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1 Introduction

We follow for the most part the structure of Steininger and Yurkevich (2025).



2 The Noperthedron

2.1 Definition of the Noperthedron

We define three points Cy, Cy, C3 € Q3.

. 152024884 | (6632738028
Cpm — = 0 . = —— | 6106948881
259375205 \ 910152163 107\ 3980949609
| (8193990033
Oy = —— | 5208215096
1010
1230614493

Lemma 2.1.1

IC1ll =1, & < |Call < £, and & < [[C5]] < 5.
Proof for Lemma 2.1.1

Trivial arithmetic.

Rotations about the z,y, z axes R, R,, R, : R — R3*3 are defined in the

usual way:
1 0 0 cosae 0 —sina
R,(a):=[0 cosa —sina|, Ry(a) = 0 1 0 )
0 sina cosa sinae 0 cosa

cosa —sina 0
R.(a) = |sinaa cosa O
0 0 1

We define a 30-element set Cs,
2k
Qm{(nhﬂ(;;>:kQ”wM%Q1}

of rotations.

We write Cs - P = {cP for ¢ € C30} for the orbit of P under the action of
C30.
Definition 2.1.2



CHAPTER 2. THE NOPERTHEDRON

The Noperthedron is the polyhedron given by the vertex set
Csp - C1 UCs0 - CoUCsp - Cs.

Lemma 2.1.3

The norm of any vertex in the Noperthedron is no more than 1.
Proof for Lemma 2.1.3

Evident from definitions.
Definition 2.1.4

A set S C R3 is point-symmetric if z € S implies —x € S.
Lemma 2.1.5

The noperthedron is point-symmetric.
Proof for Lemma 2.1.5

Follows directly from the definition of the exact vertex set.

2.2 Refined Rupert’s property for the Noperthedron

Lemma 2.2.1

Let P = NOP, then for all 0, ¢, o € R, the following three identities
hold (as sets):

MO +27/15,0) - P=M(0,¢) - P
R(a+m)M(0,6)-P= R(a)M(0,¢) - P,

((1) _01) M(0,8) - P = M6 +7/15,7 — p) - P.

Proof for Lemma 2.2.1
See polyhedron.without.rupert, Lemma 7.
Corollary 2.2.2

If the noperthedron is Rupert, then there exists a solution with
61,6 € [0,27/15] C [0,0.42],
¢1 € 10,7 C [0,3.15],
@y € [0,7/2] C [0,1.58],
€ [-7/2,7/2] C [~1.58,1.58].
Proof for Corollary 2.2.2

See polyhedron.without.rupert, Lemma 8.



Bounding Rotations

Lemma 3.1

Forany o, 6,9 € Rand a € {x,y, 2z} one has ||R(a)|| = ||R.(a)| =
IM(0,¢)]| = 1.

Proof for Lemma 3.1
See polyhedron.without.rupert, Lemma 9.

Lean code for «code:lem:RaRalpha»

theorem bp Rx norm one (a : R) : |RxL a|| = 1 := by
simpa using Bounding.Rx_norm one a

theorem bp Ry norm one (a : R) : |RyL a|| = 1 := by
simpa using Bounding.Ry norm one a

theorem bp Rz norm one (a : R) : ||RzL a|| = 1 := by
simpa using Bounding.Rz_norm one a

theorem bp rotR norm one (a : R) : |[rotR a|| = 1 := by

simpa using Bounding.rotR norm one «a

theorem bp rotM norm one (6 ¢ : R) : |[rotM 6 ¢| = 1 := by
simpa using Bounding.rotM norm one 6 ¢

Lemma 3.2

Lete > 0, |a —@| < eanda € {z,y,z} then ||R,(a) — Ry(a)| =
[1R(e) — R(@)] <e.

Proof for Lemma 3.2
See polyhedron.without.rupert, Lemma 10.

Lean code for «code:lem:RaRa»
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theorem bp norm rotR sub rotR 1t {¢ a a : R} (he : 0 < ¢) (ha
- ]a-a| =€) :
[[rotR a - rotR a || < € := by
simpa using Bounding.norm rotR sub rotR 1t he ha

theorem bp norm RxL sub RxL eq {a a_: R} :
[RXL @ - RxL a || = ||[rotR a - rotR a || := by
simpa using Bounding.norm RxL sub RxL eq (a := a) (o := a )

theorem bp norm RyL sub RyL eq {a a : R} :
[RyL @ - RyL a || = |[rotR a - rotR a || := by
simpa using Bounding.norm RyL sub RyL eq (a := a) (o := a )

theorem bp norm RzL sub RzL eq {a a_: R} :

[RzL @ - RzL a_|| = |[rotR a - rotR a || := by
simpa using Bounding.norm RzL sub RzL eq (a := a) (o := a )
Lemma 3.3

For any o, 8 € R one has ||R,(a)R,(3) —id|| < /a2 + 52 with
strict inequality unless o = 5 = 0.

