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Overview

This document ports the original Sphere Packing in Lean TeX blueprint to
Verso Blueprints and tracks the same mathematical narrative.

The project formalizes Maryna Viazovska’s theorem that no packing of
unit balls in R® has density greater than the Es lattice packing; see Viazovska
(2017). The global upper bound comes from the linear programming method
of Cohn and Elkies (2003), and the crucial input is an explicit optimal auxiliary
function built from modular forms.

Compared with the upstream TeX source, this Verso copy reorganizes the
blueprint into linked nodes and groups so that the dependency graph and
summary are rendered directly from the structured document.



Sphere Packings

The sphere packing problem is a classic optimisation problem with widespread
applications that go well beyond mathematics. The task is to determine the
densest possible arrangement of spheres in a given space. It remains unsolved
in all but finitely many dimensions.

It was famously determined, in Viazovska (2017), that the optimal arrange-
ment in R® is given by the Fjg lattice. The result is strongly dependent on
the Cohn-Elkies linear programming bound, Theorem 3.1 in Cohn and Elkies
(2003), which, ifaR? — R function satisfying certain conditions exists, bounds
the optimal density of sphere packings in R? in terms of it. The proof in Via-
zovska (2017) uses the theory of modular forms to construct a function that can
be used to bound the density of all sphere packings in R® above by the density
of the Eg lattice packing. This then allows us to conclude that no packing in
R® can be denser than the Ejy lattice packing.

This subsection gives an overview of the setup of the problem, both in-
formally and in Lean. Throughout this blueprint, R? denotes the Euclidean
vector space equipped with distance || - || and Lebesgue measure Vol(-). For
any v € R?and r € R+, we denote by B,(x, r) the open ball in R? with center
x and radius . While we will give a more formal definition of a sphere packing
below, the underlying idea is that it is a union of balls of equal radius centered
at points that are far enough from each other that the balls do not overlap.

Arguably the most important definition in this subsection is that of packing
density, which measures which portion of d-dimensional Euclidean space is
covered by a given sphere packing. Taking the supremum over all packings
gives the sphere packing constant, which is the quantity we are interested in
optimising.

Definition 2.1

Given a set X C R? and a real number r > 0 such that ||z — y| > r
for all distinct =,y € X, we define the sphere packing P(X) with
centres at X to be the union of all open balls of radius r centred at
points in X:

P(X):= U By(z, )

zeX
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We now define a notion of density for bounded regions of space by consid-
ering the density inside balls of finite radius.
Definition 2.2

The finite density of a packing P is defined as

__ Vol(P N By(0,R))
Ap(R) == Vol(Bd(ga R))

R > 0.

As intuitive as it seems to take the density of a packing to be the limit of
the finite densities as the radius of the ball goes to infinity, it is not immedi-
ately clear that this limit exists. Therefore, we define the density of a sphere
packing as a limit superior instead.

Definition 2.3

We define the density of a packing P as the limit superior

Ap :=limsup Ap(R).

R—o0

We may now define the sphere packing constant, the quantity that the
sphere packing problem requires us to compute.
Definition 2.4

The sphere packing constant is defined as the supremum of pack-
ing densities over all possible packings:

Ag:= sup Ap.

PCR?
sphere packing

Definition 2.5

Given a sphere packing P(X) with separation radius r, we define
the scaled packing with respect to a real number ¢ > 0 to be the
packing P(cX), where cX = {cx € V | € X} has separation ra-
dius cr.

Lemma 2.6

Let P(X) be a sphere packing and ¢ a positive real number. Then,
forall R > 0,
Ap(ex)(cR) = Ap(x)(R).

Proof for Lemma 2.6
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The proof follows by direct computation:

 VOl(P(¢X) N B4(0,¢R)) ¢ Vol(P(X) N By(0,R))
Apiex)(cR) = Vol(B4(0,cR))  ¢?-Vol(B4(0,R)) Apx) (B)-

The second equality follows from the fact that scaling a measur-
able set by a factor of ¢ scales its volume by a factor of ¢?, together
with P(cX) N By(0,cR) = ¢- (P(X) N By(0, R)).

Lemma 2.7

Let P(X) be a sphere packing and ¢ a positive real number. Then
the density of the scaled packing P(cX) is equal to the density of
the original packing P(X).

Proof for Lemma 2.7

One can show, using relatively unsophisticated real analysis, that

lim sup Ap(cx)(R) = limsup Ap.x)(cR).
R—o00 cR—o00
Lemma Lemma 2.6 tells us that Ap.x)(cR) = Ap(x)(R) for every
R > 0. Therefore,

lim sup Ap(cx)(cR) = limsup Ap(x)(R) = lim sup Ap(x)(R),
cR—oo cR—o0 R—o00

where the second equality is the result of a similar change of vari-

ables.

Therefore, as expected, we do not need to worry about the separation ra-
dius when constructing sphere packings. This will be useful when we attempt
to construct the optimal sphere packing in R®, and even more so when at-
tempting to formalise this construction, because the underlying structure of
the packing is given by the Fj lattice, which has separation radius v/2.
Lemma 2.8

Ad = sup Ap

PCR?
sphere packing
sep. rad.=1

Proof for Lemma 2.8

That the supremum over packings of unit density is at most the
sphere packing constant is obvious. For the reverse inequality, let
P(X) be any sphere packing with separation radius r. By Lemma
2.7, the density of P(X) is equal to that of the scaled packing P ().
Since the scaled packing has separation radius 1, its density is at
most the supremum over all packings of unit density, and there-
fore the same is true of P(X).
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We begin by defining what a lattice is in Euclidean space.
Definition 2.9

We say that an additive subgroup A < R?is a lattice if it is discrete
and its R-span contains all the elements of R<.

There is also a corresponding dual notion, which becomes relevant when
we start doing Fourier analysis on functions over lattices.
Definition 2.10

The dual lattice of a lattice A is the set

A ={veR? | Vi€ (vl)eL}.

We can now define periodic sphere packings.
Definition 2.11

We say that a sphere packing P(X) is A-periodic if there exists a
lattice A C R%suchthatforallz € X andy € A, wehavez+y € X.

There is a natural definition of density for periodic sphere packings, namely
the local density of balls in a fundamental domain. However, a priori the den-
sity of sphere packing above need not to coincide with this alternative defini-
tion. In Theorem 3.5, we will prove that this is the case.

Now that we have simplified the process of computing the packing densi-
ties of specific packings, we can simplify the computation of the sphere pack-
ing constant. It turns out that once again, periodicity is key.

Definition 2.12

The periodic sphere packing constant is defined to be

periodic |
Ay = sup Ap.

PCR*
periodic packing

Theorem 2.13

For all d, the periodic sphere packing constant in R? is equal to the
sphere packing constant in R9.

Proof for Theorem 2.13

State this in Lean (ready). Fill in proof here (see ElkiesCohn, Ap-
pendix A).
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Thus, one can show a sphere packing to be optimal by showing its den-
sity to be equal to the periodic sphere packing constant instead of the regular
sphere packing constant. Determining the periodic constant is easier than de-
termining the general constant, as we shall see when investigating the linear
programming bounds derived by Cohn and Elkies in Cohn and Elkies (2003).

With the terminologies above, we can state the main theorem of this project.
Theorem 2.14

All periodic packing P C R® has density satisfying Ap < Ag, =
%, the density of the Fy sphere packing; see Definition 4.9.
Proof for Theorem 2.14

Directly follows from Theorem 6.2 applied to the function f(z) =
g(2/+/2) of Theorem 6.3.

Corollary 2.15
All packing P C R® has density satisfying Ap < Ag,.
Proof for Corollary 2.15
This is a direct consequence of Theorem 2.13 and Theorem 2.14.
Corollary 2.16
Ag = Apg,.
Proof for Corollary 2.16

By definition, Ag, < Ag, while the upper-bound-E8 corollary Corol-
lary 2.15 shows that As = sup,,cingp < Ap, and the result fol-
lows.



Density of Packings

The definition of density for sphere packings is inconvenient to work with,
especially when our packing is a structured one, such as a periodic or lattice
packing. This section fixes this problem.

Note that some of the proofs in this section have only been sketched. The
finer details are formalised in Lean.

Observe that the finite density evaluated at some R > 0 measures the den-
sity of sphere packings within a bounded open ball of radius R. As one might
expect, there is a relationship between the finite density and the number of
centers in the ball of radius R.

Lemma 3.1

For any R > 0,

Vol (B4 (%))
" Vol(By(R))

r 1 z
xXnBa(r-3) m

< Ap(R) < \Xan (R+ g)

This is the basic estimate for Definition 2.2.
Proof for Lemma 3.1

The high-level idea is to prove that PNBy(R) = (U,cx Ba (2, 5)) €
Usexnsa(rsz) B (2, 5) ,and asimilar inequality for the lower bound.
The rest follows by rearranging and using the fact that the balls are
pairwise disjoint in SpherePacking.

Suppose further that X is a periodic packing with respect to the lattice
A C R9. Let D be a bounded fundamental region of A, say the parallelopiped
[0,1]"A, and let L be a bound on the norm of vectors in D, that is, a number
satisfying Vo € D, ||z|| < L.
Lemma 3.2

For all R, we have the following inequality relating the number of
lattice points from A in a ball with the volume of the ball and the
fundamental region D:

Vol(B4(R — L))
Vol(D)

Vol(By4(R + L))

< JANBa(R)| < Vol(D)
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Proof for Lemma 3.2

For the firstinequality, it suffices to prove that Bs(R—L) € U, cpnp,(r)(*+
D), since the cosets on the right are disjoint. For a vector v €

Bi(R — L), we have ||v|| < R — L by definition. Since D is a fun-
damental domain, there exists a lattice point = € A such thatv €

x + D. Rearranging gives v — z € D, which means ||jv — z|| < L. By

the triangle inequality, ||z|| < R, sox € By4(R). /- source paragraph

break -/ For the second inequality, we prove that {J,cxng,(r) (% +

D) C By(R + L). Consider a vector x € A N By(R) and a vector

y € *+D. Then ||z|| < Rand |y —z|| < L, so [ly]| < R+ L,
concluding the proof.

