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1 Overview

This document ports the original Sphere Packing in Lean TeX blueprint to
Verso Blueprints and tracks the same mathematical narrative.

The project formalizes Maryna Viazovska’s theorem that no packing of
unit balls in R8 has density greater than the E8 lattice packing; see Viazovska
(2017). The global upper bound comes from the linear programming method
of Cohn and Elkies (2003), and the crucial input is an explicit optimal auxiliary
function built frommodular forms.

Compared with the upstream TeX source, this Verso copy reorganizes the
blueprint into linked nodes and groups so that the dependency graph and
summary are rendered directly from the structured document.
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2 Sphere Packings

The spherepackingproblem is a classic optimisationproblemwithwidespread
applications that go well beyond mathematics. The task is to determine the
densest possible arrangement of spheres in a given space. It remains unsolved
in all but finitely many dimensions.

It was famously determined, in Viazovska (2017), that the optimal arrange-
ment in R8 is given by the E8 lattice. The result is strongly dependent on
the Cohn-Elkies linear programming bound, Theorem 3.1 in Cohn and Elkies
(2003), which, if aRd → R function satisfying certain conditions exists, bounds
the optimal density of sphere packings in Rd in terms of it. The proof in Via-
zovska (2017) uses the theory ofmodular forms to construct a function that can
be used to bound the density of all sphere packings inR8 above by the density
of the E8 lattice packing. This then allows us to conclude that no packing in
R8 can be denser than the E8 lattice packing.

This subsection gives an overview of the setup of the problem, both in-
formally and in Lean. Throughout this blueprint, Rd denotes the Euclidean
vector space equipped with distance ‖ · ‖ and Lebesgue measure Vol(·). For
any x ∈ Rd and r ∈ R>0, we denote byBd(x, r) the open ball inRd with center
x and radius r. Whilewewill give amore formal definition of a sphere packing
below, the underlying idea is that it is a union of balls of equal radius centered
at points that are far enough from each other that the balls do not overlap.

Arguably themost important definition in this subsection is that of packing
density, which measures which portion of d-dimensional Euclidean space is
covered by a given sphere packing. Taking the supremum over all packings
gives the sphere packing constant, which is the quantity we are interested in
optimising.
Definition 2.1

Given a setX ⊂ Rd and a real number r > 0 such that ‖x− y‖ ≥ r
for all distinct x, y ∈ X, we define the sphere packing P(X) with
centres atX to be the union of all open balls of radius r centred at
points inX:

P(X) :=
⋃
x∈X

Bd(x, r)
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CHAPTER 2. SPHERE PACKINGS 3

We now define a notion of density for bounded regions of space by consid-
ering the density inside balls of finite radius.
Definition 2.2

The finite density of a packing P is defined as

∆P(R) :=
Vol(P ∩Bd(0, R))

Vol(Bd(0, R))
, R > 0.

As intuitive as it seems to take the density of a packing to be the limit of
the finite densities as the radius of the ball goes to infinity, it is not immedi-
ately clear that this limit exists. Therefore, we define the density of a sphere
packing as a limit superior instead.
Definition 2.3

We define the density of a packing P as the limit superior

∆P := lim sup
R→∞

∆P(R).

We may now define the sphere packing constant, the quantity that the
sphere packing problem requires us to compute.
Definition 2.4

The sphere packing constant is defined as the supremum of pack-
ing densities over all possible packings:

∆d := sup
P⊂Rd

sphere packing

∆P .

Definition 2.5

Given a sphere packing P(X) with separation radius r, we define
the scaled packing with respect to a real number c > 0 to be the
packing P(cX), where cX = {cx ∈ V | x ∈ X} has separation ra-
dius cr.

Lemma 2.6

Let P(X) be a sphere packing and c a positive real number. Then,
for all R > 0,

∆P(cX)(cR) = ∆P(X)(R).

Proof for Lemma 2.6
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The proof follows by direct computation:

∆P(cX)(cR) =
Vol(P(cX) ∩Bd(0, cR))

Vol(Bd(0, cR))
=
cd · Vol(P(X) ∩Bd(0, R))

cd · Vol(Bd(0, R))
= ∆P(X)(R).

The second equality follows from the fact that scaling a measur-
able set by a factor of c scales its volume by a factor of cd, together
with P(cX) ∩Bd(0, cR) = c · (P(X) ∩Bd(0, R)).

Lemma 2.7

Let P(X) be a sphere packing and c a positive real number. Then
the density of the scaled packing P(cX) is equal to the density of
the original packing P(X).

Proof for Lemma 2.7

One can show, using relatively unsophisticated real analysis, that

lim sup
R→∞

∆P(cX)(R) = lim sup
cR→∞

∆P(cX)(cR).

Lemma Lemma 2.6 tells us that∆P(cX)(cR) = ∆P(X)(R) for every
R > 0. Therefore,

lim sup
cR→∞

∆P(cX)(cR) = lim sup
cR→∞

∆P(X)(R) = lim sup
R→∞

∆P(X)(R),

where the second equality is the result of a similar change of vari-
ables.

Therefore, as expected, we do not need to worry about the separation ra-
dius when constructing sphere packings. This will be useful whenwe attempt
to construct the optimal sphere packing in R8, and even more so when at-
tempting to formalise this construction, because the underlying structure of
the packing is given by the E8 lattice, which has separation radius

√
2.

Lemma 2.8

∆d = sup
P⊂Rd

sphere packing
sep. rad.=1

∆P

Proof for Lemma 2.8

That the supremum over packings of unit density is at most the
sphere packing constant is obvious. For the reverse inequality, let
P(X) be any sphere packing with separation radius r. By Lemma
2.7, the density ofP(X) is equal to that of the scaled packingP

(
X
r

)
.

Since the scaled packing has separation radius 1, its density is at
most the supremum over all packings of unit density, and there-
fore the same is true of P(X).
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We begin by defining what a lattice is in Euclidean space.
Definition 2.9

We say that an additive subgroup Λ ≤ Rd is a lattice if it is discrete
and its R-span contains all the elements of Rd.

There is also a corresponding dual notion, which becomes relevant when
we start doing Fourier analysis on functions over lattices.
Definition 2.10

The dual lattice of a lattice Λ is the set

Λ∗ :=
{
v ∈ Rd | ∀l ∈ Λ, 〈v, l〉 ∈ Z

}
.

We can now define periodic sphere packings.
Definition 2.11

We say that a sphere packing P(X) is Λ-periodic if there exists a
latticeΛ ⊂ Rd such that for all x ∈ X and y ∈ Λ, we have x+y ∈ X.

There is anatural definitionof density forperiodic spherepackings, namely
the local density of balls in a fundamental domain. However, a priori the den-
sity of sphere packing above need not to coincide with this alternative defini-
tion. In Theorem 3.5, we will prove that this is the case.

Now that we have simplified the process of computing the packing densi-
ties of specific packings, we can simplify the computation of the sphere pack-
ing constant. It turns out that once again, periodicity is key.
Definition 2.12

The periodic sphere packing constant is defined to be

∆
periodic
d := sup

P⊂Rd

periodic packing

∆P .

Theorem 2.13

For all d, the periodic sphere packing constant inRd is equal to the
sphere packing constant in Rd.

Proof for Theorem 2.13

State this in Lean (ready). Fill in proof here (see ElkiesCohn, Ap-
pendix A).
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Thus, one can show a sphere packing to be optimal by showing its den-
sity to be equal to the periodic sphere packing constant instead of the regular
sphere packing constant. Determining the periodic constant is easier than de-
termining the general constant, as we shall see when investigating the linear
programming bounds derived by Cohn and Elkies in Cohn and Elkies (2003).

With the terminologies above,wecan state themain theoremof this project.
Theorem 2.14

All periodic packing P ⊆ R8 has density satisfying ∆P ≤ ∆E8
=

π4

384 , the density of the E8 sphere packing; see Definition 4.9.

Proof for Theorem 2.14

Directly follows from Theorem 6.2 applied to the function f(x) =
g(x/

√
2) of Theorem 6.3.

Corollary 2.15

All packing P ⊆ R8 has density satisfying∆P ≤ ∆E8 .

Proof for Corollary 2.15

This is a direct consequence of Theorem 2.13 and Theorem 2.14.

Corollary 2.16

∆8 = ∆E8
.

Proof for Corollary 2.16

Bydefinition,∆E8 ≤ ∆8, while theupper-bound-E8 corollaryCorol-
lary 2.15 shows that ∆8 = suppackingP ≤ ∆E8

, and the result fol-
lows.



3 Density of Packings

The definition of density for sphere packings is inconvenient to work with,
especially when our packing is a structured one, such as a periodic or lattice
packing. This section fixes this problem.

Note that some of the proofs in this section have only been sketched. The
finer details are formalised in Lean.

Observe that the finite density evaluated at someR > 0measures the den-
sity of sphere packings within a bounded open ball of radiusR. As one might
expect, there is a relationship between the finite density and the number of
centers in the ball of radius R.
Lemma 3.1

For any R > 0,∣∣∣X ∩ Bd

(
R− r

2

)∣∣∣·Vol (Bd

(
r
2

))
Vol(Bd(R))

≤ ∆P(R) ≤
∣∣∣X ∩ Bd

(
R+

r

2

)∣∣∣·Vol (Bd

(
r
2

))
Vol(Bd(R))

.

This is the basic estimate for Definition 2.2.

Proof for Lemma 3.1

Thehigh-level idea is to prove thatP∩Bd(R) =
(⋃

x∈X Bd

(
x, r2

))
⊆⋃

x∈X∩Bd

(
R+ r

2

) Bd

(
x, r2

)
, anda similar inequality for the lowerbound.

The rest follows by rearranging and using the fact that the balls are
pairwise disjoint in SpherePacking.

Suppose further that X is a periodic packing with respect to the lattice
Λ ⊆ Rd. Let D be a bounded fundamental region of Λ, say the parallelopiped
[0, 1]nΛ, and let L be a bound on the norm of vectors in D, that is, a number
satisfying ∀x ∈ D, ‖x‖ ≤ L.
Lemma 3.2

For all R, we have the following inequality relating the number of
lattice points from Λ in a ball with the volume of the ball and the
fundamental region D:

Vol(Bd(R− L))

Vol(D)
≤ |Λ ∩ Bd(R)| ≤

Vol(Bd(R+ L))

Vol(D)
.

7
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Proof for Lemma 3.2

For thefirst inequality, it suffices toprove thatBd(R−L) ⊆
⋃

x∈Λ∩Bd(R)(x+

D), since the cosets on the right are disjoint. For a vector v ∈
Bd(R − L), we have ‖v‖ < R − L by definition. Since D is a fun-
damental domain, there exists a lattice point x ∈ Λ such that v ∈
x+D. Rearranging gives v− x ∈ D, which means ‖v− x‖ ≤ L. By
the triangle inequality, ‖x‖ < R, so x ∈ Bd(R). /- source paragraph
break -/ For the second inequality, we prove that

⋃
x∈Λ∩Bd(R)(x +

D) ⊆ Bd(R + L). Consider a vector x ∈ Λ ∩ Bd(R) and a vector
y ∈ x + D. Then ‖x‖ < R and ‖y − x‖ ≤ L, so ‖y‖ < R + L,
concluding the proof.

