we have

2R|n —n'| < 2R’.

165
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Assume first n’ < m;. Then

R R
R|lmy—n'| = R(my—n') = R(my;—n)+R(n—n') < f?JrR' =5
SO a, € By.Assume next m; < n’ < ms. Then a,, € By.Assume
finally that m3 < n’. Then

R R

Rlmz—n'| = R(n’—=m3) = R(n'—n)+ R(n—m3) < R’ — -5 =5
so a,s € Bs. This completes the proof.

Lemma 1.11.7.12

For any z € R and R > 0, and any function ¢ : X — C supported
on B’ = B(x, R) such that

lp(z) — oY)l
OllLinzy = sup |e(z)|+ R sup ————
” ||L1p(B ) xeB’ | )| z,yeEB' ,x#y P(l,y)
is finite, and for any n, m € Z,

llellLip(r)
1+dp (an, am)

/ e(an (@) — an(2))p () dp(2)

< 2mu(B’)

Proof for Lemma 1.11.7.12

Setn’ = n — m. We need to prove

x+R o,
/ e Yo(y) dy
r—R

< AnR||lLips (1 + 2R[n/) "

This follows from Lemma 1.11.1.7 witha =2 — Rand 8 =z + R.
Proof for Lemma 1.11.1.5

The preceding chain of lemmas establishes that 2 is a cancellative
compatible collection of functions on (R, p, i1, 4). Some statements
are stronger than needed for a = 4, but can be relaxed to the as-
sumptions of Theorem 1.1.1.1 and the desired conclusion.With x as
above, define K : R x R — C by

K(x,y) = k(x —y).

The function K is continuous outside the diagonal z = y and van-
ishes on the diagonal, hence it is measurable.By Lemma 1.11.1.11
and Lemma 1.11.1.12, K is a two-sided Calderon-Zygmund kernel

on (R, p, u,4). Lemma 1.11.1.6 verifies the required truncated-operator
bound. Thus all assumptions of Theorem 1.10.1 are satisfied, and
applying that theorem proves Lemma 1.11.1.5.
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