To link Lemma 3.1 and Lemma 3.2, we need a lemma relating |A N 5| with
| X N B|, which is what the following lemma does.
Lemma 3.3

For all R, we have the following inequality relating the number of
points from X periodic with respect to A in a ball with the number
of points from A:

IANBy(R— L)||X/A| < |X N Ba(R)| < |ANBa(R+L)||X/A|.
Proof for Lemma 3.3

For the first inequality, we notice that U,cpnp,r—1)( + D) C
B4(R), because for x € ANBy(R — L) and y € = + D, we have
lz]| < R— Land ||y — z|| < L, so |ly|| < R by the triangle inequal-
ity. Intersecting both sides with X and simplifying, we get

U @+Dp)|nx= U  (@+D)nX) C Bo(R)NX.
zEANBy(R—L) c€ANB(R—L)

Taking cardinalities and noting that |(z + D) N X| = | X /A| for all
x, we obtain |A N B4(R — L)||X/A| < |X N Bg(R)|. /- source para-
graph break -/ The proof of the second inequality is similar. We
again observe that By(R) C U,enns,(r+1) (¢ + D), which follows
from the tiling property of a fundamental domain. Intersecting
both sides with X and taking cardinalities concludes the proof. /-
source paragraph break -/ There are several technicalities when
formalising in Lean, such as having to prove that |[A N B4(R)| is
countable and finite. Those are handled in aux3.

When we combine the inequalities above, we need one additional compu-
tational lemma.
Lemma 3.4
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For any constant C' > 0, we have

Vol(B4(R))

- = 1.
Rsoe VOl(By(R + O))

Proof for Lemma 3.4

Write out the formula for the volume of a ball and simplify. More
specifically, we have Vol(B4(R)) = R/ /T (4 + 1), so Vol(B4(R))/Vol(B4(R+

d
C)) = RJ(R+C) = (1 - ﬁ) , which tends to 1.
Finally, we can relate the density of a periodic sphere packing to the natu-

ral definition of density given by any of its fundamental domains.
Theorem 3.5

For a periodic sphere packing P = P(X) with centers X periodic
with respect to the lattice A and separation r,
Vol(B4(r/2))

Ap = XA g

This identifies Definition 2.3 for periodic packings.

Proof for Theorem 3.5

Fix any fundamental domain D (induced by any basis) of the lattice
A. Combining Lemma 3.1, Lemma 3.2 and Lemma 3.3, we get the
following inequality for the finite density:

Vol(By(r/2)) Vol(Ba(R — r/2 — 2L)) Vol(By(r/2)) Vol(By(R+r/2 +2L))

| X/A- < Ap(R) < |X/Al-

Vol(RI/A) Vol(B4(R)) Vol(RZ/A) Vol(B4(R))

Taking limit on both sides as R — oo and apply the Sandwich the-
orem and Lemma 3.4, we get

Vol(Ba(r/2))

Ap =limsup Ap(R) = Rli_I};oAP(R) = |X/Al- Vol(Ri/A)

R—o0



The E8 Lattice

There are several equivalent definitions of the Fg lattice. Below, we formalise
two of them and prove that they are equivalent.
Definition 4.1

We define the Fj lattice as a subset of R® by

8
Ag={(;) € Z°U(Z+ 3)*] D _x: =0 (mod 2)}.

=1
Definition 4.2

We define the Ey basis vectors to be the set of vectors

1 0 0 0 0 0] [-1/2]1 [o
-1 1 0 0 0 0 -1/2 0
0 -1 1 0 0 0 -1/2 0
B )]0 0l |-1 1 ol [o| [-1/2] |o
STYlo ol fo | =121 |]|o]"|-1/2] |0
0 0 0 0 —1| |1| |-1/2 1
0 0 0 0 0 1 —1/2 -1
o] Lo o] [o] [o] |o] |-1/2] |[oO]
Theorem 4.3

The two definitions above coincide, i.e. Ag = span,(Bs).
Proof for Theorem 4.3

We prove that each side contains the other. /- source paragraph
break -/ For a vector ¥ € Ag C R®, we have >, % = 0 (mod 2)
and all coordinates are either integers or half-integers. After some
modulo arithmetic, it can be seen that B; '# has integer coordi-
nates, so ¥ € span,(Bs). /- source paragraph break -/ For the op-
posite direction, write ¢ = , ¢; By € span,(Bs) with the ¢; inte-
gers and B} the i-th basis vector. Expanding the definition gives

10



CHAPTER 4. THE E8 LATTICE

7= (c1 — 3c7,—c1 + o — 3e7,++ ,—3c7). Again, after some mod-
ulo arithmetic, it can be seen that ), ; is 0 modulo 2 and that the
coordinates are all either integers or all half-integers. /- source
paragraph break -/ This proof does not depend on Bg being linearly
independent.

11

In this section, we establish basic properties of the Fjy lattice and the Bg

vectors.
Lemma 4.4

Bs is an R-basis of R®. This uses Definition 4.2.
Proof for Lemma 4.4

It suffices to prove that Bs € GLs(R). We do this by explicitly defin-
ing the inverse matrix B; ' and proving BsB; * = Is, which implies
that det(Bsg) is nonzero. See the Lean code for more details.

Lemma 4.5
Ag is an additive subgroup of RS.
Proof for Lemma 4.5

This follows trivially from the fact that Ag C R® is the Z-span of Bg
and hence an additive group.

Lemma 4.6

All vectors in Ag have norm of the form v/2n, where n is a nonneg-
ative integer. This uses Theorem 4.3.

Proof for Lemma 4.6

Writing ¢ = 3=, ¢;B§, we have [[v]|* = 32, 37, cic;(Bg - B}). Com-
puting all 64 pairs of dot products and simplifying gives a large
quadratic form in the ¢; with even integer coefficients, concluding
the proof.

Lemma 4.7

cAg is discrete, that is, the subspace topology induced by its inclu-
sion into R® is the discrete topology.

Proof for Lemma 4.7

Since Ag is a topological group and + is continuous, it suffices to
prove that {0} is open in Ag. This follows from the existence of
an open ball B(v/2) C R? around zero containing no other lattice
points, since the shortest nonzero vector has norm /2.
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Lemma 4.8
cMg is a Z-lattice, that is, it is discrete and spans R® over R.
Proof for Lemma 4.8

The first part is by Lemma 4.7, and the second part follows from the
fact that By is a basis (Lemma 4.4) and hence linearly independent
over R.

Prove Ejy is unimodular.
Prove FEj is positive-definite.
Definition 4.9

The Es sphere packing is the (periodic) sphere packing with sepa-
ration 1/2, whose set of centres is Ag.

Lemma 4.10
Vol(Ag) = Covol(R®/Ag) = 1.
Proof for Lemma 4.10

TODO: In theory this should follow directly from det(Ag) = 1, but
Lean hates me and EuclideanSpace is being annoying.

Theorem 4.11

4
We have Ap(g,) = 35;-

Proof for Theorem 4.11

Vol( Bs(v/2/2)
By Theorem 3.5, we have Ap(p,) = |Eg/Es| - % = %,

where the last equality follows from Lemma 4.10 and the formula
for volume of a ball: Vol(B4(R)) = Rix?/?/T (£ +1).

12



Fourier Analysis

Recall the definition of a Fourier transform.
Definition 5.1

The Fourier transform of an L'-function f : R? — C is defined as

~

FPw) = Fw) = [ r)e 0 dn, yere

where (z,y) = 1||z[? + 3|lyll* — 3ll@ — y||* is the standard scalar
product in R<.

The following computational result will be of use later on.
Lemma 5.2

F(emilelPz)y(y) = x4 emillvl® (55,
Proof for Lemma 5.2
Fill in proof.

Of great interest to us is a specific family of functions, known as Schwartz
functions. The Fourier transform behaves particularly well when acting on
Schwartz functions. We elaborate in the following subsections.

Definition 5.3

A C* function f : R? — C is called a Schwartz function if it de-
cays to zero as ||z|| — oo faster than any inverse power of ||z||,
and the same holds for all partial derivatives of f. That is, for all
k,n € N, there exists a constant C' € R such that for all z € R?,
]|*-|| £ (x)|| < C, where f() denotes the n-th derivative of f to-
gether with the appropriate operator norm. The set of all Schwartz
functions from R? to C is called the Schwartz space. It is an R-
vector space.

Lemma 5.4

13
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The Fourier transform is a continuous linear automorphism of the
space of Schwartz functions.

Proof for Lemma 5.4

We do not elaborate here, as the result already exists in Mathlib.
We do, however, mention that the Lean implementation defines
a continuous linear equivalence on the Schwartz space using the
Fourier transform. The proof that for any Schwartz function f,
its Fourier transform and its image under this continuous linear
equivalence are the same RY — R function is stated in Mathlib
solely for the purpose of rwand simp, and is proved simply by rfl.

Another reason we are interested in Schwartz functions is that they behave
well under infinite sums. This will be useful when proving the Cohn-Elkies
linear programming bound.

We begin by stating a general summability result over specific subsets of
R9.

Lemma 5.5

Let X C R? be a set of sphere-packing centers of separation 1 that
is periodic with some lattice A C R?. Then there exists k € N
sufficiently large such that

1
Z — < 0
[Ed|

rxeX
Proof for Lemma 5.5

First, note that it does not matter how we number the countably
many elements of the discrete set X: if we prove absolute conver-
gence for one numbering, we prove absolute convergence for any
numbering. The idea is to bound the sequence of partial sums by
considering the volumes of concentric d-spheres of the appropri-
ate radii, or scaled versions of a zero-centered fundamental do-
main. /- source paragraph break -/ Finish.