To link Lemma 3.1 and Lemma 3.2, we need a lemma relating |Λ ∩ B| with
|X ∩ B|, which is what the following lemma does.
Lemma 3.3

For all R, we have the following inequality relating the number of
points fromX periodic with respect toΛ in a ball with the number
of points from Λ:

|Λ ∩ Bd(R− L)| |X/Λ| ≤ |X ∩ Bd(R)| ≤ |Λ ∩ Bd(R+ L)| |X/Λ| .

Proof for Lemma 3.3

For the first inequality, we notice that
⋃

x∈Λ∩Bd(R−L)(x + D) ⊆
Bd(R), because for x ∈ Λ ∩ Bd(R − L) and y ∈ x + D, we have
‖x‖ < R− L and ‖y − x‖ ≤ L, so ‖y‖ < R by the triangle inequal-
ity. Intersecting both sides withX and simplifying, we get ⋃

x∈Λ∩Bd(R−L)

(x+D)

∩X =
⋃

x∈Λ∩Bd(R−L)

((x+D)∩X) ⊆ Bd(R)∩X.

Taking cardinalities and noting that |(x + D) ∩X| = |X/Λ| for all
x, we obtain |Λ ∩ Bd(R − L)||X/Λ| ≤ |X ∩ Bd(R)|. /- source para-
graph break -/ The proof of the second inequality is similar. We
again observe that Bd(R) ⊆

⋃
x∈Λ∩Bd(R+L)(x + D), which follows

from the tiling property of a fundamental domain. Intersecting
both sides with X and taking cardinalities concludes the proof. /-
source paragraph break -/ There are several technicalities when
formalising in Lean, such as having to prove that |Λ ∩ Bd(R)| is
countable and finite. Those are handled in aux3.

When we combine the inequalities above, we need one additional compu-
tational lemma.
Lemma 3.4
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For any constant C > 0, we have

lim
R→∞

Vol(Bd(R))

Vol(Bd(R+ C))
= 1.

Proof for Lemma 3.4

Write out the formula for the volume of a ball and simplify. More
specifically, wehaveVol(Bd(R)) = Rdπd/2/Γ

(
d
2 + 1

)
, soVol(Bd(R))/Vol(Bd(R+

C)) = Rd/(R+ C)d =
(
1− 1

R+C

)d
, which tends to 1.

Finally, we can relate the density of a periodic sphere packing to the natu-
ral definition of density given by any of its fundamental domains.
Theorem 3.5

For a periodic sphere packing P = P(X) with centers X periodic
with respect to the lattice Λ and separation r,

∆P = |X/Λ| · Vol(Bd(r/2))

Vol(Rd/Λ)
.

This identifies Definition 2.3 for periodic packings.

Proof for Theorem 3.5

Fix any fundamental domainD (induced by any basis) of the lattice
Λ. Combining Lemma 3.1, Lemma 3.2 and Lemma 3.3, we get the
following inequality for the finite density:

|X/Λ|·Vol(Bd(r/2))

Vol(Rd/Λ)
·Vol(Bd(R− r/2− 2L))

Vol(Bd(R))
≤ ∆P(R) ≤ |X/Λ|·Vol(Bd(r/2))

Vol(Rd/Λ)
·Vol(Bd(R+ r/2 + 2L))

Vol(Bd(R))
.

Taking limit on both sides as R → ∞ and apply the Sandwich the-
orem and Lemma 3.4, we get

∆P = lim sup
R→∞

∆P(R) = lim
R→∞

∆P(R) = |X/Λ| · Vol(Bd(r/2))

Vol(Rd/Λ)
.



4 The E8 Lattice

There are several equivalent definitions of theE8 lattice. Below, we formalise
two of them and prove that they are equivalent.
Definition 4.1

We define the E8 lattice as a subset of R8 by

Λ8 = {(xi) ∈ Z8 ∪ (Z+ 1
2 )

8|
8∑

i=1

xi ≡ 0 (mod 2)}.

Definition 4.2

We define the E8 basis vectors to be the set of vectors

B8 =





1
−1
0
0
0
0
0
0


,



0
1
−1
0
0
0
0
0


,



0
0
1
−1
0
0
0
0


,



0
0
0
1
−1
0
0
0


,



0
0
0
0
1
−1
0
0


,



0
0
0
0
0
1
1
0


,



−1/2
−1/2
−1/2
−1/2
−1/2
−1/2
−1/2
−1/2


,



0
0
0
0
0
1
−1
0




.

Theorem 4.3

The two definitions above coincide, i.e. Λ8 = spanZ(B8).

Proof for Theorem 4.3

We prove that each side contains the other. /- source paragraph
break -/ For a vector ~v ∈ Λ8 ⊆ R8, we have

∑
i ~vi ≡ 0 (mod 2)

and all coordinates are either integers or half-integers. After some
modulo arithmetic, it can be seen that B−1

8 ~v has integer coordi-
nates, so ~v ∈ spanZ(B8). /- source paragraph break -/ For the op-
posite direction, write ~v =

∑
i ciBi

8 ∈ spanZ(B8) with the ci inte-
gers and Bi

8 the i-th basis vector. Expanding the definition gives

10
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~v =
(
c1 − 1

2c7,−c1 + c2 − 1
2c7, · · · ,−

1
2c7
)
. Again, after some mod-

ulo arithmetic, it can be seen that
∑

i ~vi is 0modulo 2 and that the
coordinates are all either integers or all half-integers. /- source
paragraph break -/ This proof does not depend onB8 being linearly
independent.

In this section, we establish basic properties of the E8 lattice and the B8

vectors.
Lemma 4.4

B8 is an R-basis of R8. This uses Definition 4.2.

Proof for Lemma 4.4

It suffices to prove thatB8 ∈ GL8(R). We do this by explicitly defin-
ing the inversematrixB−1

8 and provingB8B−1
8 = I8, which implies

that det(B8) is nonzero. See the Lean code for more details.

Lemma 4.5

Λ8 is an additive subgroup of R8.

Proof for Lemma 4.5

This follows trivially from the fact that Λ8 ⊆ R8 is the Z-span of B8

and hence an additive group.

Lemma 4.6

All vectors in Λ8 have norm of the form
√
2n, where n is a nonneg-

ative integer. This uses Theorem 4.3.

Proof for Lemma 4.6

Writing ~v =
∑

i ciBi
8, we have ‖v‖2 =

∑
i

∑
j cicj(Bi

8 · Bj
8). Com-

puting all 64 pairs of dot products and simplifying gives a large
quadratic form in the ci with even integer coefficients, concluding
the proof.

Lemma 4.7

cΛ8 is discrete, that is, the subspace topology induced by its inclu-
sion into R8 is the discrete topology.

Proof for Lemma 4.7

Since Λ8 is a topological group and + is continuous, it suffices to
prove that {0} is open in Λ8. This follows from the existence of
an open ball B(

√
2) ⊆ R8 around zero containing no other lattice

points, since the shortest nonzero vector has norm
√
2.
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Lemma 4.8

cΛ8 is a Z-lattice, that is, it is discrete and spans R8 over R.

Proof for Lemma 4.8

Thefirst part is byLemma4.7, and the secondpart follows from the
fact that B8 is a basis (Lemma 4.4) and hence linearly independent
over R.

Prove E8 is unimodular.
Prove E8 is positive-definite.

Definition 4.9

TheE8 sphere packing is the (periodic) sphere packing with sepa-
ration

√
2, whose set of centres is Λ8.

Lemma 4.10

Vol(Λ8) = Covol(R8/Λ8) = 1.

Proof for Lemma 4.10

TODO: In theory this should follow directly from det(Λ8) = 1, but
Lean hates me and EuclideanSpace is being annoying.

Theorem 4.11

We have∆P(E8) =
π4

384 .

Proof for Theorem 4.11

By Theorem 3.5, we have ∆P(E8) = |E8/E8| ·
Vol

(
B8(

√
2/2)

)
Covol(E8)

= π4

384 ,
where the last equality follows from Lemma 4.10 and the formula
for volume of a ball: Vol(Bd(R)) = Rdπd/2/Γ

(
d
2 + 1

)
.



5 Fourier Analysis

Recall the definition of a Fourier transform.
Definition 5.1

The Fourier transform of an L1-function f : Rd → C is defined as

F(f)(y) = f̂(y) :=

∫
Rd

f(x)e−2πi〈x,y〉 dx, y ∈ Rd

where 〈x, y〉 = 1
2‖x‖

2 + 1
2‖y‖

2 − 1
2‖x − y‖2 is the standard scalar

product in Rd.

The following computational result will be of use later on.
Lemma 5.2

F(eπi‖x‖
2z)(y) = z−4 eπi‖y‖

2 (−1
z ).

Proof for Lemma 5.2

Fill in proof.

Of great interest to us is a specific family of functions, known as Schwartz
functions. The Fourier transform behaves particularly well when acting on
Schwartz functions. We elaborate in the following subsections.
Definition 5.3

A C∞ function f : Rd → C is called a Schwartz function if it de-
cays to zero as ‖x‖ → ∞ faster than any inverse power of ‖x‖,
and the same holds for all partial derivatives of f . That is, for all
k, n ∈ N, there exists a constant C ∈ R such that for all x ∈ Rd,
‖x‖k ·

∥∥f (n)(x)∥∥ ≤ C, where f (n) denotes then-th derivative of f to-
getherwith the appropriate operator norm. The set of all Schwartz
functions from Rd to C is called the Schwartz space. It is an R-
vector space.

Lemma 5.4

13
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The Fourier transform is a continuous linear automorphism of the
space of Schwartz functions.

Proof for Lemma 5.4

We do not elaborate here, as the result already exists in Mathlib.
We do, however, mention that the Lean implementation defines
a continuous linear equivalence on the Schwartz space using the
Fourier transform. The proof that for any Schwartz function f ,
its Fourier transform and its image under this continuous linear
equivalence are the same Rd → R function is stated in Mathlib
solely for the purpose of rw and simp, and is proved simply by rfl.

Another reasonwe are interested in Schwartz functions is that they behave
well under infinite sums. This will be useful when proving the Cohn-Elkies
linear programming bound.

We begin by stating a general summability result over specific subsets of
Rd.
Lemma 5.5

LetX ⊂ Rd be a set of sphere-packing centers of separation 1 that
is periodic with some lattice Λ ⊂ Rd. Then there exists k ∈ N
sufficiently large such that∑

x∈X

1

‖x‖k
<∞.

Proof for Lemma 5.5

First, note that it does not matter how we number the countably
many elements of the discrete setX: if we prove absolute conver-
gence for one numbering, we prove absolute convergence for any
numbering. The idea is to bound the sequence of partial sums by
considering the volumes of concentric d-spheres of the appropri-
ate radii, or scaled versions of a zero-centered fundamental do-
main. /- source paragraph break -/ Finish.

The decaying property of Schwartz functionsmeans that they can be com-
pared with the absolutely convergent power series above.
Lemma 5.6

Let f : Rd → C be a Schwartz function and letX ⊂ Rd be periodic
with respect to some lattice Λ ⊂ Rd. Then∑

x∈X

|f(x)| <∞.
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Proof for Lemma 5.6

Without loss of generality, assume that 0 /∈ X: if 0 ∈ X, we can add
the f(0) term to the sum over nonzero elements of X. We know
that for all k ∈ N there exists some constant C such that |f(x)| ≤
C ‖x‖−k for all x ∈ Rd. Choosing k to be sufficiently large, we
obtain ∑

x∈X

|f(x)| ≤
∑
x∈X

C

‖x‖k
= C

∑
x∈X

1

‖x‖k
<∞.