The decaying property of Schwartz functions means that they can be com-
pared with the absolutely convergent power series above.
Lemma 5.6

Let f : R? — C be a Schwartz function and let X C R< be periodic
with respect to some lattice A C R?. Then

D @) < .

zeX
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Proof for Lemma 5.6

Without loss of generality, assume that0 ¢ X: if0 € X, we can add
the f(0) term to the sum over nonzero elements of X. We know
that for all & € N there exists some constant C' such that |f(z)| <
C||lz||* for all z € R?. Choosing k to be sufficiently large, we

obtain o .
S i<y -S=ey L
zeX zeX (B z€X [l

We end with a crucial result on Schwartz functions, the statement of which
only makes sense because of the above result.
Theorem 5.7

Let A be alattice in R?, and let f : R? — R be a Schwartz function.
Then, for all v € RY,

Zf(g_’_v) Vo 1Rd/A Z f —27ri(1),m>.

LeN meAN*

Proof for Theorem 5.7

One possible proof would be by induction on d. However, there are
numerous nuances involved, particularly in manipulating nested
infinite sums. Ideas would be appreciated.

While the Poisson summation formula over lattices can be stated in greater
generality and probably should be formalised as such in Mathlib due to its
many applications, we stick with Schwartz functions because that should be
sufficient for our purposes.

Theorem 5.8

Assume f : R — C is smooth on [0, 00) and for all k,n € N there
exists C' € R such that

% | (@) < C.
Then, for all d € N, the function
fa:RT = C,  fa(x) = f(|l2]?)

is a Schwartz function.



Cohn-Elkies Bounds

In 2003 Cohn and Elkies developed linear programming bounds that apply di-
rectly to sphere packings; see Cohn and Elkies (2003). The goal of this section
is to formalize the Cohn-Elkies linear programming bound.

The following theorem is the key result of Cohn and Elkies (2003). Note
that the original theorem is stated for a class of functions more general then
Schwartz functions.

Theorem 6.1

Let X C RY be a discrete subset such that ||z — y|| > 1 for any
distinct z,y € X. Suppose that X is A-periodic with respect to
some lattice A C R?. Let f : R? — R be a Schwartz function that is
not identically zero and satisfies f(z) < 0 for ||z|| > 1 and f(x) > 0
for all z € RY. Then the density of any A-periodic sphere packing
is bounded above by

;{8; -vol(B4(0,1/2)).

Proof for Theorem 6.1

Here we reproduce the proof given in Cohn and Elkies (2003). The
inequality
(XN SO =D > fla—y)= D, Y D fla—y+D)
zeX yeX /A z€X /A yeX /A LEN

follows from the first Cohn-Elkies condition of the theorem and
the assumption on the distances between points in X. /- -/ The

equality
> ¥ Y rer- ¥ Y s 3 fmenne
ze€X/AyeX /A LEA rzeX/ANyeX/A meN*

follows from the Poisson summation formula. /- -/ The right-hand
side of the above equation can be written as

mim(z—y) _ mima |2
Z Z vol( Rd/A Z fmye® . ~ vol( Rd/A Z fm Z ¢ ’

zeX/AyeX/A meA* meA* zeX /A

16
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Note that [ 35, x/a e>vime|? > () for allm € A*. Moreover, the

term correspondingtom = Osatisfies | 35, ./, €¥™" |2 =#(X/A)2.
/- -/ Now we use the second Cohn-Elkies condition and estimate

1 7 2mim(z—y) |2 ti(X/A)2 N
i) 2 10| 2 T ey O

Comparing inequalities, we arrive at

{X/N) ()
vol(R4/A) ~ (o)

Now we see that the density of the periodic packing Px with balls
of radius 1/2 is bounded by

A(Px) = ‘m -vol(B4(0,1/2)) < ;{8; -vol(B4(0,1/2)).

This finishes the proof of the theorem for periodic packings.
Theorem 6.2

Let f : R? — R be a Schwartz function that is not identically
zero and satisfies Cohn-Elkies condition 1 and Cohn-Elkies condi-
tion 2 above. Then the density of any A-periodic sphere packing is
bounded above by

S~

(0)

ok vol(B4(0,1/2)).

>\

~

Proof for Theorem 6.2

The result follows immediately from Theorem Theorem 2.13 and
the Cohn-Elkies periodic theorem Theorem 6.1.

The main step in our proof of Corollary 2.16 is the explicit construction of
an optimal function. It will be convenient for us to scale this function by /2.
Theorem 6.3

There exists a radial Schwartz function g : R® — R which satisfies:
g(x) < 0for ||z > v2

g(x) > 0forallz € R®
9(0) =g(0) =1.



7 Modular Forms

In this section, we recall and develop some theory of (quasi)modular forms.
Let H be the upper half-plane {z € C | S(z) > 0}.
Lemma 7.1

The modular group I'; := SL3(Z) acts on H by linear fractional

transformations
a b az+b
z = .
c d cz+d

Proof for Lemma 7.1

Definition 7.2
The level N principal congruence subgroup of I'; is
P(N) = {(23) €Tl (¢5) =(§7) mod N}
Definition 7.3

A subgroupI" C I'; isa congruence subgroup if I'(N') C T for some
N eN.

Definition 7.4

Define the matrices

1 1
T:(O 1)€F1
1 2
a:(o 1>€F2CF1

1 0
52(2 1>€F2CF1.

It is easily verifiable that « = T? and 8 = —Sa~'S = —ST25.

18
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Lemma 7.5

We haveI'(1) = (S, T, —1I).
Lemma 7.6

We have I'(2) = («, 8, —1).

Letz € H, k € Z,and (}) € SLy(Z). We omit many of the proofs below

when they exist in Mathlib already.
Definition 7.7

The automorphy factor of weight k is defined as

iz, (24)) = (cz + )~k

Lemma 7.8

The automorphy factor satisfies the chain rule

Je(z,7172) = Jr(z,m) Jk(v22,71)-

Proof for Lemma 7.8

Definition 7.9

Let F' be a function on H and v € SL2(Z). Then the slash operator
acts on F' by

(Flx7)(2) == ji(2,7) F(72).
Lemma 7.10
The chain rule implies
Fleviyz = (Flevi)lev2:

Proof for Lemma 7.10

Lemma 7.11
Forevenk, F|,(—I)=F.

Proof for Lemma 7.11
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Follows from the definition of the slash operator: (F|i(—1))(z) =
(=D)7*F((-1)z) = F(2).

Definition 7.12

Let T" be a subgroup of SL2(Z). A modular form of level I" and
weight k € Z is a function f : H — C such that:

1. forally eT,wehave f |, v=f
2. fis holomorphic on H

3. forall v € SLy(Z), there exist A, B € R such that forall z € H
with A < Im(z), we have |(f |, 7)(z)| < B. This defines a
complex vector space denoted by M, (T').

Definition 7.13

For an even integer k > 4 define the weight-k Eisenstein series by

1
Ey(z) := 5 Z (cz+d)~".
(e,d)€Z?,(c,d)=1
Lemma 7.14

For all k, E}, € My (T'1). Especially, we have

Proof for Lemma 7.14

This follows from the fact that the sum converges absolutely. Ap-
plying the slash operator with v = ({ ') gives eqn:Ek-trans-S.

Lemma 7.15

Let I be a finite-index subgroup of SL»(Z) and let f € M(T") be
a modular form of weight k. Then the Fourier coefficients a,(f)
have polynomial growth, i.e. |a,,(f)| = O(n*).

Proof for Lemma 7.15

Note that the assumption on polynomial growth holds when fisa
holomorphic modular form, where the proof can be found in Serre
(1973) for the case of level-one modular forms. This has been done
in Lean 4 by David Loeffler.

Lemma 7.16

20
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The Eisenstein series possesses the Fourier expansion
Ek(z) =1+ L i Ukrfl(n) e27riz
Co— k) & 7
where 0y, _1(n) = 3 ,, d*~". In particular,

E4(Z) =1+ 240 Z O'3(7’L) 62‘“"2

n=1
Eg(2) =1-504) " o5(n) €™,
n=1

Proof for Lemma 7.16

Definition 7.17
Set
0 .
Ey(z):=1-24 Z o1(n) 2™,
n=1
Lemma 7.18

This function is not modular; however, it satisfies

1 ;1
2_2 EQ (—) = EQ(Z) — @ -
z

™ Z ’
Proof for Lemma 7.18

This is exercise 1.2.8 of Diamond and Shurman (2005).

Lemma 7.19
We have
s az+b _ - 6ic a b
(CZ + d) FEy (C:E T d) = EQ(Z) 771_(02 T d)7 (C d € SLQ(Z)

Proof for Lemma 7.19

Use the factthatSLy(Z) is generated by Sand 7. Theneqn:E2-transform-general
follows from eqn:E2-S-transformtogether with Fs|1r = Fs.

Definition 7.20
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The Dedekind eta function is defined as

n(z) =g [[(1-q")

n>1
where ¢ = €272,
Lemma 7.21

The Dedekind eta function transforms as
1 .
(1) vt

Proof for Lemma 7.21

Consider the logarithmic derivative of 5, which is equal to T E».
The result then follows from the transformation of F5. See Dia-
mond and Shurman (2005), Proposition 1.2.5.

Definition 7.22

The discriminant form A(z) is given by

A(Z) — 2miz H(l - 62m’nz)24'

n>1
Lemma 7.23

A(z) € M;2(T'y). Especially,

NE

Also, it vanishes at the unique cusp, i.e. it is a cusp form of level
I'; and weight 12.

Proof for Lemma 7.23

The fact that it is invariant under translation is clear from the def-
inition, so we only need to check transformation under S. Now,

note thatn?* = A, and from Lemma7.21we have n(—1/z) = /—izn(z),

s0 A(—1/z) = 2'2A(z) as required.
Lemma 7.24

We have
A(z) = (E} — E2)/1728.