Weendwith a crucial result on Schwartz functions, the statement of which
only makes sense because of the above result.
Theorem 5.7

Let Λ be a lattice inRd, and let f : Rd → R be a Schwartz function.
Then, for all v ∈ Rd,∑

`∈Λ

f(`+ v) =
1

Vol(Rd/Λ)

∑
m∈Λ∗

f̂(m)e−2πi〈v,m〉.

Proof for Theorem 5.7

Onepossible proofwould be by induction on d. However, there are
numerous nuances involved, particularly in manipulating nested
infinite sums. Ideas would be appreciated.

While thePoisson summation formula over lattices canbe stated in greater
generality and probably should be formalised as such in Mathlib due to its
many applications, we stick with Schwartz functions because that should be
sufficient for our purposes.
Theorem 5.8

Assume f : R → C is smooth on [0,∞) and for all k, n ∈ N there
exists C ∈ R such that

x
k
2 · |f (n)(x)| ≤ C.

Then, for all d ∈ N, the function

fd : Rd → C, fd(x) := f(‖x‖2)

is a Schwartz function.



6 Cohn-Elkies Bounds

In 2003 Cohn and Elkies developed linear programming bounds that apply di-
rectly to sphere packings; see Cohn and Elkies (2003). The goal of this section
is to formalize the Cohn-Elkies linear programming bound.

The following theorem is the key result of Cohn and Elkies (2003). Note
that the original theorem is stated for a class of functions more general then
Schwartz functions.
Theorem 6.1

Let X ⊂ Rd be a discrete subset such that ‖x − y‖ ≥ 1 for any
distinct x, y ∈ X. Suppose that X is Λ-periodic with respect to
some lattice Λ ⊂ Rd. Let f : Rd → R be a Schwartz function that is
not identically zero and satisfies f(x) ≤ 0 for ‖x‖ ≥ 1 and f̂(x) ≥ 0
for all x ∈ Rd. Then the density of any Λ-periodic sphere packing
is bounded above by

f(0)

f̂(0)
· vol(Bd(0, 1/2)).

Proof for Theorem 6.1

Here we reproduce the proof given in Cohn and Elkies (2003). The
inequality

](X/Λ) · f(0) ≥
∑
x∈X

∑
y∈X/Λ

f(x− y) =
∑

x∈X/Λ

∑
y∈X/Λ

∑
`∈Λ

f(x− y+ l)

follows from the first Cohn-Elkies condition of the theorem and
the assumption on the distances between points in X. /- -/ The
equality∑
x∈X/Λ

∑
y∈X/Λ

∑
`∈Λ

f(x−y+l) =
∑

x∈X/Λ

∑
y∈X/Λ

1

vol(Rd/Λ)

∑
m∈Λ∗

f̂(m) e2πim(x−y)

follows from the Poisson summation formula. /- -/ The right-hand
side of the above equation can be written as∑
x∈X/Λ

∑
y∈X/Λ

1

vol(Rd/Λ)

∑
m∈Λ∗

f̂(m) e2πim(x−y) =
1

vol(Rd/Λ)

∑
m∈Λ∗

f̂(m)·
∣∣ ∑
x∈X/Λ

e2πimx
∣∣2.

16
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Note that
∣∣∑

x∈X/Λ e
2πimx

∣∣2 ≥ 0 for all m ∈ Λ∗. Moreover, the
termcorresponding tom = 0 satisfies

∣∣∑
x∈X/Λ e

2πi0x
∣∣2 = ](X/Λ)2.

/- -/ Now we use the second Cohn-Elkies condition and estimate

1

vol(Rd/Λ)

∑
m∈Λ∗

f̂(m) ·
∣∣ ∑
x∈X/Λ

e2πim(x−y)
∣∣2 ≥ ](X/Λ)2

vol(Rd/Λ)
· f̂(0).

Comparing inequalities, we arrive at

](X/Λ)

vol(Rd/Λ)
≤ f(0)

f̂(0)
.

Now we see that the density of the periodic packing PX with balls
of radius 1/2 is bounded by

∆(PX) =
](X/Λ)

vol(Rd/Λ)
· vol(Bd(0, 1/2)) ≤

f(0)

f̂(0)
· vol(Bd(0, 1/2)).

This finishes the proof of the theorem for periodic packings.

Theorem 6.2

Let f : Rd → R be a Schwartz function that is not identically
zero and satisfies Cohn-Elkies condition 1 and Cohn-Elkies condi-
tion 2 above. Then the density of any Λ-periodic sphere packing is
bounded above by

f(0)

f̂(0)
· vol(Bd(0, 1/2)).

Proof for Theorem 6.2

The result follows immediately from Theorem Theorem 2.13 and
the Cohn-Elkies periodic theorem Theorem 6.1.

The main step in our proof of Corollary 2.16 is the explicit construction of
an optimal function. It will be convenient for us to scale this function by

√
2.

Theorem 6.3

There exists a radial Schwartz function g : R8 → Rwhich satisfies:

g(x) ≤ 0 for ‖x‖ ≥
√
2

ĝ(x) ≥ 0 for all x ∈ R8

g(0) = ĝ(0) = 1.



7 Modular Forms

In this section, we recall and develop some theory of (quasi)modular forms.
LetH be the upper half-plane {z ∈ C | =(z) > 0}.

Lemma 7.1

The modular group Γ1 := SL2(Z) acts on H by linear fractional
transformations (

a b
c d

)
z :=

az + b

cz + d
.

Proof for Lemma 7.1

Definition 7.2

The levelN principal congruence subgroup of Γ1 is

Γ(N) :=
{(

a b
c d

)
∈ Γ1

∣∣ ( a b
c d

)
≡ ( 1 0

0 1 ) mod N
}
.

Definition 7.3

A subgroupΓ ⊂ Γ1 is a congruence subgroup ifΓ(N) ⊂ Γ for some
N ∈ N.

Definition 7.4

Define the matrices

S =

(
0 −1
1 0

)
∈ Γ1

T =

(
1 1
0 1

)
∈ Γ1

α =

(
1 2
0 1

)
∈ Γ2 ⊂ Γ1

β =

(
1 0
2 1

)
∈ Γ2 ⊂ Γ1.

It is easily verifiable that α = T 2 and β = −Sα−1S = −ST−2S.

18
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Lemma 7.5

We have Γ(1) = 〈S, T,−I〉.

Lemma 7.6

We have Γ(2) = 〈α, β,−I〉.

Let z ∈ H, k ∈ Z, and
(
a b
c d

)
∈ SL2(Z). We omit many of the proofs below

when they exist in Mathlib already.
Definition 7.7

The automorphy factor of weight k is defined as

jk(z,
(
a b
c d

)
) := (cz + d)−k.

Lemma 7.8

The automorphy factor satisfies the chain rule

jk(z, γ1γ2) = jk(z, γ1) jk(γ2z, γ1).

Proof for Lemma 7.8

Definition 7.9

Let F be a function on H and γ ∈ SL2(Z). Then the slash operator
acts on F by

(F |kγ)(z) := jk(z, γ)F (γz).

Lemma 7.10

The chain rule implies

F |kγ1γ2 = (F |kγ1)|kγ2.

Proof for Lemma 7.10

Lemma 7.11

For even k, F |k(−I) = F .

Proof for Lemma 7.11
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Follows from the definition of the slash operator: (F |k(−I))(z) =
(−1)−kF ((−I)z) = F (z).

Definition 7.12

Let Γ be a subgroup of SL2(Z). A modular form of level Γ and
weight k ∈ Z is a function f : H → C such that:

1. for all γ ∈ Γ, we have f |k γ = f

2. f is holomorphic on H
3. for all γ ∈ SL2(Z), there existA,B ∈ R such that for all z ∈ H

with A ≤ Im(z), we have |(f |k γ)(z)| ≤ B. This defines a
complex vector space denoted byMk(Γ).

Definition 7.13

For an even integer k ≥ 4 define the weight-k Eisenstein series by

Ek(z) :=
1

2

∑
(c,d)∈Z2,(c,d)=1

(cz + d)−k.

Lemma 7.14

For all k, Ek ∈Mk(Γ1). Especially, we have

Ek

(
−1

z

)
= zkEk(z).

Proof for Lemma 7.14

This follows from the fact that the sum converges absolutely. Ap-
plying the slash operator with γ =

(
0 −1
1 0

)
gives eqn:Ek-trans-S.

Lemma 7.15

Let Γ be a finite-index subgroup of SL2(Z) and let f ∈ Mk(Γ) be
a modular form of weight k. Then the Fourier coefficients an(f)
have polynomial growth, i.e. |an(f)| = O(nk).

Proof for Lemma 7.15

Note that the assumption on polynomial growth holds when f is a
holomorphicmodular form,where the proof canbe found in Serre
(1973) for the case of level-onemodular forms. This has been done
in Lean 4 by David Loeffler.

Lemma 7.16
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The Eisenstein series possesses the Fourier expansion

Ek(z) = 1 +
2

ζ(1− k)

∞∑
n=1

σk−1(n) e
2πiz,

where σk−1(n) =
∑

d|n d
k−1. In particular,

E4(z) = 1 + 240

∞∑
n=1

σ3(n) e
2πinz

E6(z) = 1− 504

∞∑
n=1

σ5(n) e
2πinz.

Proof for Lemma 7.16

Definition 7.17

Set

E2(z) := 1− 24

∞∑
n=1

σ1(n) e
2πinz.

Lemma 7.18

This function is not modular; however, it satisfies

z−2E2

(
−1

z

)
= E2(z)−

6i

π

1

z
.

Proof for Lemma 7.18

This is exercise 1.2.8 of Diamond and Shurman (2005).

Lemma 7.19

We have

(cz + d)−2E2

(
az + b

cx+ d

)
= E2(z)−

6ic

π(cz + d)
,

(
a b
c d

)
∈ SL2(Z).

Proof for Lemma 7.19

Use the fact that SL2(Z) is generatedbyS andT . Theneqn:E2-transform-general
follows from eqn:E2-S-transform together with E2|T = E2.

Definition 7.20
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The Dedekind eta function is defined as

η(z) = q1/24
∏
n≥1

(1− qn)

where q = e2πiz.

Lemma 7.21

The Dedekind eta function transforms as

η

(
−1

z

)
=

√
−izη(z).

Proof for Lemma 7.21

Consider the logarithmic derivative of η, which is equal to πi
12E2.

The result then follows from the transformation of E2. See Dia-
mond and Shurman (2005), Proposition 1.2.5.

Definition 7.22

The discriminant form∆(z) is given by

∆(z) = e2πiz
∏
n≥1

(1− e2πinz)24.

Lemma 7.23

∆(z) ∈M12(Γ1). Especially,

∆

(
−1

z

)
= z12∆(z).

Also, it vanishes at the unique cusp, i.e. it is a cusp form of level
Γ1 and weight 12.

Proof for Lemma 7.23

The fact that it is invariant under translation is clear from the def-
inition, so we only need to check transformation under S. Now,
note that η24 = ∆, and fromLemma7.21wehave η(−1/z) =

√
−izη(z),

so∆(−1/z) = z12∆(z) as required.

Lemma 7.24

We have
∆(z) = (E3

4 − E2
6)/1728.
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Proof for Lemma 7.24

We only need to show its a cuspform, since once we have this, di-
viding the rhs by∆would give amodular form of weight 0which is
a constant, and so we can determine the constant easily. /- source
paragraph break -/ To check its a cuspform, we just look at the q-
expansions ofE4 andE6 and prove directly that the first term van-
ishes.

Corollary 7.25

∆(it) > 0 for all t > 0.

Proof for Corollary 7.25

By Definition 7.22,

∆(it) = e−2πt
∏
n≥1

(1− e−2πnt)24 > 0.

Corollary 7.26

∆(z) 6= 0 for all z ∈ H.

Proof for Corollary 7.26

This follows from the product formula.

Theorem 7.27

Letk ∈ Zwithk < 0. ThenMk(Γ1) = {0} andmoreoverdimM0(Γ(1)) =
1.

Proof for Theorem 7.27

The proof makes use of the maximum modulus principle. Since
this is already formalized,we skip thedetails here, but see theLean
proof for them.

Theorem 7.28

Let k ∈ Zwith k ≥ 0 and even. Then dimMk(Γ1) = bk/12c if k ≡ 2
mod 12, and dimMk(Γ1) = bk/12c+ 1 if k 6≡ 2 mod 12.

Proof for Theorem 7.28
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Firstwenote that for 2 < kwehave dim(Mk(Γ1)) = 1+dimSk(Γ1).
This follows since we know the Ek are inMk so by scaling appro-
priately, any non-cuspform f ∈ Mk we would have f − aEk ∈ Sk

for some a. /- source paragraph break -/ Next, note that Sk(Γ1) is
isomorphic toMk−12(Γ1), since if f ∈ Sk then f/∆ is now amodu-
lar form (using the product expansion of ∆ and its non-vanishing
on H) of weight k − 12. Note its important that f is a cuspform
so that the quotient by ∆ is a modular form. /- source paragraph
break -/ So we only need to know the dimensions of Mk(Γ1) for
0 ≤ k ≤ 12. For k = 0 we have dimM0(Γ1) = 1 by Theorem
7.27. For k = 4 we have dimM4(Γ1) = 1 since if there was a cusp-
form f of weight 4 then f/∆would be a modular form of negative
weight, i.e. zero, so f = 0. Similarly for k = 6, 8, 10. For k = 12
we have dimS12(Γ1) = 1 since the discriminant form is a cusp
form of weight 12 and any other cusp form of weight 12 would be
a scalar multiple of ∆ (since their ratio would be a modular form
of weight 0). So we have dimM12(Γ1) = 2. /- source paragraph
break -/ Finally we need to check that dimM2(Γ1) = 0. Firstly,
there can’t be any cuspforms here by the same argument as above.
So we need to check that there are no modular forms of weight
2. If we did have one, call it f then f2 would be a non-cuspform
of weight 4 and so f2 = aE4, where in fact a = a0(f)

2 (since
(f2−a0(f)E4) is nowa cuspformofweight 4whichmeans its zero).
Similarly, f3 = a0(f)

3E6. But now taking powers to make them
weight 12 forms we see that a0(f)6(E3

4 − E2
6) = 0 = 1728a0(f)

6∆,
but a0(f) 6= 0 (since its assumed to not be a cuspform), this would
mean∆ = 0 which we know can’t happen.

Theorem 7.29

LetΓbea congruence subgroup. ThenMk(Γ) is finite-dimensional.

Proof for Theorem 7.29

We know that dim(Mk(Γ1)) is finite-dimensional, hence there is
some rk such that any element ofMk(Γ1) vanishing at infinity to
degree greater than rk must be zero. Now take f ∈ Mk(Γ) van-
ishing to degree n at infinity, and set F =

∏
γ f |k γ, where the

product is over a set of representatives of Γ1\Γ. Then F is a modu-
lar form of weight kdwhere d = [Γ1 : Γ], and it vanishes at infinity
to degree at least n. So if n > rkd, then F = 0, and hence f = 0.

Corollary 7.30

We have
dimM2(SL2(Z)) = 0
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dimM4(SL2(Z)) = dimM6(SL2(Z)) = dimM8(SL2(Z)) = 1

dimS4(SL2(Z)) = dimS6(SL2(Z)) = dimS8(SL2(Z)) = 0.

Proof for Corollary 7.30

Definition 7.31

We define three different theta functions, the ”Thetanullwerte”,
Θ2,Θ3,Θ4, by

Θ2(z) = θ10(z) =
∑
n∈Z

eπi(n+
1
2 )

2z

Θ3(z) = θ00(z) =
∑
n∈Z

eπin
2z

Θ4(z) = θ01(z) =
∑
n∈Z

(−1)n eπin
2z.

Definition 7.32

DefineH2 = Θ4
2,H3 = Θ4

3,H4 = Θ4
4.

Lemma 7.33

These elements act on the theta functions in the following way.

H2|S = −H4, H3|S = −H3, H4|S = −H2

and
H2|T = −H2, H3|T = H4, H4|T = H3.

Proof for Lemma 7.33

The last three identities easily follow from the definition. For ex-
ample, eqn:H2-transform-T follows from

Θ2(z + 1) =
∑
n∈Z

eπi(n+
1
2 )

2(z+1) =
∑
n∈Z

eπi(n+
1
2 )

2

eπi(n+
1
2 )

2z

=
∑
n∈Z

eπi(n
2+n+ 1

4 )eπi(n+
1
2 )

2z =
∑
n∈Z

(−1)n
2+neπi/4eπi(n+

1
2 )

2z

= eπi/4Θ2(z),

and taking fourthpowers. The identitieseqn:H2-transform-S and
eqn:H4-transform-S are equivalent under z ↔ −1/z, so it is enough
to show eqn:H2-transform-S and eqn:H3-transform-S. These
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identities follow from the identities of the two-variable Jacobi theta
function, which is defined as

θ(z, τ) =
∑
n∈Z

e2πinz+πin2τ .

This function specializes to the theta functions as

Θ2(τ) = eπiτ/4θ(−τ/2, τ),

Θ3(τ) = θ(0, τ),

Θ4(τ) = θ(1/2, τ),

and Poisson summation gives

θ(z, τ) =
1√
−iτ

e−
πiz2

τ θ

(
z

τ
,−1

τ

)
.

Applying these specializations yields the identities. For example,
eqn:H4-transform-S follows from

Θ4(τ) = θ

(
1

2
, τ

)
=

1√
−iτ

e−
πi
4τ θ

(
1

2τ
,−1

τ

)
=

1√
−iτ

Θ2

(
−1

τ

)
,

and taking fourth powers.

Lemma 7.34

H2, H3, and H4 are slash invariant under Γ(2), that is, for all γ ∈
Γ(2) and i ∈ {2, 3, 4}, we haveHi|γ = Hi|γ−1 = Hi.

Proof for Lemma 7.34

By Lemma 7.6 and Lemma 7.10, it suffices to show that the Hi are
invariant under slash actions with respect to α, β, and −I. Invari-
ance under −I follows from Lemma 7.11. The rest follows from
Lemma 7.10, Lemma 7.33, and the matrix identities α = T 2 and
β = −Sα−1S = −ST−2S. For example, invariance forH2 follows
from H2|α = H2|T 2 = −H2|T = H2 and H2|β = H2|(−Sα−1S) =
H2|(Sα−1S) = −H4|(α−1S) = −H4|S = H2.

Lemma 7.35

For all γ ∈ Γ1, the slash-translates H2|2γ, H3|2γ, and H4|2γ are
holomorphic at i∞.

Proof for Lemma 7.35
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Wewant to show that for γ ∈ Γ1, ‖H2|2γ(z)‖ is bounded as z ∈ H →
i∞. By Lemma 7.33, Lemma 7.6, and induction on group elements,
the set {±H2,±H3,±H4} is closed under the action of Γ1. Hence
it suffices to prove that H2,H3,H4 are bounded at i∞. For z ∈ H
with =(z) ≥ A,

‖H2(z)‖ =

∥∥∥∥∥∑
n∈Z

exp

(
πi

(
n+

1

2

)2

z

)∥∥∥∥∥
4

≤

(∑
n∈Z

∥∥∥∥∥exp
(
πi

(
n+

1

2

)2

z

)∥∥∥∥∥
)4

=

(∑
n∈Z

∥∥∥∥∥exp
(
−π
(
n+

1

2

)2

=(z)

)∥∥∥∥∥
)4

≤

(∑
n∈Z

∥∥∥∥∥exp
(
−π
(
n+

1

2

)2

A

)∥∥∥∥∥
)4

.

Thefinal term is convergent because it equals exp(−πA/4)θ(iA/2, iA).
The proofs forH3 andH4 are similar.

Lemma 7.36

H2,H3, andH4 belong toM2(Γ(2)).

Proof for Lemma 7.36

FromLemma 7.34 and Lemma 7.35, it remains ot prove thatH2,H3

andH4 are holomorphic onH. fill in proof.

Lemma 7.37

H2 admits a Fourier series of the form

H2(z) =
∑
n≥1

cH2(n)e
πinz

for some cH2
(n) ∈ R≥0, with cH2

(1) = 16 and cH2
(n) = O(nk) for

some k ∈ N.

Proof for Lemma 7.37

WehaveH2(z) = Θ2(z)
4 =

(∑
n∈Z e

πi(n+ 1
2 )

2z
)4

=
(
2
∑

n≥0 e
πi(n+ 1

2 )
2z
)4

,

and then
(
2eπiz/4 + 2

∑
n≥1 e

πi(n2+n+ 1
4 )z
)4

= 16eπiz
(
1 +

∑
n≥1 e

πi(n2+n)z
)4

,
soH2(z) = 16eπiz +

∑
n≥2 cH2

(n)eπinz =
∑

n≥1 cH2
(n)eπinz.

Lemma 7.38
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H3 admits a Fourier series of the form

H3(z) =
∑
n≥0

cH3(n)e
πinz

for some cH3
(n) ∈ R≥0 with cH3

(0) = 1 and cH3
(n) = O(nk) for

some k ∈ N. Especially,H3 is not cuspidal.

Proof for Lemma 7.38

WehaveH3(z) = Θ3(z)
4 =

(∑
n∈Z e

πin2z
)4

=
(
1 + 2

∑
n≥1 e

πin2z
)4

=

1 +O(eπiz).

Lemma 7.39

H4 admits a Fourier series of the form

H4(z) =
∑
n≥0

cH4
(n)eπinz

for some cH4
(n) ∈ Rwith cH4

(0) = 1 and cH4
(n) = O(nk) for some

k ∈ N. Especially,H4 is not cuspidal.

Lemma 7.40

These three theta functions satisfy the Jacobi identity

H2 +H4 = H3 ⇔ Θ4
2 +Θ4

4 = Θ4
3.

Proof for Lemma 7.40

Let f = (H2+H4−H3)
2. Obviously, f is a modular form of weight

4 and level Γ(2). Using the transformation rules ofH2,H3,H4, we
have f |S = (−H4−H2+H3)

2 = f and f |T = (−H2+H3−H4)
2 = f ,

so f is actually a modular form of level 1. By considering the limit
as z → i∞, f is a cusp form, and hence f = 0 by eqn:dimS4.

Lemma 7.41

We have

E4 =
1

2
(H2

2 +H2
3 +H2

4 ) = H2
2 +H2H4 +H2

4

E6 =
1

2
(H2+H3)(H3+H4)(H4−H2) =

1

2
(H2+2H4)(2H2+H4)(H4−H2)

∆ =
1

256
(H2H3H4)

2.
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Proof for Lemma 7.41

We can prove these similarly as Lemma Lemma 7.40. The right-
hand sides ofeqn:e4theta, eqn:e6theta, andeqn:disctheta are
all modular forms of level Γ1 and of the desired weights, where
eqn:disctheta is a cusp form sinceH2 is. Now the identities fol-
low from the dimension calculations dimM4(Γ1) = dimM6(Γ1) =
dimS12(Γ1) = 1 and comparing the first nonzero q-coefficients.