22
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Proof for Lemma 7.24

We only need to show its a cuspform, since once we have this, di-
viding the rhs by A would give a modular form of weight 0 which is
a constant, and so we can determine the constant easily. /- source
paragraph break -/ To check its a cuspform, we just look at the ¢-
expansions of F4 and Fs and prove directly that the first term van-
ishes.

Corollary 7.25
A(it) > 0 forallt > 0.
Proof for Corollary 7.25

By Definition 7.22,

A(lt) _ e—27rt H(l _ e—27rnt)24 > 0.

n>1

Corollary 7.26

A(z) #0forall z € $.
Proof for Corollary 7.26

This follows from the product formula.
Theorem 7.27

Letk € Zwithk < 0. Then M (I";) = {0} and moreover dim M(I'(1)) =
1.

Proof for Theorem 7.27

The proof makes use of the maximum modulus principle. Since
this is already formalized, we skip the details here, but see the Lean
proof for them.

Theorem 7.28

Let k € Zwith k > 0 and even. Then dim M, (T";) = |k/12] ifk =2
mod 12, and dim M(T'y) = |k/12] + 1if k # 2 mod 12.

Proof for Theorem 7.28
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First we note thatfor 2 < k we have dim(M(T'1)) = 14+dim S, (T'1).
This follows since we know the E}, are in M}, so by scaling appro-
priately, any non-cuspform f € M), we would have f — aEj), € S
for some a. /- source paragraph break -/ Next, note that S (T'y) is
isomorphicto My _12(I'), sinceif f € Si then f/A is now a modu-
lar form (using the product expansion of A and its non-vanishing
on ) of weight k — 12. Note its important that f is a cuspform
so that the quotient by A is a modular form. /- source paragraph
break -/ So we only need to know the dimensions of M;(I';) for
0 < k < 12. For k = 0 we have dim My(I';) = 1 by Theorem
7.27. For k = 4 we have dim M,(T';) = 1 since if there was a cusp-
form f of weight 4 then f/A would be a modular form of negative
weight, i.e. zero, so f = 0. Similarly for £ = 6,8,10. For k = 12
we have dim S12(T";) = 1 since the discriminant form is a cusp
form of weight 12 and any other cusp form of weight 12 would be
a scalar multiple of A (since their ratio would be a modular form
of weight 0). So we have dim M;,(I';) = 2. /- source paragraph
break -/ Finally we need to check that dim M>(T';) = 0. Firstly,
there can’t be any cuspforms here by the same argument as above.
So we need to check that there are no modular forms of weight
2. If we did have one, call it f then f? would be a non-cuspform
of weight 4 and so f?> = aF,, where in fact a = ao(f)? (since
(f?>—ao(f)E,)isnow a cuspform of weight 4 which means its zero).
Similarly, f3 = ao(f)®FEs. But now taking powers to make them
weight 12 forms we see that ao(f)®(E$ — E2) = 0 = 1728a0(f)%A,
but ag(f) # 0 (since its assumed to not be a cuspform), this would
mean A = 0 which we know can’t happen.

Theorem 7.29
LetI"’be acongruence subgroup. Then M (I") is finite-dimensional.
Proof for Theorem 7.29

We know that dim (M (T';)) is finite-dimensional, hence there is
some 7, such that any element of M (') vanishing at infinity to
degree greater than r, must be zero. Now take f € M(T") van-
ishing to degree n at infinity, and set /' = [] f [x 7, where the
product is over a set of representatives of I'y\I'. Then F is a modu-
lar form of weight kd where d = [I'; : T'], and it vanishes at infinity
to degree at least n. So if n > r4, then F = 0, and hence f = 0.

Corollary 7.30

We have
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dim My (SL2(Z)) = dim M (SLa(Z)) = dim Mg(SLa(Z)) = 1

Proof for Corollary 7.30

Definition 7.31

We define three different theta functions, the "Thetanullwerte”,

©3,03,04, by
O2(2) = f1o(z) = »_ em(n+2)
nez
@3( — 900 Z eTrzn z
nez
O4(2) = foi () = Y _(~1)" e,
nez
Definition 7.32

Define Hy, = ©3, H3 = O3, H, = ©}.
Lemma 7.33
These elements act on the theta functions in the following way.
H,|S = —H,, Hs|S=—Hs, HyS=—H,

and
Ho|T = —H,, Hs|T =H,, HyT = H;.

Proof for Lemma 7.33

The last three identities easily follow from the definition. For ex-
ample, eqn:H2-transform-T follows from

Z +1 Z eﬂ'z(n+ ) (2+1) Z eﬂ'Z n+ 7T’L n+ )

neZ ne”Z
_ § efrz n +n+ 7m(n+ )2z E (71)n2+ne‘n’i/4€7ri(n+%)2z
nez nez
i /4
= e™/10,(2),

and taking fourth powers. The identities eqn:H2-transform-S and
eqgn:H4-transform-Sare equivalentunder z +» —1/z, soitisenough
to show eqn:H2-transform-S and egn:H3-transform-S. These
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identities follow from the identities of the two-variable Jacobi theta
function, which is defined as

0(2 7_) _ Z 627Tinz+7rin27'
R = .

nez
This function specializes to the theta functions as
Oa(r) = e /49(—7/2,7),
O3(7) = 0(0,7),
O4(7) = 0(1/2,7),

and Poisson summation gives

Applying these specializations yields the identities. For example,
eqn:H4-transform-S follows from

1 1 xi 1 1 1 1
@4(7):0(77-) = N e g (a_) = n 62 <_> )
2 —iT 27 T —iT T

and taking fourth powers.

Lemma 7.34

H,, H3, and H, are slash invariant under I'(2), that is, for all v €
['(2)andi € {2,3,4}, we have H;|y = H;|y~! = H,.

Proof for Lemma 7.34

By Lemma 7.6 and Lemma 7.10, it suffices to show that the H; are
invariant under slash actions with respect to «, 3, and —I. Invari-
ance under —1 follows from Lemma 7.11. The rest follows from
Lemma 7.10, Lemma 7.33, and the matrix identities « = 72 and
B =—Sa~1S = —ST~2S. For example, invariance for H, follows
from Hs|a = Hy|T? = —Ho|T = H, and Ho|B = Hs|(—Sa™1S) =
H2|(SO[715) = 7H4|(OFIS) = 7H4‘S = H.

Lemma 7.35

For all v € T', the slash-translates Hal|ovy, Hs|oy, and Hyloy are
holomorphic at ico.

Proof for Lemma 7.35
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We want to show thatfory € I'y, || H2|2v(2)| isbounded as z € H —
ico. By Lemma 7.33, Lemma 7.6, and induction on group elements,
the set {+H,,+Hs,+H,} is closed under the action of I';. Hence
it suffices to prove that Hs, H3, H, are bounded at ico. For z € H

with S(z) > A,
1 2
Z exp (m‘ (n + 2) z)
nez

o)) - (gl (eo3)
(S ()

ne
The final term is convergent because it equals exp(—mA/4)0(iA/2,iA).
The proofs for H; and H, are similar.

4
[ H2(2)[l =

g(z

neE”Z

>4

Lemma 7.36
H,, Hs, and H, belong to M>(T'(2)).
Proof for Lemma 7.36

From Lemma 7.34 and Lemma 7.35, it remains ot prove that Hy, H3
and H, are holomorphic on H. fill in proof.

Lemma 7.37

H, admits a Fourier series of the form

Hy(z) = Z CH, (n)e”mz

n>1

for some cg,(n) € Rxsq, with cg, (1) = 16 and cg, (n) = O(n*) for
some k € N.

Proof for Lemma 7.37
L 4 o 4
Wehave Hy(2) = ©(2)" = (ZnEZ 6m(n+§)22) - (2 2 n>0 em(”+§)22> )

. o 4 . o 4
and then (267”2/4 + 227121 emi(n +n+%)z> — 16e™i% (1 + Zn>1 emi(n +n)z) ,

s0 Hy(z) = 16e™* + En22 cm,(n)e™in? = anl e, (n)e™nz,

Lemma 7.38
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Hs admits a Fourier series of the form

Hs(z) = Z CH, (n)e™n=

n>0

for some cp, (n) € Rsg with ¢, (0) = 1 and cp, (n) = O(n¥) for
some k € N. Especially, H3 is not cuspidal.

Proof for Lemma 7.38
o \4 o \4
We have H3(Z) = @3(2’)4 — (ZnEZ emin Z) — (1 + 227121 eTin z) —
1+ O(e™).
Lemma 7.39

H, admits a Fourier series of the form

Hy(z) = Z cr, (n)e™m*

n>0

for some cg, (n) € Rwith cg, (0) = 1and cg, (n) = O(n*) for some
k € N. Especially, H, is not cuspidal.

Lemma 7.40
These three theta functions satisfy the Jacobi identity

H2+H4:H3<:>®§+64:@§

Proof for Lemma 7.40

Let f = (Hy+ H, — H3)?. Obviously, f is a modular form of weight
4 and level I'(2). Using the transformation rules of Hy, Hs, Hy, we
have f|s = (~Hy—Ho+H3)* = fand f|p = (~Ha+ Hz—Hy)? = f,
so f is actually a modular form of level 1. By considering the limit
as z — ioo, f is a cusp form, and hence f = 0 by eqn:dimS4.

Lemma 7.41
We have
1
Ey= o (H; + Hy + Hf) = Hj + HyHy + H}

1 1
Eg = §(H2+H3)(H3+H4)(H4—H2) = §(H2+2H4)(2H2+H4)(H4—H2)

1

A =
256

(HyH3Hy)?.
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Proof for Lemma 7.41

We can prove these similarly as Lemma Lemma 7.40. The right-
handsidesof eqn:edtheta, eqn:e6theta,andeqn:discthetaare
all modular forms of level I'; and of the desired weights, where
eqn:discthetais a cusp form since Hs is. Now the identities fol-
low from the dimension calculations dim My (T'y) = dim Ms(T';) =
dim S12(T";) = 1 and comparing the first nonzero g-coefficients.

Corollary 7.42
All three functions ¢ — Hj(it), H3(it), H4(it) are positive for ¢t > 0.
Proof for Corollary 7.42

By Lemma Lemma 7.40 and the transformationlaw eqn:H2-transform-S,
it is enough to prove the positivity for ©,(it), which is clear from

its definition: .
O(it) = Y e (T >,
nez

Definition 7.43

Let F be a quasimodular form. We define the (normalized) deriva-
tive of I as

Lemma 7.44

We have an equality of operators D = qd%. In particular, if F(z) =
EnZno anq", then F/(z) = ZHZTLO nanq".

Proof for Lemma 7.44
This follows directly from the definition Definition 7.43, since 5= & ¢27in =
2minz
ne2minz,
Definition 7.45

For k € R, define the weight-k Serre derivative J; of a modular

form F by

k
OF = F' — —E,F.
k 12 2

Theorem 7.46



CHAPTER 7. MODULAR FORMS 30

Serre derivative 0y, is equivariant with the slash action of SLy(Z) in
the sense that

Ok (F|ry) = (OkF)|k+27, Vv € SLa(Z).
Proof for Theorem 7.46

LetG = Oy F = F' — EE>F. From F € M,,(I), we have

(Fhn) = e+ ) *F (250) 0 9= (8 0)er

By taking the derivative of the above equation, we get

d _ k1 (GZFD & —odF (az+b
L FUE) = —keles + ) F (S5 s tes a2 (1

ke az+b _kodF (faz+b
:—kC(CZ+d) k 1F (M)+(Cz+d) k 2@ (Cz+d)

b b
= —ke(cz +d)~F 1R <“’Z + ) + 2mi(cz + d)h2F (a’z i )

cz+d cz+d

ke az+b az+b
N —k-1 —k—2 v
< (Fley)'(2) = 2m,(cz+d) F(cz+d> + (cz+d) F (cz—l—d>'

Combined with eqn:E2-transform-general, we get

+b k az+b az+b
oL F = P2 (E2) - S F
(OkF)l27)(2) = (e2 + d) ( (cz+d 12 %\ cz+d cz+d

_ ko [az+Db _ﬁ - 6ic . —k az+b
= (cz2+d) F (cz+d> 12 (EQ(Z) ez +d) (cz+d)F cz+d

= (Flin) (2) — 15 B2(2)(Flin) ()
= Ok(F'[17)(2).
Theorem 7.47

Let F be a modular form of weight k and level I'. Then 9 F is a
modular form of weight k + 2 of the same level.

Proof for Theorem 7.47

Immediate from Theorem Theorem 7.46 since F'|,y = F for all
v el

Theorem 7.48
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We have )
B = E3 1—2E4
B = E2E43— Es
B - E2E62— Ef.
Proof for Theorem 7.48

In terms of Serre derivatives, these are equivalent to

1
Ey———E
O B 15 E
1
64E4 == —§E6
L
86E6 = —§E4

By Theorem Theorem 7.47, all the Serre derivatives are, in fact,
modular. To be precise, the modularity of 9, F, and 9 F directly
follows from Theorem Theorem 7.47, and that of 9, > follows from
eqn:E2-transform-general. Differentiating and squaring then
gives us the following:

) 3c?
Elyy=E),— — " B
2ley 27 nlez+d) 7 w2(cz +d)?
12ic 36¢2
E3|lyy = Ej —

m(cz + d) 2 m2(cz +d)2’

Hence, eqn:DE2 —1—12 eqn:E2sqg-transform is a modular form of
weight 4. By Corollary 7.30, they should be multiples of E,, Es, E%,
and the proportionality constants can be determined by observing
the constant terms of g-expansions.

Corollary 7.49
We have
A" = E;A.
Proof for Corollary 7.49
By Theorem 7.48,
20 _ / _
A= 3E4J_nzi??;}_@@i@6 _ 17128 (3E§ _ E2E43 Bs _op :

ByEg — Ef) _ By (B} - E})

1728

= LA
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Lemma 7.50

We have )
H) = 6(HQ2 +2H,Hy + EoH,)

1
Hy = ¢ (H; — H + F>Hj)

H) (2HoHy + H} — FoHy)

__I
G
or equivalently,

1
OoHy = 6(H22 + 2H,Hy)

1
Oy H3 = 6(H22 — H})
1
0o Hy = —6(2H2H4 + H?).

Proof for Lemma 7.50

Equivalences are obvious from the definition of the Serre deriva-
tive. Define fs, f3, f4 be the differences of the left and right hand
sidesofeqn:H2-serre-der,eqn:H3-serre-der,eqn:H4-serre-der.

f2:=02Hs — %HQ(H2 +2H,)

f3:=02H3 — %(Hg — HY)

fa:=02Hys + %H4(2H2 + Hy).
Then these are a priori modular forms of weight 4 and level '(2),
and our goal is to prove that they are actually zeros. By Jacobi’s

identity eqn:jacobi-identity, we have fo + f4 = f3. Also, the
transformation rules of Hs, Hs, H, give

fols = —fa
fQ‘T - _f2
fals = —f2

falr = f3 = fo + fa

Now define
g:= (2Hy + Hy) fo+ (H2 + 2H,4) f4

h:=f2+ fafs + f2.



CHAPTER 7. MODULAR FORMS 33

Then one can check that both g and h are invariant under the ac-
tions of S and T, hence they are modular forms of level 1. Also, by
analyzing the limit of g and h as z — ico, one can see that g and
h are cusp forms, hence g = h = 0 by eqn:dimS6 and eqn:dimS8.
This implies

3E,f5 = 3(H3+HoHy+H3 ) f3 = ((2Ho+ Hy)? —(2Ho+ Hy) (Ha+2Hy)+(Ha+2Ha)?) f3

= (2Hy + Hy)*(f5 + fafa+ f1) =0
and by considering ¢-series (F4 has an invertible ¢-series), we get
fa=0.
Theorem 7.51

The Serre derivative satisfies the following product rule: for any
quasimodular forms F and G,

awl+w2 (FG) = (6w1F)G+ F(asz)

Proof for Theorem 7.51

It follows from the definition:

_witwy

alerwz (FG) = (FG) 192

Ey(FG)

w1 +U)2
12
_ ;W1 ) W2
- (F 12E2F>G+F(G 12E2G)
= (8, F)G + F(8,G).

=F'G+FG — Ey(FG)

We also have the following useful theorem for proving positivity of quasi-
modular forms on the imaginary axis, which is Proposition 3.5 and Corollary
3.6 of Lee (2024).

Theorem 7.52

Let F be a holomorphic quasimodular cusp form with real Fourier
coefficients. Assume that there exists k such that (0, F)(it) > 0
for all ¢ > 0. If the first Fourier coefficient of F is positive, then
F(it) > 0forall¢ > 0.

Proof for Theorem 7.52
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By eqn:logder-disc-E2 we have

k

d [ F(it) (2 )F/(it)A(it)% — F(it) & By (it)A(it) 12 (2
ar ko =A\Tam E =\~
dt \ A(it) 1 A(it)s

Hence the function ¢ — —£UY_ is monotone decreasing. Because

A(it) 12
the first nonzero Fourier coefficient of F is positive, F'(it) > 0 for

sufficiently large ¢:

F = Z anqn = eQmLUtF(it) — an0+e—2wt Z ane—Qﬂ'(TL—nU—l)t7

n>ngo n>no+1

and lim;_, . ™t F(it) = a,, > 0. The result follows.

34



Fourier Eigenfunctions with
Double Zeroes

First we define the function a. To this end, we consider the following func-

tions.
Definition 8.1
Define )
Ej
Ot i=
by e Ey(E2Ey — Eg)
_2: —A
bo = (B2Ey — Ep)*
o - A .

The function ¢y (z) is not modular; however, it satisfies the following trans-
formation rules.

Lemma 8.2
We have
1 12i 1 36 1
o <_z) = ¢o(2) — 72 . ¢-2(2) - 72 22 ¢-4(2)-

Proof for Lemma 8.2

Equation ¢g(z + 1) = ¢o(z) follows easily from periodicity of the
Eisenstein series and of A(z). For the second transformation law,

1\ (BEy(=1/2)E4(=1/2) — Es(—1/2))?
¢°< )‘ A(-1/2)

z

_ ((22B5(2) — 6iz/7) - 2  E4(2) — 28 Eg(2))?
212A(2)

35
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(E2(2)E4(z) — Eg(z) — %E4(z))2

- A(z)
_ (B2(2)Ea(2) — Eg(2))? — 2 (E2(2) Ea(2) — Eo(2)) Ea(2) — 7322 Ea(2)?
A(z)
12 ﬁ¢—4(2)-

= (bo(Z) - E¢—2(2) - 1222
For our formalization, we choose rectangular contours for the first and
second integrals, and write the definition as follows.
Definition 8.3
Define a,q : R — C by
arad(T) = 11(7") + IQ(T') + I3(T’) + 14(7‘) + 15(7") + IG(’I“)

where ]
—14 -1 .
Ii(r):= / N (Z> (z 4 1)%e™"*dz

-1 )(z+ I)Qewirzdz

o
Is(r) := /;H o (Z__l ) (z—1)%e™*dz
I(r) == / P (Z__ll) (z —1)%e™*d2

Is(r) := -2 /l oo <zl> 22e™r3dy

0
Ig(r) :== 2/ Bo(2)e™*dz.

Here all contours are chosen to be straight line segments. Define
a(x) == apq(||z]|?) for z € RE.
In the original paper, the integrals I; and I, are combined, as are I3 and

I,. We write them separately to simplify the formalization.
Now we prove that a satisfies condition eqn:a-fourier. The following

lemma will be used to prove Schwartzness of both a and b.