Corollary 7.42

All three functions t 7→ H2(it),H3(it),H4(it) are positive for t > 0.

Proof for Corollary 7.42

ByLemmaLemma7.40 and the transformation laweqn:H2-transform-S,
it is enough to prove the positivity for Θ2(it), which is clear from
its definition:

Θ2(it) =
∑
n∈Z

e−π(n+ 1
2 )

2t > 0.

Definition 7.43

Let F be a quasimodular form. We define the (normalized) deriva-
tive of F as

F ′ = DF :=
1

2πi

d
dz
F.

Lemma 7.44

We have an equality of operatorsD = q d
dq . In particular, if F (z) =∑

n≥n0
anq

n, then F ′(z) =
∑

n≥n0
nanq

n.

Proof for Lemma 7.44

This followsdirectly from thedefinitionDefinition 7.43, since 1
2πi

d
dz e

2πinz =
ne2πinz.

Definition 7.45

For k ∈ R, define the weight-k Serre derivative ∂k of a modular
form F by

∂kF := F ′ − k

12
E2F.

Theorem 7.46
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Serre derivative ∂k is equivariant with the slash action of SL2(Z) in
the sense that

∂k(F |kγ) = (∂kF )|k+2γ, ∀γ ∈ SL2(Z).

Proof for Theorem 7.46

LetG = ∂kF = F ′ − k
12E2F . From F ∈Mk(Γ), we have

(F |kγ)(z) := (cz + d)−kF

(
az + b

cz + d

)
, γ =

(
a b
c d

)
∈ Γ.

By taking the derivative of the above equation, we get

d
dz

(F |kγ)(z) = −kc(cz + d)−k−1F

(
az + b

cz + d

)
+ (cz + d)−k(cz + d)−2dF

dz

(
az + b

cz + d

)
= −kc(cz + d)−k−1F

(
az + b

cz + d

)
+ (cz + d)−k−2dF

dz

(
az + b

cz + d

)
= −kc(cz + d)−k−1F

(
az + b

cz + d

)
+ 2πi(cz + d)−k−2F ′

(
az + b

cz + d

)
⇔ (F |kγ)′(z) = − kc

2πi
(cz + d)−k−1F

(
az + b

cz + d

)
+ (cz + d)−k−2F ′

(
az + b

cz + d

)
.

Combined with eqn:E2-transform-general, we get

((∂kF )|k+2γ)(z) = (cz + d)−k−2

(
F ′
(
az + b

cz + d

)
− k

12
E2

(
az + b

cz + d

)
F

(
az + b

cz + d

))
= (cz + d)−k−2F ′

(
az + b

cz + d

)
− k

12

(
E2(z)−

6ic

π(cz + d)

)
· (cz + d)−kF

(
az + b

cz + d

)
= (F |kγ)′(z)−

k

12
E2(z)(F |kγ)(z)

= ∂k(F |kγ)(z).

Theorem 7.47

Let F be a modular form of weight k and level Γ. Then ∂kF is a
modular form of weight k + 2 of the same level.

Proof for Theorem 7.47

Immediate from Theorem Theorem 7.46 since F |kγ = F for all
γ ∈ Γ.

Theorem 7.48
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We have
E′

2 =
E2

2 − E4

12

E′
4 =

E2E4 − E6

3

E′
6 =

E2E6 − E2
4

2
.

Proof for Theorem 7.48

In terms of Serre derivatives, these are equivalent to

∂1E2 = − 1

12
E4

∂4E4 = −1

3
E6

∂6E6 = −1

2
E2

4 .

By Theorem Theorem 7.47, all the Serre derivatives are, in fact,
modular. To be precise, the modularity of ∂4E4 and ∂6E6 directly
follows fromTheoremTheorem 7.47, and that of ∂1E2 follows from
eqn:E2-transform-general. Differentiating and squaring then
gives us the following:

E′
2|4γ = E′

2 −
ic

π(cz + d)
E2 −

3c2

π2(cz + d)2

E2
2 |4γ = E2

2 − 12ic

π(cz + d)
E2 −

36c2

π2(cz + d)2
.

Hence, eqn:DE2 − 1
12 eqn:E2sq-transform is a modular form of

weight 4. By Corollary 7.30, they should bemultiples ofE4,E6,E2
4 ,

and the proportionality constants can be determined by observing
the constant terms of q-expansions.

Corollary 7.49

We have
∆′ = E2∆.

Proof for Corollary 7.49

By Theorem 7.48,

∆′ =
3E2

4E
′
4 − 2E6E

′
6

1728
=

1

1728

(
3E2

4 · E2E4 − E6

3
− 2E6 ·

E2E6 − E2
4

2

)
=
E2(E

3
4 − E2

6)

1728
= E2∆.
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Lemma 7.50

We have
H ′

2 =
1

6
(H2

2 + 2H2H4 + E2H2)

H ′
3 =

1

6
(H2

2 −H2
4 + E2H3)

H ′
4 = −1

6
(2H2H4 +H2

4 − E2H4)

or equivalently,
∂2H2 =

1

6
(H2

2 + 2H2H4)

∂2H3 =
1

6
(H2

2 −H2
4 )

∂2H4 = −1

6
(2H2H4 +H2

4 ).

Proof for Lemma 7.50

Equivalences are obvious from the definition of the Serre deriva-
tive. Define f2, f3, f4 be the differences of the left and right hand
sides ofeqn:H2-serre-der, eqn:H3-serre-der, eqn:H4-serre-der.

f2 := ∂2H2 −
1

6
H2(H2 + 2H4)

f3 := ∂2H3 −
1

6
(H2

2 −H2
4 )

f4 := ∂2H4 +
1

6
H4(2H2 +H4).

Then these are a priori modular forms of weight 4 and level Γ(2),
and our goal is to prove that they are actually zeros. By Jacobi’s
identity eqn:jacobi-identity, we have f2 + f4 = f3. Also, the
transformation rules ofH2,H3,H4 give

f2|S = −f4

f2|T = −f2
f4|S = −f2

f4|T = f3 = f2 + f4.

Now define

g := (2H2 +H4)f2 + (H2 + 2H4)f4

h := f22 + f2f4 + f24 .
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Then one can check that both g and h are invariant under the ac-
tions of S and T , hence they aremodular forms of level 1. Also, by
analyzing the limit of g and h as z → i∞, one can see that g and
h are cusp forms, hence g = h = 0 by eqn:dimS6 and eqn:dimS8.
This implies

3E4f
2
2 = 3(H2

2+H2H4+H
2
4 )f

2
2 = ((2H2+H4)

2−(2H2+H4)(H2+2H4)+(H2+2H4)
2)f22

= (2H2 +H4)
2(f22 + f2f4 + f24 ) = 0

and by considering q-series (E4 has an invertible q-series), we get
f2 = 0.

Theorem 7.51

The Serre derivative satisfies the following product rule: for any
quasimodular forms F andG,

∂w1+w2
(FG) = (∂w1

F )G+ F (∂w2
G).

Proof for Theorem 7.51

It follows from the definition:

∂w1+w2
(FG) = (FG)′ − w1 + w2

12
E2(FG)

= F ′G+ FG′ − w1 + w2

12
E2(FG)

=
(
F ′ − w1

12
E2F

)
G+ F

(
G′ − w2

12
E2G

)
= (∂w1F )G+ F (∂w2G).

We also have the following useful theorem for proving positivity of quasi-
modular forms on the imaginary axis, which is Proposition 3.5 and Corollary
3.6 of Lee (2024).
Theorem 7.52

Let F be a holomorphic quasimodular cusp formwith real Fourier
coefficients. Assume that there exists k such that (∂kF )(it) > 0
for all t > 0. If the first Fourier coefficient of F is positive, then
F (it) > 0 for all t > 0.

Proof for Theorem 7.52
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By eqn:logder-disc-E2 we have

d
dt

(
F (it)

∆(it)
k
12

)
= (−2π)

F ′(it)∆(it)
k
12 − F (it) k

12E2(it)∆(it)
k
12

∆(it)
k
6

= (−2π)
(∂kF )(it)

∆(it)
k
12

< 0.

Hence the function t 7→ F (it)

∆(it)
k
12

is monotone decreasing. Because

the first nonzero Fourier coefficient of F is positive, F (it) > 0 for
sufficiently large t:

F =
∑
n≥n0

anq
n ⇒ e2πn0tF (it) = an0+e

−2πt
∑

n≥n0+1

ane
−2π(n−n0−1)t,

and limt→∞ e2πn0tF (it) = an0
> 0. The result follows.



8 Fourier Eigenfunctions with
Double Zeroes

First we define the function a. To this end, we consider the following func-
tions.
Definition 8.1

Define
φ−4 :=

E2
4

∆

φ−2 :=
E4(E2E4 − E6)

∆

φ0 :=
(E2E4 − E6)

2

∆
.

The function φ0(z) is notmodular; however, it satisfies the following trans-
formation rules.
Lemma 8.2

We have
φ0(z + 1) = φ0(z)

φ0

(
−1

z

)
= φ0(z)−

12i

π

1

z
φ−2(z)−

36

π2

1

z2
φ−4(z).

Proof for Lemma 8.2

Equation φ0(z + 1) = φ0(z) follows easily from periodicity of the
Eisenstein series and of∆(z). For the second transformation law,

φ0

(
−1

z

)
=

(E2(−1/z)E4(−1/z)− E6(−1/z))2

∆(−1/z)

=
((z2E2(z)− 6iz/π) · z4E4(z)− z6E6(z))

2

z12∆(z)

35
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=

(
E2(z)E4(z)− E6(z)− 6i

πzE4(z)
)2

∆(z)

=
(E2(z)E4(z)− E6(z))

2 − 12i
πz (E2(z)E4(z)− E6(z))E4(z)− 36

π2z2E4(z)
2

∆(z)

= φ0(z)−
12i

πz
φ−2(z)−

36

π2z2
φ−4(z).

For our formalization, we choose rectangular contours for the first and
second integrals, and write the definition as follows.
Definition 8.3

Define arad : R → C by

arad(r) := I1(r) + I2(r) + I3(r) + I4(r) + I5(r) + I6(r)

where

I1(r) :=

∫ −1+i

−1

φ0

(
−1

z + 1

)
(z + 1)2eπirzdz

I2(r) :=

∫ i

−1+i

φ0

(
−1

z + 1

)
(z + 1)2eπirzdz

I3(r) :=

∫ 1+i

1

φ0

(
−1

z − 1

)
(z − 1)2eπirzdz

I4(r) :=

∫ i

1+i

φ0

(
−1

z − 1

)
(z − 1)2eπirzdz

I5(r) := −2

∫ i

0

φ0

(
−1

z

)
z2eπirzdz

I6(r) := 2

∫ i∞

i

φ0(z)e
πirzdz.

Here all contours are chosen to be straight line segments. Define
a(x) := arad(‖x‖2) for x ∈ R8.

In the original paper, the integrals I1 and I2 are combined, as are I3 and
I4. We write them separately to simplify the formalization.