N
+
—_

—_

Lemma 8.4
Let f(z) be a holomorphic function with Fourier expansion

fz) =) er(m)em

n>ng
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with c¢(ng) # 0. Assume that cy(n) has polynomial growth, that
is, [ef(n)] = O(n*) for some k € N. Then there exists a constant
Cy > 0 such that

‘ f(2)
Az)

for all z with Sz > 1/2.

< Cfef'n'(nof2)§z

When f(z) is a quasi-modular form, we can take k to be the weight of f.
Proof for Lemma 8.4

By the product formula for A,

f(z)

A(z)

7ri(n072)2| . | anno Cy (n)eﬂ'i.(”*no)ﬂ
HnZl ‘1 _ t?27rznz|24

< e~ T(0-2)Sz Z"Zno |Cf(n)‘eiﬂ(nin0)gz

- HnZl(l _ e—27rn%z)24

< e—‘”("o—2)5¥z . EnZno |Cf (n)‘e—ﬂ(n—no)/z
B anl(l —e—mn)24
Here

Tinz

Znan cr (n)e
e2miz HnZl(l _ e27rinz)24

:‘e

_ Cf . e—ﬂ'(ng—Q)SZ.

ZnZno |Cf (n) |e—7f(n—n0)/2
[[s (1 —emmm)

The numerator converges absolutely because of polynomial growth,
and the denominator also converges; indeed it is simply e™-A(i/2).

Cr=

As corollaries, we obtain the following bounds for ¢, ¢_o, and ¢_4.
Corollary 8.5

There exists a constant Cp > 0 such that
|0 (2)| < Coe™7%
for all z with Sz > 1/2.
Proof for Corollary 8.5

By Ramanujan’s formula, s Ey—Eg = 3E) = 720, ., nos(n)e?™ "2,
and >

<E2(2>E4<Z) - EG(Z))2 = 7202647riz + O(e5ﬂiz).
The result then follows from Lemma Lemma 8.4 with f(z) = (EyE4—
E6)2 and ng = 4.
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Corollary 8.6

There exists a constant C_5 > 0 such that
[6-2(2)| < C_s

for all z with Sz > 1/2.

Corollary 8.7
There exists a constant C_, > 0 such that

[6-4(2)] < Cge>™?

for all z with Sz > 1/2.

Note that we can take the constants Cy, C_, and C'_4 as

Co=9-2402-e’“EAQ((%;2
_ g Ea(i/2)B4(i/2)
C2 =3 =R
. Ea(if2)?
R GER

Lemma 8.8

For all n € N, there exists a constant C’ such that for all » > 0,

oo
r". / e em/sds < O
1

Proof for Lemma 8.8

Fix n € N. There exists a constant C such that for all z > 0, |z|™ -
le=™®| < C. In particular, forallr > 0and s > 1,7"-e~™"/% < Os™.
Hence

38

o0 oo oo
r"-/ e 2T e/ dg = / e 2ms (Mn . e_”/5> ds < C/ e 2 g ds.
1 1 1

The Gamma function is given by
I(z) = / e " u"tdu
0
for all x > 0. Writing u = 27s and using I'(n + 1) = n!, we obtain

o o0 oo 1
C/ e 2 s ds < C/ e " ds = C/ p e “urdu =
1 0 o (2m)

Defining C" := gﬂ’)“ finishes the proof.

G
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Lemma 8.9

There exists a constant C' > 0 such that for all » > 0,
L ()] s ()], 1) < c/ e=2ms o=7r/a g
1

Proof for Lemma 8.9

We prove the bound only for I;(r), as the others are similar. With
the change of variable z = —1 + it for ¢t € [0, 1], we have

1
-1 ‘
Ii(r) = fi/ oo () t2e~ ™ e 8,
0 it

With the change of variable s = 1/t, this becomes

Ii(r)= Z/ ¢o(is) - g4 . pmmir | —mr/s ds,
1

SO

[11.(r)] S/ |¢O(is)|'3_4'|€_m"'|-6_”/5dsg/ o (is)|-e~™7* ds.
1

1

By Corollary Corollary 8.5, we conclude that
|1 ()| < Cy / e~ 2 e /s ds.
1

Lemma 8.10
There exist C1, Co > 0 such that for all » > 0,
[L2(r)|, Ha(r)] < Cre™™

and

efﬂ(TJrQ)

I < -
[ls(r)| < C2 2

Proof for Lemma 8.10

For I(r), parametrize z by z =t + i for t € [—1,0]. Then

0
-1 .
T. _ - t 1 N2 mirt =77 q¢.
()= [ on (5 ) 1 i
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Since the function z — ¢ ( erll > (2+1)2 isholomorphic and bounded

on the contour, there exists C' > 0 such that |¢g (ﬁ) (z+1)2 <
C, and therefore

0
[Z2(7)] S/ Ce ™ dt =Ce™ ™.
~1

The bound for I,(r) is similar. /- source paragraph break -/ For
Is(r), parametrize z = it for ¢t € [1,00), giving

Is(r) = 2i / do(it)e” ™"t dt.
1
Using Corollary Corollary 8.5, the absolute value is bounded by

Io(r)] < 2 / (po(it) e~ dt < 20 / e 2t it =
J1 J1

™

20, 6771'(7“4*2)
T

Combining these bounds, one can show that a is a Schwartz function.
Lemma 8.11

a(x) is a Schwartz function.
Proof for Lemma 8.11

By Theorem Theorem 5.8, it suffices to show that the function is
smooth and decays faster than any polynomial. Smoothness fol-
lows from differentiation under the integral, already formalized in
mathlib. The decay follows from Lemmas Lemma 8.9 and Lemma
8.10, together with Lemma 8.8.

Lemma 8.12
a(x) satisfies equation eqn:a-fourier.
Proof for Lemma 8.12
We recall that the Fourier transform of a Gaussian function is
F(emilel®=)(y) = ;=4 emillvl® (35,

Next, exchange contour integration in the z variable with Fourier
transform in the x variable in the definition of a. This is justified
because the corresponding double integral converges absolutely.
In this way we obtain

-~ 7’ -1 —4 _mi|ly||? (= / -1 —4 _mi|ly||? (=
a(y):/¢o<z+1)(z+l)22 4 emillvl <z>dz+/¢o(z_1)(z_1)2z 4 milyl® (22 g,
—1 1
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—2/(;50(;1) 52 4 e”i|‘y|‘2(%)dz+2/¢o(z) 4 omillyll® (Z2) g,
z
0 i

Making the change of variables w = —*, we arrive at

~ [ 1 -1 g 2w
aly) = /d’o (1 — m) (E +1)2w? e™iviTw gy
1

[ 1N\ —1 -

1_7) 7_12 27'rz|\y||wd

+/¢0( —) (& D w
]

7 0
72/%(10) emuyu?wdww/%(j) w2 emilvl® v g
w

Since ¢y is 1-periodic we have

ay) = 1/Z¢O<Z:11) (2 — 1)2 emillull® = g, Jr;Z QSO(Z__i_ll) (= + 1)2 emillyll® = g,

+2/¢0(z) em”y”%dz—2/¢o(7) 22 emillyll® 2 g,
z
i 0

=a(y).
This finishes the proof of the proposition.

Next, we check that a has double zeroes at all Ag-lattice points of length
greater then v/2. Using eqn: phi0-bound, eqn: phi2-bound, and eqn:phi4-bound,
we can control the behavior of ¢y near 0 and io00.

Corollary 8.13
We have .
b0 <z> =0(e™?™t) ast—0
b0 (i) = Ot 2e*™) ast — oo.
Proof for Corollary 8.13

The first estimate follows from eqn:phi0@-bound with z = i/t. For
the second estimate, by eqn: phi@-trans-S, eqn:phi2-bound, and
eqn:phi4-bound,

; 12 36
o0 (7)] < ntit] + lo-a(i0) + Sgglo-atio)
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12 36
< C —27t - C_ .
= to¢ + mt 2+ m2t2

0_46271'15 _ O(t7262ﬂt).
Lemma 8.14

For r > /2 we can express a(r) in the form
: 2 /9\2 —1\ o iz
a(r) = —4sin(nr</2) qﬁo(—) z%e dz.
z
0

Proof for Lemma 8.14

Denote the right-hand side by d(r). Convergence of the integral for
r > /2 follows from Corollary Corollary 8.13. We can write

i00—1

d(r) = / (bo(z__:l) (241)? e”"zzdz—27c¢o<_zl> L2 i g,
0

-1

100+1

+ / ¢o(2111)(z—1)26”"22dz.

1

Fromeqn:phi0-trans-Swededucethatifr > /2, then ¢0(_71) 22emir’ s

0 as §(z) — oo. Therefore we can deform the paths of integration
and rewrite

_ Z -1 2 mir?z T -1 2 mir?z
d(r) _/¢O<z+1) (z+1)%e dz+/¢0<z+1) (z+1)%e dz
1 i

7 1 . 100 1 ‘
_2/(;50(7) 22 eﬂlrzzdz _ 2/¢0(7> 22 emr22dz
z z
0 i

—&-1/1(1)0(2__11) (2—1)26“"22dz+70¢0( -1 )(Z_l)Qeﬂ'irjde.

z—1

Now eqn:phi@-trans-Simplies

__1 ) (2 —1)? = 260(2),

do(=7) (e 17 260 (1) 22+ 60 (S

1
z+1 z

and hence

i

d(r) = /¢0(z+11) (z+1)? eI E gy — 2/¢0(—71) 22 ™
4 0
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+ 1/ %o (2111) (z —1)? €™ 2 dz 42 Zv/oocéo(z) e E dy = a(r).

Finally, we find another convenient integral representation for ¢ and com-
pute values of a(r) atr = 0 and r = /2.
Lemma 8.15

For r > 0 we have

36 B 8640 18144
w3 (r2—=2) wm3rt gdp2

7 ; 40 18144
+/ t? qﬁo(E) _ 36 e?™ 8640 t— 8 et gt |
t 2 T 2
0

The integral converges absolutely for all » € Rx.

a(r) = 4i sin(7r? /2)? (

Proof for Lemma 8.15

Suppose thatr > /2. Then by Proposition prop:a-double-zeros,
o0
a(r) = 4i sin(rr?/2)2 / bo(i/t) 2 e ™t dt.
0
From eqn:phi@-trans-S we obtain the asymptotic expansion

8640 18144
—tt+—

(bO(i/t) t2 —_ % e27‘{'t _ T O(t2 e—27rt)

T 7r
ast — oo. Forr > /2,
o0
/ 36 e, 8640, ISLAN . 36 8640 18144
2 ™ 2 w3 (r2—-2) w3pd 32’

Therefore the claimed identity holds for » > /2. /- source para-
graph break -/ On the other hand, the definition of a shows that
a(r) is analytic in a neighborhood of [0, 0), and the asymptotic
expansion above implies that the right-hand side is also analytic
there. Hence the identity holds on the whole interval [0, c0).

From eqn:a-another-integral we see that the values a(r) lie in (R for all
re Rzo.
Lemma 8.16

We have a(0) = — g5
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Proof for Lemma 8.16

These identities follow immediately from the previous proposi-
tion.

Now we construct function b. To this end we consider the function.
Definition 8.17

Define Ha(2) + Ha(2)
+ Hy(z
h(z) = 128 = T 24
(2) ADE

It is easy to see that h € M',(['o(2)). Indeed, first check that h|_oy =
h for all v € T'o(2). Since I'¢(2) is generated by (3 9) and (1), it suffices
to check invariance under their action, which follows immediately from the
transformation laws of the theta-null formsand eqn: h define. Nextanalyze
the poles of h. It is known that ;¢ has no zeros in the upper half-plane, so &
has poles only at the cusps. At the cusp ioco, this modular form has Fourier
expansion

h(z) = ¢! 4 16 — 132¢ + 640¢> — 2550¢° + O(q?).

LetI = (}9),T=(§1),and S = (9 ') be elements of I';.
Definition 8.18

Define
$r == h— h|_»ST
Yr = Yr|-oT
Vs = Pr|-2S.
Lemma 8.19

Y1(2), ¥s(z), and ¢r(2) can be written as

_ Hj(5H3 +5HyHy + 2HY)

vi(2) 2A
_ H3(2H3 +5H,H, + 5H})
_ H3(5H3 — 5HyHj + 2H3)
vr(2) = 2A '

Proof for Lemma 8.19
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By the transformation laws of the theta-null functions,
Hy|_oST = (—Hy)|-2T = —Hj

Hs|_ST = (—H;)|_oT = —H,
Hy|_5ST = (—H,)|_»T = H,.

Using these identities and the level-one/level-two identities, we can
rewrite vy (z) as

Hs; + H —Hy+ H
V1(2) = h(z) — h|_ST(z) = 12872+ 714 j9g =14 T 12
Hj Hj
_ 128H§(H3 + Hy) — H3(Hy — Hy) _ 128(H2 + Hy)?(Hs + 2H,) — H3(H> — Hy)
HiH3 HiH3
_ o Ha(5H3 + 5HyHy +2H3) _ H}(5H3 + 5HyHi + 2H3)
N HZH? N 2A '
Applying |_»S and |_,T to the expression for ¢); proves the formu-
las for 15 and 1.

Lemma 8.20

The Fourier expansions of these functions are
$r(z) = ¢ '+ 144+ O(¢'/?)
Yr(z) = ¢ '+ 144+ 0(q'/?).

Now we are ready to define b. Again, the definition here is slightly different

from that in Viazovska (2017), where all contours are chosen to be straight
lines.

Definition 8.21

Define b;5q : R — C by

brada(r) := J1(r) + Jo(r) + J3(r) + Ju(r) + J5(r) + Js(r)
where

—1+i
Ji(r) ::/ Ur(2)e™* dz

1

Ja(r) = H'qu(z)e”’”"z dz
1+

J3(r) = Yr(2)e™* dz
1

Ju(r) == Y (2)e™ dz
1+i
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J5(r) == —2/z Yr(2)e™* dz
0

Jg(r) == —2/ Ps(2)e™* dz.

Here all contours are straight line segments. Define b : R® — C by
b(x) := braa([l]?)-

Now we prove that b is a Schwartz function and satisfies eqn:b-fourier.
Asinthe case of a(x), we start with an exponential bound for ¢¥g(z) and ¢ (2).
Lemma 8.22

There exist constants Cy, Cg, C7 > 0 such that
[¢1(2)] < Cre®™S*

Y7 (2)] < Cpe?™™*
[s(2)] < Cse ™%,

Proof for Lemma 8.22

The proofis similar to that of Lemma cor: phi@-bound and follows
from Lemma Lemma 8.4 together with the fact that the vanishing
orders of the numerators of ¢;, ¢, and ¢g at infinity are respec-
tively 0, 0, and 2.

Lemma 8.23

There exists a constant C' > 0 such that

FAGIREAGINPAGIES C/ =TT/ s,
1

Lemma 8.24
There exist Cy, Cy > 0 such that

|2 (r)|; [Ja(r)] < Cre™™

w(r+1)
e

Ji < C. .
|J6(r)] < Ca ]

Lemma 8.25
b(x) is a Schwartz function.
Proof for Lemma 8.25

Similar to the proof of Lemma 8.11.
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Lemma 8.26

b(x) satisfies equation eqn:b-fourier.

Proof for Lemma 8.26

We repeat the argument used in the proof of Proposition prop:a- fourier.
Using the Gaussian Fourier identity and exchanging the contour
integration in z with the Fourier transform in z, we get

FO)e) = [ ur(e) 7t e d g (o)t el s
—1 1

—9 /77/11(2) 54 ewil\mlﬁ(%l) dz — 9 /77[15(2) 4 emHmHQ(%l) ds.
0 i

With the change of variables w = =1, we arrive at

Fb)(x) = /W(%) w? emillell*w dw+/¢T<%) w? emillalPw gy,
1 -1

i 0
-1 i1zl12 -1 ;
-2 /¢1<—) w? ™l goy — 9 /7,05(—) w? e I*w gy,
_ w _ w

Now the definitions imply

Yr|_2S = =9
Pr|—28 =g
Ys|—28 =Yy,

so this becomes

F()(x) :/—z/zT(z) emillzll*z dz+/—¢T(z) emilel?z g

—1

+2 /ws(z) emilelz gz 4 2 /z/q(z) emilzl= gy,
i 0

From the definition of b, we conclude that
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Now we regard the radial function b as a function on R> and check that it
has double roots at the Ag points.

Corollary 8.27
We have
Yr(it) = O(t2e™?) ast — 0
Yr(it) = O(e*™) ast — oo.
Proof for Corollary 8.27

By eqn:psiS-define,

wrlin) = 02w (5 ) ==us (7).

and combined with eqn: psiS-bound this gives eqn:psiI-near-0.
Equation eqn:psil-near-infty follows from lemma:psi-bound.

Lemma 8.28

For r > /2, the function b(r) can be expressed as
b(r) = —4sin(nr?/2)? /1/11(2) €™ .
0
Proof for Lemma 8.28

Denote the right-hand side by ¢(r). By Corollary cor:psil-near-0-infty,
the integral converges for r > /2. Rewrite it as

100—1 100 10041
C('I’) = / QZ)I(Z""].) eﬂ—ir2 Z ds—92 / /(b[ (Z) €7rir2 z dZ+ / le (2_1) 67”‘7‘2 z s
—1 0 1

From the Fourier expansion of 7, we know that 17 (z) = e~27%* +
O(1) as 3(z) — oo. Because r? > 2, we can deform the paths of
integration and write

i00—1

/ Pr(z+1) ™z dy = /1/)T(z) e 4z 4 /¢T(z) ™2 dy
as] i

-1

100+1

/ Pr(z—1) emirE dy = /wT(z) e 4z 4 /7/1T(Z) €™ .
1 i

1
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Hence
i

cr) = /¢T(Z) e dz 4 /wT(z) ez — 2 / br(z) e dz
1 0

+2 / (r(2) — b1 (2)) €77 7 d.

Next, the functions v, ¥, and s satisfy

Yr + s =1
Using this identity, we find

% %

co(r) = /UJT(Z) e”’"zzder/wT(z) e”ir22d2—2/¢1(z) RSEPN
21

1 0
-2 / Ys(2) e gy = b(r).

At the end of this section we find another integral representation of b(r)
for r € R>o and compute special values of b.
Lemma 8.29

For r > 0 we have

. 144 1 T .
b(’l“) =43 s1n(7rr2/2)2 m + m + / (1#1(7,75) — 144 — €2ﬂt) e_ﬂ—rzt dt
0
The integral converges absolutely for all » € Rx.
Proof for Lemma 8.29
The proofisanalogous to the proof of Proposition prop:a-another-integral.
First suppose thatr > /2. Then by Proposition prop:b-double-zeros,

b(r) = 4i sin(7wr? /2)? / Wr(it) e ™t dt.
0

From the Fourier expansion of ¢); we obtain

Yr(it) = e*™ + 144 4+ O(e™™)
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ast — co. Forr > /2,

27t B 1 144
/(e +144) e dt_ﬂ<r2_2) —3
0
Therefore the identity holds for r > /2. /- source paragraph break
-/ On the other hand, the definition of b shows that b(r) is analytic
in a neighborhood of [0, ), and the asymptotic expansion above
implies that the right-hand side is also analytic there. Hence the
identity holds on the whole interval [0, c0).