Now we prove that a satisfies condition eqn:a-fourier. The following
lemma will be used to prove Schwartzness of both a and b.
Lemma 8.4

Let f(z) be a holomorphic function with Fourier expansion

f(z) =
∑
n≥n0

cf (n)e
πinz
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with cf (n0) 6= 0. Assume that cf (n) has polynomial growth, that
is, |cf (n)| = O(nk) for some k ∈ N. Then there exists a constant
Cf > 0 such that ∣∣∣∣ f(z)∆(z)

∣∣∣∣ ≤ Cfe
−π(n0−2)=z

for all z with =z > 1/2.

When f(z) is a quasi-modular form, we can take k to be the weight of f .
Proof for Lemma 8.4

By the product formula for∆,∣∣∣∣ f(z)∆(z)

∣∣∣∣ =
∣∣∣∣∣

∑
n≥n0

cf (n)e
πinz

e2πiz
∏

n≥1(1− e2πinz)24

∣∣∣∣∣
= |eπi(n0−2)z| ·

|
∑

n≥n0
cf (n)e

πi(n−n0)z|∏
n≥1 |1− e2πinz|24

≤ e−π(n0−2)=z ·
∑

n≥n0
|cf (n)|e−π(n−n0)=z∏

n≥1(1− e−2πn=z)24

≤ e−π(n0−2)=z ·
∑

n≥n0
|cf (n)|e−π(n−n0)/2∏

n≥1(1− e−πn)24
= Cf · e−π(n0−2)=z.

Here

Cf =

∑
n≥n0

|cf (n)|e−π(n−n0)/2∏
n≥1(1− e−πn)24

.

Thenumerator converges absolutely becauseof polynomial growth,
and the denominator also converges; indeed it is simply eπ ·∆(i/2).

As corollaries, we obtain the following bounds for φ0, φ−2, and φ−4.
Corollary 8.5

There exists a constant C0 > 0 such that

|φ0(z)| ≤ C0e
−2π=z

for all z with =z > 1/2.

Proof for Corollary 8.5

ByRamanujan’s formula,E2E4−E6 = 3E′
4 = 720

∑
n≥1 nσ3(n)e

2πinz,
and

(E2(z)E4(z)− E6(z))
2 = 7202e4πiz +O(e5πiz).

The result then follows fromLemmaLemma8.4with f(z) = (E2E4−
E6)

2 and n0 = 4.
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Corollary 8.6

There exists a constant C−2 > 0 such that

|φ−2(z)| ≤ C−2

for all z with =z > 1/2.

Corollary 8.7

There exists a constant C−4 > 0 such that

|φ−4(z)| ≤ C−4e
2π=z

for all z with =z > 1/2.

Note that we can take the constants C0, C−2, and C−4 as

C0 = 9 · 2402 · eπ · E
′
4(i/2)

2

∆(i/2)

C−2 = 3 · E4(i/2)E
′
4(i/2)

∆(i/2)

C−4 = e−π · E4(i/2)
2

∆(i/2)
.

Lemma 8.8

For all n ∈ N, there exists a constant C ′ such that for all r ≥ 0,

rn ·
∫ ∞

1

e−2πs e−πr/s ds ≤ C ′.

Proof for Lemma 8.8

Fix n ∈ N. There exists a constant C such that for all x ≥ 0, |x|n ·
|e−πx| ≤ C. In particular, for all r ≥ 0 and s ≥ 1, rn ·e−πr/s ≤ Csn.
Hence

rn·
∫ ∞

1

e−2πs e−πr/s ds =
∫ ∞

1

e−2πs
(
|r|n · e−πr/s

)
ds ≤ C

∫ ∞

1

e−2πs sn ds.

The Gamma function is given by

Γ(x) =

∫ ∞

0

e−u ux−1 du

for all x > 0. Writing u = 2πs and using Γ(n+ 1) = n!, we obtain

C

∫ ∞

1

e−2πs sn ds ≤ C

∫ ∞

0

e−2πs sn ds = C

∫ ∞

0

1

(2π)n+1
e−u un du =

C · n!
(2π)n

.

Defining C ′ := C·n!
(2π)n finishes the proof.
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Lemma 8.9

There exists a constant C > 0 such that for all r ≥ 0,

|I1(r)|, |I3(r)|, |I5(r)| ≤ C

∫ ∞

1

e−2πs e−πr/s ds.

Proof for Lemma 8.9

We prove the bound only for I1(r), as the others are similar. With
the change of variable z = −1 + it for t ∈ [0, 1], we have

I1(r) = −i
∫ 1

0

φ0

(
−1

it

)
t2e−πir · e−πrt dt.

With the change of variable s = 1/t, this becomes

I1(r) = i

∫ ∞

1

φ0(is) · s−4 · e−πir · e−πr/s ds,

so

|I1(r)| ≤
∫ ∞

1

|φ0(is)|·s−4·|e−πir|·e−πr/s ds ≤
∫ ∞

1

|φ0(is)|·e−πr/s ds.

By Corollary Corollary 8.5, we conclude that

|I1(r)| ≤ C0

∫ ∞

1

e−2πs e−πr/s ds.

Lemma 8.10

There exist C1, C2 > 0 such that for all r ≥ 0,

|I2(r)|, |I4(r)| ≤ C1e
−πr

and

|I6(r)| ≤ C2
e−π(r+2)

r + 2
.

Proof for Lemma 8.10

For I2(r), parametrize z by z = t+ i for t ∈ [−1, 0]. Then

I2(r) =

∫ 0

−1

φ0

(
−1

t+ 1 + i

)
(t+ 1 + i)2eπirte−πr dt.
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Since the function z 7→ φ0

(
−1
z+1

)
(z+1)2 is holomorphic andbounded

on the contour, there exists C > 0 such that |φ0
(

−1
z+1

)
(z + 1)2| ≤

C, and therefore

|I2(r)| ≤
∫ 0

−1

Ce−πr dt = Ce−πr.

The bound for I4(r) is similar. /- source paragraph break -/ For
I6(r), parametrize z = it for t ∈ [1,∞), giving

I6(r) = 2i

∫ ∞

1

φ0(it)e
−πrt dt.

Using Corollary Corollary 8.5, the absolute value is bounded by

|I6(r)| ≤ 2

∫ ∞

1

|φ0(it)|e−πrt dt ≤ 2C0

π

∫ ∞

1

e−2πte−πrt dt =
2C0

π

e−π(r+2)

r + 2
.

Combining these bounds, one can show that a is a Schwartz function.
Lemma 8.11

a(x) is a Schwartz function.

Proof for Lemma 8.11

By Theorem Theorem 5.8, it suffices to show that the function is
smooth and decays faster than any polynomial. Smoothness fol-
lows fromdifferentiation under the integral, already formalized in
mathlib. The decay follows fromLemmas Lemma 8.9 and Lemma
8.10, together with Lemma 8.8.

Lemma 8.12

a(x) satisfies equation eqn:a-fourier.

Proof for Lemma 8.12

We recall that the Fourier transform of a Gaussian function is

F(eπi‖x‖
2z)(y) = z−4 eπi‖y‖

2 (−1
z ).

Next, exchange contour integration in the z variable with Fourier
transform in the x variable in the definition of a. This is justified
because the corresponding double integral converges absolutely.
In this way we obtain

â(y) =

i∫
−1

φ0

( −1

z + 1

)
(z+1)2 z−4 eπi‖y‖

2 (−1
z ) dz+

i∫
1

φ0

( −1

z − 1

)
(z−1)2 z−4 eπi‖y‖

2 (−1
z ) dz
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−2

i∫
0

φ0

(−1

z

)
z2 z−4 eπi‖y‖

2 (−1
z ) dz + 2

i∞∫
i

φ0(z) z
−4 eπi‖y‖

2 (−1
z ) dz.

Making the change of variables w = −1
z , we arrive at

â(y) =

i∫
1

φ0

(
1− 1

w − 1

)
(
−1

w
+ 1)2 w2 eπi‖y‖

2 w dw

+

i∫
−1

φ0

(
1− 1

w + 1

)
(
−1

w
− 1)2 w2 eπi‖y‖

2 w dw

−2

i∫
i∞

φ0(w) e
πi‖y‖2 w dw + 2

0∫
i

φ0

(−1

w

)
w2 eπi‖y‖

2 w dw.

Since φ0 is 1-periodic we have

â(y) =

i∫
1

φ0

( −1

z − 1

)
(z − 1)2 eπi‖y‖

2 z dz +

i∫
−1

φ0

( −1

z + 1

)
(z + 1)2 eπi‖y‖

2 z dz

+2

i∞∫
i

φ0(z) e
πi‖y‖2 z dz − 2

i∫
0

φ0

(−1

z

)
z2 eπi‖y‖

2 z dz

= a(y).

This finishes the proof of the proposition.

Next, we check that a has double zeroes at all Λ8-lattice points of length
greater then

√
2. Usingeqn:phi0-bound, eqn:phi2-bound, andeqn:phi4-bound,

we can control the behavior of φ0 near 0 and i∞.
Corollary 8.13

We have
φ0

(
i

t

)
= O(e−2π/t) as t→ 0

φ0

(
i

t

)
= O(t−2e2πt) as t→ ∞.

Proof for Corollary 8.13

The first estimate follows from eqn:phi0-bound with z = i/t. For
the secondestimate, byeqn:phi0-trans-S,eqn:phi2-bound, and
eqn:phi4-bound,∣∣∣∣φ0( it

)∣∣∣∣ ≤ |φ0(it)|+
12

πt
|φ−2(it)|+

36

π2t2
|φ−4(it)|
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≤ C0e
−2πt +

12

πt
· C−2 +

36

π2t2
· C−4e

2πt = O(t−2e2πt).

Lemma 8.14

For r >
√
2 we can express a(r) in the form

a(r) = −4 sin(πr2/2)2
i∞∫
0

φ0

(−1

z

)
z2 eπir

2 z dz.

Proof for Lemma 8.14

Denote the right-hand side by d(r). Convergence of the integral for
r >

√
2 follows from Corollary Corollary 8.13. We can write

d(r) =

i∞−1∫
−1

φ0

( −1

z + 1

)
(z+1)2 eπir

2 z dz−2

i∞∫
0

φ0

(−1

z

)
z2 eπir

2 z dz

+

i∞+1∫
1

φ0

( −1

z − 1

)
(z − 1)2 eπir

2 z dz.

Fromeqn:phi0-trans-Swededuce that if r >
√
2, thenφ0

(
−1
z

)
z2 eπir

2 z →
0 as =(z) → ∞. Therefore we can deform the paths of integration
and rewrite

d(r) =

i∫
−1

φ0

( −1

z + 1

)
(z+1)2 eπir

2 z dz+

i∞∫
i

φ0

( −1

z + 1

)
(z+1)2 eπir

2 z dz

−2

i∫
0

φ0

(−1

z

)
z2 eπir

2 z dz − 2

i∞∫
i

φ0

(−1

z

)
z2 eπir

2 z dz

+

i∫
1

φ0

( −1

z − 1

)
(z− 1)2 eπir

2 z dz+

i∞∫
i

φ0

( −1

z − 1

)
(z− 1)2 eπir

2 z dz.

Now eqn:phi0-trans-S implies

φ0

( −1

z + 1

)
(z + 1)2 − 2φ0

(−1

z

)
z2 + φ0

( −1

z − 1

)
(z − 1)2 = 2φ0(z),

and hence

d(r) =

i∫
−1

φ0

( −1

z + 1

)
(z + 1)2 eπir

2 z dz − 2

i∫
0

φ0

(−1

z

)
z2 eπir

2 z dz
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+

i∫
1

φ0

( −1

z − 1

)
(z − 1)2 eπir

2 z dz + 2

i∞∫
i

φ0(z) e
πir2 z dz = a(r).

Finally, we find another convenient integral representation for a and com-
pute values of a(r) at r = 0 and r =

√
2.

Lemma 8.15

For r ≥ 0 we have

a(r) = 4i sin(πr2/2)2
(

36

π3 (r2 − 2)
− 8640

π3 r4
+

18144

π3 r2

+

∞∫
0

(
t2 φ0

( i
t

)
− 36

π2
e2πt +

8640

π
t− 18144

π2

)
e−πr2t dt

)
.

The integral converges absolutely for all r ∈ R≥0.

Proof for Lemma 8.15

Suppose that r >
√
2. ThenbyPropositionprop:a-double-zeros,

a(r) = 4i sin(πr2/2)2
∞∫
0

φ0(i/t) t
2 e−πr2t dt.

From eqn:phi0-trans-S we obtain the asymptotic expansion

φ0(i/t) t
2 =

36

π2
e2πt − 8640

π
t+

18144

π2
+O(t2 e−2πt)

as t→ ∞. For r >
√
2,

∞∫
0

(
36

π2
e2πt +

8640

π
t+

18144

π2

)
e−πr2t dt =

36

π3 (r2 − 2)
− 8640

π3 r4
+
18144

π3 r2
.

Therefore the claimed identity holds for r >
√
2. /- source para-

graph break -/ On the other hand, the definition of a shows that
a(r) is analytic in a neighborhood of [0,∞), and the asymptotic
expansion above implies that the right-hand side is also analytic
there. Hence the identity holds on the whole interval [0,∞).

From eqn:a-another-integralwe see that the values a(r) lie in iR for all
r ∈ R≥0.
Lemma 8.16

We have a(0) = − i
8640 .
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Proof for Lemma 8.16

These identities follow immediately from the previous proposi-
tion.

Now we construct function b. To this end we consider the function.
Definition 8.17

Define
h(z) := 128

H3(z) +H4(z)

H2(z)2
.

It is easy to see that h ∈ M !
−2(Γ0(2)). Indeed, first check that h|−2γ =

h for all γ ∈ Γ0(2). Since Γ0(2) is generated by ( 1 0
2 1 ) and ( 1 1

0 1 ), it suffices
to check invariance under their action, which follows immediately from the
transformation lawsof the theta-null formsandeqn: h define. Next analyze
the poles of h. It is known that θ10 has no zeros in the upper half-plane, so h
has poles only at the cusps. At the cusp i∞, this modular form has Fourier
expansion

h(z) = q−1 + 16− 132q + 640q2 − 2550q3 +O(q4).

Let I = ( 1 0
0 1 ), T = ( 1 1

0 1 ), and S =
(
0 −1
1 0

)
be elements of Γ1.

Definition 8.18

Define
ψI := h− h|−2ST

ψT := ψI |−2T

ψS := ψI |−2S.

Lemma 8.19

ψI(z), ψS(z), and ψT (z) can be written as

ψI(z) =
H3

4 (5H
2
2 + 5H2H4 + 2H2

4 )

2∆

ψS(z) = −H
3
2 (2H

2
2 + 5H2H4 + 5H2

4 )

2∆

ψT (z) =
H3

3 (5H
2
2 − 5H2H3 + 2H2

3 )

2∆
.

Proof for Lemma 8.19
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By the transformation laws of the theta-null functions,

H2|−2ST = (−H4)|−2T = −H3

H3|−2ST = (−H3)|−2T = −H4

H4|−2ST = (−H2)|−2T = H2.

Using these identities and the level-one/level-two identities, we can
rewrite ψI(z) as

ψI(z) = h(z)− h|−2ST (z) = 128
H3 +H4

H2
2

− 128
−H4 +H2

H2
3

= 128
H2

3 (H3 +H4)−H2
2 (H2 −H4)

H2
2H

2
3

= 128
(H2 +H4)

2(H2 + 2H4)−H2
2 (H2 −H4)

H2
2H

2
3

= 128
H4(5H

2
2 + 5H2H4 + 2H2

4 )

H2
2H

2
3

=
H3

4 (5H
2
2 + 5H2H4 + 2H2

4 )

2∆
.

Applying |−2S and |−2T to the expression for ψI proves the formu-
las for ψS and ψT .

Lemma 8.20

The Fourier expansions of these functions are

ψI(z) = q−1 + 144 +O(q1/2)

ψT (z) = q−1 + 144 +O(q1/2).

Nowwe are ready to define b. Again, the definition here is slightly different
from that in Viazovska (2017), where all contours are chosen to be straight
lines.
Definition 8.21

Define brad : R → C by

brad(r) := J1(r) + J2(r) + J3(r) + J4(r) + J5(r) + J6(r)

where

J1(r) :=

∫ −1+i

−1

ψT (z)e
πirz dz

J2(r) :=

∫ i

−1+i

ψT (z)e
πirz dz

J3(r) :=

∫ 1+i

1

ψT (z)e
πirz dz

J4(r) :=

∫ i

1+i

ψT (z)e
πirz dz
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J5(r) := −2

∫ i

0

ψI(z)e
πirz dz

J6(r) := −2

∫ i∞

i

ψS(z)e
πirz dz.

Here all contours are straight line segments. Define b : R8 → C by
b(x) := brad(‖x‖2).

Now we prove that b is a Schwartz function and satisfies eqn:b-fourier.
As in the case of a(x), we start with an exponential bound forψS(z) andψI(z).
Lemma 8.22

There exist constants CI , CS , CT > 0 such that

|ψI(z)| ≤ CIe
2π=z

|ψT (z)| ≤ CT e
2π=z

|ψS(z)| ≤ CSe
−π=z.

Proof for Lemma 8.22

Theproof is similar to that of Lemma cor:phi0-bound and follows
from Lemma Lemma 8.4 together with the fact that the vanishing
orders of the numerators of ψI , ψT , and ψS at infinity are respec-
tively 0, 0, and 3

2 .

Lemma 8.23

There exists a constant C > 0 such that

|J1(r)|, |J3(r)|, |J5(r)| ≤ C

∫ ∞

1

e−πseπr/s ds.

Lemma 8.24

There exist C1, C2 > 0 such that

|J2(r)|, |J4(r)| ≤ C1e
−πr

|J6(r)| ≤ C2
eπ(r+1)

r + 1
.

Lemma 8.25

b(x) is a Schwartz function.

Proof for Lemma 8.25

Similar to the proof of Lemma 8.11.
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Lemma 8.26

b(x) satisfies equation eqn:b-fourier.

Proof for Lemma 8.26

Werepeat the argumentused in theproof of Propositionprop:a-fourier.
Using the Gaussian Fourier identity and exchanging the contour
integration in z with the Fourier transform in x, we get

F(b)(x) =

i∫
−1

ψT (z) z
−4 eπi‖x‖

2(−1
z ) dz +

i∫
1

ψT (z) z
−4 eπi‖x‖

2(−1
z ) dz

−2

i∫
0

ψI(z) z
−4 eπi‖x‖

2(−1
z ) dz − 2

i∞∫
i

ψS(z) z
−4 eπi‖x‖

2(−1
z ) dz.

With the change of variables w = −1
z , we arrive at

F(b)(x) =

i∫
1

ψT

(−1

w

)
w2 eπi‖x‖

2w dw+

i∫
−1

ψT

(−1

w

)
w2 eπi‖x‖

2w dw

−2

i∫
i∞

ψI

(−1

w

)
w2 eπi‖x‖

2w dw − 2

0∫
i

ψS

(−1

w

)
w2 eπi‖x‖

2w dw.

Now the definitions imply

ψT |−2S = −ψT

ψI |−2S = ψS

ψS |−2S = ψI ,

so this becomes

F(b)(x) =

i∫
1

−ψT (z) e
πi‖x‖2z dz +

i∫
−1

−ψT (z) e
πi‖x‖2z dz

+2

i∞∫
i

ψS(z) e
πi‖x‖2z dz + 2

i∫
0

ψI(z) e
πi‖x‖2z dw.

From the definition of b, we conclude that

F(b)(x) = −b(x).
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Now we regard the radial function b as a function on R≥0 and check that it
has double roots at the Λ8 points.
Corollary 8.27

We have
ψI(it) = O(t2eπ/t) as t→ 0

ψI(it) = O(e2πt) as t→ ∞.

Proof for Corollary 8.27

By eqn:psiS-define,

ψI(it) = (it)−2ψS

(
−1

it

)
= −t−2ψS

(
i

t

)
,

and combinedwith eqn:psiS-bound this gives eqn:psiI-near-0.
Equation eqn:psiI-near-infty follows from lemma:psi-bound.

Lemma 8.28

For r >
√
2, the function b(r) can be expressed as

b(r) = −4 sin(πr2/2)2
i∞∫
0

ψI(z) e
πir2 z dz.

Proof for Lemma 8.28

Denote the right-hand sideby c(r). ByCorollarycor:psiI-near-0-infty,
the integral converges for r >

√
2. Rewrite it as

c(r) =

i∞−1∫
−1

ψI(z+1) eπir
2 z dz−2

i∞∫
0

ψI(z) e
πir2 z dz+

i∞+1∫
1

ψI(z−1) eπir
2 z dz.

From the Fourier expansion of ψI , we know that ψI(z) = e−2πiz +
O(1) as =(z) → ∞. Because r2 > 2, we can deform the paths of
integration and write

i∞−1∫
−1

ψI(z + 1) eπir
2 z dz =

i∫
−1

ψT (z) e
πir2 z dz +

i∞∫
i

ψT (z) e
πir2 z dz

i∞+1∫
1

ψI(z − 1) eπir
2 z dz =

i∫
−1

ψT (z) e
πir2 z dz +

i∞∫
i

ψT (z) e
πir2 z dz.
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Hence

c(r) =

i∫
−1

ψT (z) e
πir2 z dz +

i∫
1

ψT (z) e
πir2 z dz − 2

i∫
0

ψI(z) e
πir2 z dz

+2

i∞∫
i

(ψT (z)− ψI(z)) e
πir2 z dz.

Next, the functions ψI , ψT , and ψS satisfy

ψT + ψS = ψI .

Using this identity, we find

c(r) =

i∫
−1

ψT (z) e
πir2 z dz +

i∫
1

ψT (z) e
πir2 z dz − 2

i∫
0

ψI(z) e
πir2 z dz

−2

i∞∫
i

ψS(z) e
πir2 z dz = b(r).

At the end of this section we find another integral representation of b(r)
for r ∈ R≥0 and compute special values of b.
Lemma 8.29

For r ≥ 0 we have

b(r) = 4i sin(πr2/2)2
 144

π r2
+

1

π (r2 − 2)
+

∞∫
0

(
ψI(it)− 144− e2πt

)
e−πr2t dt

 .

The integral converges absolutely for all r ∈ R≥0.

Proof for Lemma 8.29

Theproof is analogous to theproof of Propositionprop:a-another-integral.
First suppose that r >

√
2. ThenbyPropositionprop:b-double-zeros,

b(r) = 4i sin(πr2/2)2
∞∫
0

ψI(it) e
−πr2t dt.

From the Fourier expansion of ψI we obtain

ψI(it) = e2πt + 144 +O(e−πt)
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as t→ ∞. For r >
√
2,

∞∫
0

(
e2πt + 144

)
e−πr2t dt =

1

π (r2 − 2)
+

144

π r2
.