From eqn:b-another-integral we see that b(r) € iR for all r € R>.
Lemma 8.30

We have b(0) = 0.
Proof for Lemma 8.30

These identities follow immediately from the previous proposi-
tion.



Proof of the Optimal Function
Inequalities

Lemma 9.1

Consider the function A : (0,00) — C defined as

A(t) o=~ 90(6/1) — 2 wn(it).

Then
A(t) <0

forallt > 0.

Lemma 9.2

Consider the function B : (0,00) — C defined as

BUt) := —~1260(i/1) + g i)

Then
B(t) >0

forallt > 0.

Here we formalize the proof of the inequalities by Lee (2024). First, we can
rewrite the inequality in Lemma 9.1 as follows.
Definition 9.3

Define two quasi-modular forms by
F(z2) = (B2(2)Ea(2) — Es(2))”
G(z) = Ha(2)*(2H2(2)? + 5Ha(2) Ha(2) + 5Ha(2)?).

Lemma 9.4

51
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We have
¢o =

s = —

N D‘ﬁ

&

Proof for Lemma 9.4

Equation eqn:phiQ-F is clear. Equation eqn:psiS-G is already
shown in Lemma Lemma 8.19.

Lemma 9.5

Inequality eqn:inegA and eqn: ineqB are equivalent to

, 18 .
F(it) + 5 G(it) > 0

. 18 .
F(it) — ﬁG(zt) >0
respectively.
Proof for Lemma 9.5

By eqn:psiS-define from Definition 8.18,
. . . 1 )
1(i) = (wsl-28)(i) = GiPus (5 ) = —us (7).

Combined with Lemma Lemma 9.4 we can rewrite eqn: inegA as

A(t) = —t?¢o (1) + %ws (;) <0& igzg + gigzg >0

for¢ > 0, which is equivalent to eqn: ineqAnew by Corollary Corol-
lary 7.25. Equivalences of eqn:inegB and eqn:ineqgBnew follows
similarly; just change the sign.

Now, the first inequality eqn: inegAnew follows from the positivity of each
F(it) and G(it).
Lemma 9.6
For all ¢ > 0, we have F'(it) > 0 and G(it) > 0.

Proof for Lemma 9.6
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By Ramanujan’s identity Theorem 7.48, we have F(z) = 9E/)(2)?,
and hence

2

F(it) = 9E;(it)*> =9 ( 240> noz(n)e >™ | > 0.
n>1

Theinequality G(it) > 0follows from positivity of Hy(it) and Hy/(it)
in Corollary 7.42.

Corollary 9.7
Equation eqn:inegAnew holds.
Proof for Corollary 9.7
This directly follows from Lemma Lemma 9.6.
To prove the second inequality, we need some identities satisfied by F and
G.

Lemma 9.8

F and G satisfy the following differential equations:

5
Or2dioF — L EsF = T200A(~Ej)

012010G — %E4G = —640AHs.

Proof for Lemma 9.8

Both identities can be shown by direct computations. By Ramanu-
jan’s identities (Theorem Theorem 7.48) and the product rule for
Serre derivatives (Theorem Theorem 7.51), we have

5
O5(EyEy — Eg) = (E2Ey — Eg)' — EEz(E2E4 — F)

E2 - E, EyE,— Es EyEg—E2 5 5 )
-2 AR, - — 2 By(EyEy—Eg) = —— (EyEs—E
12 a2 3 2 12“24 6) 1%26 1)

and
7
W@%—ﬁpﬂ@&—ﬁygﬁwg&—ﬁ)

_E:-E4 EyFEg — E2
=g BetBr—— 2k

EyEy —Eg 7

7
— —E?) = ——FE,(FEyE,—Eg).
5 (B2 Es—EY) T (B2 B~ Eg)
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Using these, we compute

6
O10F = 010(E2E4—Eg)? = 2(By Ey—Eg)05(Ey E4—Eg) = _g(E2E4_E6)(E2E6_E2)a
and then

5
O12010F = *6312((E2E4 — Eg)(E2Es — Ey))

5 5 25 35
= 76(85(E2E47E6))(EQEGfEf)fé(EQEzleg)(67(E2E67E4)) = 6(EQEﬁfEi)%EELL(EQErEg)?.
Hence

_§ _275 _m2\2_ _ 2_2j_23 2 112 4 3__275 3_
012010 F 6E4F— 72((E2E6 E})—E4(EyEy—FEg)”) = 72( EyEj+EsEs+Ej—E, Ey) = 7 (Bi—E,

This proves equation eqn: ddf. The second is proved similarly, us-
ing Proposition Lemma 7.50 and Lemma Lemma 7.41.

Corollary 9.9

Equation eqn:ddf is positive and equation eqn: ddg is negative on
the positive imaginary axis.

Proof for Corollary 9.9
From equation eqn: E2 in Definition 7.17 and Lemma Corollary 7.25,
7200(—E5(it)) A(it) = 7200 - 24 [ > noy(n)e 2™ | - A(it) > 0.
n>1

Negativity of equation eqn:ddg, namely —640A(it) H3(it) < 0, fol-
lows from Corollary 7.42 and Corollary 7.25.

The second inequality follows from the following two observations. Since
G(it) > 0 for allt > 0, we can define the quotient

F(it)
t) =
Q) G(it)
as a function on (0, co).
Lemma 9.10
We have
lim Q(¢t) = 18
t—0+ w2’

Proof for Lemma 9.10



CHAPTER 9. PROOF OF THE OPTIMAL FUNCTION INEQUALITIES 55

We have i) PG/
1t 1/t
lim Q(t) = lim = lim
t—0+ Q) t—0+ G(it)  t—oo G(i/t)
By using the transformation laws of Eisenstein series eqn: E2-S-transform,
eqn:Ek-trans-S (for k = 4, 6) and the thetanull functions, eqn:H2-transform-S,
eqn:H4-transform-S, we get

F (;) = t12F(it)— 12t

™

! (Ez(it)E4(z’t)—EG(it))E4(it)+$E4(it)2

and
G (z) — 0 H, (it)3 (2H, (it) + 5Ha(it) Ha (it) + 5Ha (it)?).

Since F, By E4— Eg and H, are cusp forms, we have lim,_, ., t* A(it) =

Owhen A(z)isone of these formsand k > 0. Fromlim; ., F,(it) =

1 =1lim,_, . Hy(it), we get

oo FG/ . PEG) - 262y (it) By (it) — Eo(it)) Ea(it) + 3557 By (it)2

t—oo G(i/t)  too t10H, (it)3(2H, (it)2 + 5Hy(it) Ho (it) + 5Ho(it)?)
~tim t2F (it) — 128 (By(it)Ey(it) — Eo(it)) Eq(it) + 3% Ey(it)?
oo Hy(it)3(2H4(it)2 + 5Hy(it) Ha (it) + 5Ho(it)?)

18

w2’

Lemma 9.11

Let F' be a quasimodular form whose vanishing order at infinity is
no > 0, thatis, F(z) = > anq™ with a,, # 0. Then

n>ng
F'(it)
lim = ng.
500 F(it) 0
Proof for Lemma 9.11
By Lemma Lemma 7.44,
F/(Zt) ZnZno nan,672ﬂnt npan, 6*27rn0t + 0(67271’(”04»1”)

lim = lim = lim

. = nNyg.
00 F(Zt) =500 Znan ane—27rnt 300 anoe—Z‘n'ngt_|_O(e—27r(n0+1)t)

Lemma 9.12
The function ¢ — Q(t) is strictly decreasing.

Proof for Lemma 9.12
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It is enough to show that

d [ F(it)
dt (G(it)

Let ACL() = (810F)G — F(aloG) = F'G — FG'. Then

F(it)G(it) — F(it)G'(it)
G(it)2

) <0 (—27) < 06 F'(it)G(it)— F(it)G' (it) > 0 & (910 F)(it)G(

Loy FG-FG F &
FG FG T F G

The vanishing orders of F and G atinfinity are 2 and 2 respectively,
so by Lemma 9.11 we have

. , .
lim Lyo(it) lim (F (it) G (zt)) o % _ 1

B FAOG() i 370

F(it)  G(it)

so L4 o(it) > 0for sufficiently large ¢. Its Serre derivative is positive
by Corollary 9.9:

D22L1 0 = (012010 F ) G—F(912010G) = A(7200(—E5)G+640H, F) > 0.
Hence £ o(it) > 0 by Theorem 7.52, and the monotonicity follows.
Corollary 9.13

Equation eqn:inegBnew holds.

Proof for Corollary 9.13
We have Fit) 18
(3 .
Gy QW < im Q) =7,

and by Lemma Lemma 9.6 the desired inequality follows.
Theorem 9.14

The function

T 7
9(=) = g610°®) + 3507

satisfies conditions eqn:gl-eqn:g3.

b(x)

Proof for Theorem 9.14
First, we prove the first sign condition. By Propositions Lemma

8.14 and Lemma 8.28 we know that for r > /2,

_ T 2 /9)2 —mr?t
g(r) = 5160 sin(mr®/2) /A(t)e dt
0
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where 26
A(t) = —t¢o(ift) — o) Yr(it).

From Proposition Lemma 9.1 we know that A(¢) < 0for¢ € (0, c0),
so this identity implies the first sign condition. /- source paragraph
break -/ Next, we prove the Fourier-side sign condition. By Propo-
sitions Lemma 8.15 and Lemma 8.29 we know that for r > 0,

o]
™

~ _ . 2 2 —mrlt
g(r) = 2160 sin(7r=/2) /B(t) e dt
0

where 26
B(t) = —t*¢o(i/t) + o) Yr(it).

/- source paragraph break -/ Finally, the normalization ¢(0) = g(0) =
1 follows readily from Propositions Lemma 8.16 and Lemma 8.30.
This finishes the proof.



Dependency Graph

The dependency graph is available in the HTML output.
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Blueprint Summary

The Blueprint summary is available in the HTML output.
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