Therefore the identity holds for r >
√
2. /- source paragraph break

-/ On the other hand, the definition of b shows that b(r) is analytic
in a neighborhood of [0,∞), and the asymptotic expansion above
implies that the right-hand side is also analytic there. Hence the
identity holds on the whole interval [0,∞).

From eqn:b-another-integral we see that b(r) ∈ iR for all r ∈ R≥0.
Lemma 8.30

We have b(0) = 0.

Proof for Lemma 8.30

These identities follow immediately from the previous proposi-
tion.



9 Proof of the Optimal Function
Inequalities

Lemma 9.1

Consider the function A : (0,∞) → C defined as

A(t) := −t2φ0(i/t)−
36

π2
ψI(it).

Then
A(t) < 0

for all t > 0.

Lemma 9.2

Consider the function B : (0,∞) → C defined as

B(t) := −t2φ0(i/t) +
36

π2
ψI(it).

Then
B(t) > 0

for all t > 0.

Here we formalize the proof of the inequalities by Lee (2024). First, we can
rewrite the inequality in Lemma 9.1 as follows.
Definition 9.3

Define two quasi-modular forms by

F (z) = (E2(z)E4(z)− E6(z))
2

G(z) = H2(z)
3(2H2(z)

2 + 5H2(z)H4(z) + 5H4(z)
2).

Lemma 9.4

51



CHAPTER 9. PROOF OF THE OPTIMAL FUNCTION INEQUALITIES 52

We have
φ0 =

F

∆

ψS = −1

2

G

∆
.

Proof for Lemma 9.4

Equation eqn:phi0-F is clear. Equation eqn:psiS-G is already
shown in Lemma Lemma 8.19.

Lemma 9.5

Inequality eqn:ineqA and eqn:ineqB are equivalent to

F (it) +
18

π2
G(it) > 0

F (it)− 18

π2
G(it) > 0

respectively.

Proof for Lemma 9.5

By eqn:psiS-define from Definition 8.18,

ψI(it) = (ψS |−2S)(it) = (it)2ψS

(
− 1

it

)
= −t2ψS

(
i

t

)
.

Combined with Lemma Lemma 9.4 we can rewrite eqn:ineqA as

A(t) = −t2φ0
(
i

t

)
+

36

π2
ψS

(
i

t

)
< 0 ⇔ F (it)

∆(it)
+

18

π2

G(it)

∆(it)
> 0

for t > 0, which is equivalent to eqn:ineqAnew by Corollary Corol-
lary 7.25. Equivalences of eqn:ineqB and eqn:ineqBnew follows
similarly; just change the sign.

Now, the first inequality eqn:ineqAnew follows from the positivity of each
F (it) andG(it).
Lemma 9.6

For all t > 0, we have F (it) > 0 andG(it) > 0.

Proof for Lemma 9.6
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By Ramanujan’s identity Theorem 7.48, we have F (z) = 9E′
4(z)

2,
and hence

F (it) = 9E′
4(it)

2 = 9

240
∑
n≥1

nσ3(n)e
−2πnt

2

> 0.

The inequalityG(it) > 0 follows frompositivity ofH2(it) andH4(it)
in Corollary 7.42.

Corollary 9.7

Equation eqn:ineqAnew holds.

Proof for Corollary 9.7

This directly follows from Lemma Lemma 9.6.

To prove the second inequality, we need some identities satisfied by F and
G.
Lemma 9.8

F andG satisfy the following differential equations:

∂12∂10F − 5

6
E4F = 7200∆(−E′

2)

∂12∂10G− 5

6
E4G = −640∆H2.

Proof for Lemma 9.8

Both identities can be shown by direct computations. By Ramanu-
jan’s identities (Theorem Theorem 7.48) and the product rule for
Serre derivatives (Theorem Theorem 7.51), we have

∂5(E2E4 − E6) = (E2E4 − E6)
′ − 5

12
E2(E2E4 − E6)

=
E2

2 − E4

12
·E4+E2·

E2E4 − E6

3
−E2E6 − E2

4

2
− 5

12
E2(E2E4−E6) = − 5

12
(E2E6−E2

4)

and

∂7(E2E6 − E2
4) = (E2E6 − E2

4)
′ − 7

12
E2(E2E6 − E2

4)

=
E2

2 − E4

12
·E6+E2·

E2E6 − E2
4

2
−2E4·

E2E4 − E6

3
− 7

12
E2(E2E6−E2

4) = − 7

12
E4(E2E4−E6).



CHAPTER 9. PROOF OF THE OPTIMAL FUNCTION INEQUALITIES 54

Using these, we compute

∂10F = ∂10(E2E4−E6)
2 = 2(E2E4−E6)∂5(E2E4−E6) = −6

5
(E2E4−E6)(E2E6−E2

4),

and then

∂12∂10F = −5

6
∂12((E2E4 − E6)(E2E6 − E4))

= −5

6
(∂5(E2E4−E6))(E2E6−E2

4)−
5

6
(E2E4−E6)(∂7(E2E6−E4)) =

25

72
(E2E6−E2

4)
2+

35

72
E4(E2E4−E6)

2.

Hence

∂12∂10F−
5

6
E4F =

25

72
((E2E6−E2

4)
2−E4(E2E4−E6)

2) =
25

72
(−E2

2E
3
4+E

2
2E

2
6+E

4
4−E4E

3
6) = −25

72
(E3

4−E2
6)(E

2
2−E4) = 7200∆(−E′

2).

This proves equation eqn:ddf. The second is proved similarly, us-
ing Proposition Lemma 7.50 and Lemma Lemma 7.41.

Corollary 9.9

Equation eqn:ddf is positive and equation eqn:ddg is negative on
the positive imaginary axis.

Proof for Corollary 9.9

Fromequationeqn:E2 inDefinition 7.17 andLemmaCorollary 7.25,

7200(−E′
2(it))∆(it) = 7200 · 24

∑
n≥1

nσ1(n)e
−2πnt

 ·∆(it) > 0.

Negativity of equation eqn:ddg, namely−640∆(it)H2(it) < 0, fol-
lows from Corollary 7.42 and Corollary 7.25.

The second inequality follows from the following two observations. Since
G(it) > 0 for all t > 0, we can define the quotient

Q(t) :=
F (it)

G(it)

as a function on (0,∞).
Lemma 9.10

We have
lim
t→0+

Q(t) =
18

π2
.

Proof for Lemma 9.10
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We have
lim
t→0+

Q(t) = lim
t→0+

F (it)

G(it)
= lim

t→∞

F (i/t)

G(i/t)
.

Byusing the transformation lawsofEisenstein serieseqn:E2-S-transform,
eqn:Ek-trans-S (fork = 4, 6) and the thetanull functions, eqn:H2-transform-S,
eqn:H4-transform-S, we get

F

(
i

t

)
= t12F (it)−12t11

π
(E2(it)E4(it)−E6(it))E4(it)+

36t10

π2
E4(it)

2

and

G

(
i

t

)
= t10H4(it)

3(2H4(it)
2 + 5H4(it)H2(it) + 5H2(it)

2).

SinceF ,E2E4−E6 andH2 are cusp forms,wehave limt→∞ tkA(it) =
0whenA(z) is oneof these formsandk ≥ 0. From limt→∞E4(it) =
1 = limt→∞H4(it), we get

lim
t→∞

F (i/t)

G(i/t)
= lim

t→∞

t12F (it)− 12t11

π (E2(it)E4(it)− E6(it))E4(it) +
36t10

π2 E4(it)
2

t10H4(it)3(2H4(it)2 + 5H4(it)H2(it) + 5H2(it)2)

= lim
t→∞

t2F (it)− 12t
π (E2(it)E4(it)− E6(it))E4(it) +

36
π2E4(it)

2

H4(it)3(2H4(it)2 + 5H4(it)H2(it) + 5H2(it)2)

=
18

π2
.

Lemma 9.11

Let F be a quasimodular form whose vanishing order at infinity is
n0 > 0, that is, F (z) =

∑
n≥n0

anq
n with an0

6= 0. Then

lim
t→∞

F ′(it)

F (it)
= n0.

Proof for Lemma 9.11

By Lemma Lemma 7.44,

lim
t→∞

F ′(it)

F (it)
= lim

t→∞

∑
n≥n0

nane
−2πnt∑

n≥n0
ane−2πnt

= lim
t→∞

n0an0
e−2πn0t +O(e−2π(n0+1)t)

an0e
−2πn0t +O(e−2π(n0+1)t)

= n0.

Lemma 9.12

The function t 7→ Q(t) is strictly decreasing.

Proof for Lemma 9.12
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It is enough to show that

d
dt

(
F (it)

G(it)

)
< 0 ⇔ (−2π)

F ′(it)G(it)− F (it)G′(it)

G(it)2
< 0 ⇔ F ′(it)G(it)−F (it)G′(it) > 0 ⇔ (∂10F )(it)G(it)−F (it)(∂10G)(it) > 0.

Let L1,0 := (∂10F )G− F (∂10G) = F ′G− FG′. Then

L1,0

FG
=
F ′G− FG′

FG
=
F ′

F
− G′

G
.

The vanishing orders ofF andG at infinity are 2 and 3
2 respectively,

so by Lemma 9.11 we have

lim
t→∞

L1,0(it)

F (it)G(it)
= lim

t→∞

(
F ′(it)

F (it)
− G′(it)

G(it)

)
= 2− 3

2
=

1

2
> 0,

soL1,0(it) > 0 for sufficiently large t. Its Serre derivative is positive
by Corollary 9.9:

∂22L1,0 = (∂12∂10F )G−F (∂12∂10G) = ∆(7200(−E′
2)G+640H2F ) > 0.

HenceL1,0(it) > 0 byTheorem 7.52, and themonotonicity follows.

Corollary 9.13

Equation eqn:ineqBnew holds.

Proof for Corollary 9.13

We have
F (it)

G(it)
= Q(t) < lim

u→0+
Q(u) =

18

π2
,

and by Lemma Lemma 9.6 the desired inequality follows.

Theorem 9.14

The function
g(x) :=

π i

8640
a(x) +

i

240π
b(x)

satisfies conditions eqn:g1–eqn:g3.

Proof for Theorem 9.14

First, we prove the first sign condition. By Propositions Lemma
8.14 and Lemma 8.28 we know that for r >

√
2,

g(r) =
π

2160
sin(πr2/2)2

∞∫
0

A(t) e−πr2t dt



CHAPTER 9. PROOF OF THE OPTIMAL FUNCTION INEQUALITIES 57

where
A(t) = −t2φ0(i/t)−

36

π2
ψI(it).

From Proposition Lemma 9.1 we know thatA(t) < 0 for t ∈ (0,∞),
so this identity implies the first sign condition. /- source paragraph
break -/ Next, we prove the Fourier-side sign condition. By Propo-
sitions Lemma 8.15 and Lemma 8.29 we know that for r > 0,

ĝ(r) =
π

2160
sin(πr2/2)2

∞∫
0

B(t) e−πr2t dt

where
B(t) = −t2φ0(i/t) +

36

π2
ψI(it).

/- sourceparagraphbreak -/ Finally, thenormalization g(0) = ĝ(0) =
1 follows readily from Propositions Lemma 8.16 and Lemma 8.30.
This finishes the proof.



Dependency Graph

The dependency graph is available in the HTML output.
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Blueprint Summary

The Blueprint summary is available in the HTML output.
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