Proof for Lemma 3.3

The composition Ry(«) Ry (/) is a rotation, i.e. conjugate to some
R.(v) by an isometry, which gives | Rq(a) Ry (8) — id||? = 2(1 —
cosy) = 3 —tr(Ry(a)Ra (8)) = 3 — (cosa + cos S + cosacos f3).
Writing the right hand side as 2(1 — cosa) + 2(1 — cos 3) — (1 —
cosa)(1 — cos ) and using 2(1 — cosx) < 22 (with equality only
at z = 0) yields the bound and the equality condition. This is a
direct route to polyhedron.without.rupert, Lemma 12, that avoids
the Jensen-inequality argument of Lemma 11 and the doubling in-
duction.

Lean code for «code:lem:RxRy»

theorem bp lemmal2 {d d' : Fin 3} {a B : R} (hd : d # d')
[[rot3 d a oL rot3 d' B - 1|l = V(a ~ 2+ B ~ 2) := by
simpa using Bounding.lemmal2 (d := d) (d' :=d') (a := a) (B

— :=PB) hd

theorem bp lemmal2 1t of ne {d d' : Fin 3} {a B : R} (hd : d =
o d")
(h: = (a=0AB=20)) :
[[rot3 d a oL rot3 d' B - 1|l < V(@ ~ 2+ B~ 2) := by
simpa using Bounding.lemmal2 1t of ne hd h

Lemma 3.4



CHAPTER 3. BOUNDING ROTATIONS

Lete > Oand 00|, |p—5| < ethen||M (60, ¢)—M (0, 9)|, | X (0, )~
X0,9)| < v2e.

Proof for Lemma 3.4
See polyhedron.without.rupert, Lemma 13.
Lean code for «code:lem:sqrt2»
theorem bp norm M sub 1t {e¢ 6 6 ¢ ¢ : R} (he : 0 <€) (hO :
— |6 -6 | =€) (he : |lo - o | =€)

[[rotM 6 ¢ - rotM 8 ¢ || < V2 * € := by
simpa using Bounding.norm M sub 1t he h6 he

theorem bp norm X sub 1t {e 66 ¢ ¢ : R} (he : 0 <€) (hO :
—~ |60 -0 | =€) (hg : |o -0 | =€) :
|[vecX 6 ¢ - vecX 8 ¢ || < V2 * € := by
simpa using Bounding.norm X sub 1t he h8 he

Lemma 3.5

Let P € R? with ||P|| < 1. Further, lete > 0and 6,3, 6, ¢ € R such
that |0 —0)|, [p—¢| < e. If (X(0,%), P) > v2ethen (X (0, $), P) > 0.

Proof for Lemma 3.5
See polyhedron.without.rupert, Lemma 14.
Lean code for «code:lem:XPgt0»
theorem bp XPgtO {P : R3} {¢ 66 ¢ ¢ : R} (hP : ||P|| = 1) (he
-~ 1 0<e¢)
(he : |16 -6 | <€) (hg : |¢ - ¢ | = &)
(hX : V2 * € < {vecX 8_ ¢ , P)) :
0 < {vecX 6 ¢, P) := by
simpa using Bounding.XPgt@ hP he h6 he hX

Lemma 3.6

Let P € R3 with ||P| < 1. Further, lete,r > O and 0,3,0,¢ <
R such that |0 — 6], |g — ¢| < e. If |M(0,5)P|| > r + /2 then
M6, )P > r.

Proof for Lemma 3.6

See polyhedron.without.rupert, Lemma 15. Corrigendum: the tri-
angle inquality only implies greater than or equal to.

Lean code for «code:lem:MPgtr»
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theorem bp norm M apply gt {e r06 6 ¢ ¢ : R} {P : R3} (hP :
< JIPl = 1) (he : 0 < g)
(he : |6 -0 | =€) (he : | - ¢ | s &)
(M : r + V2 * € < |lrotM 6_ ¢_ P||)
r < ||lrotM 6 ¢ P|| := by
simpa using Bounding.norm M apply gt hP he h6 hp hM

Lemma 3.7

Lete > 0and [ — 8, | — P, o — @ < e then |R(a)M (6, $) —
R(@)M(0,9)| < V5e.

Proof for Lemma 3.7

Write R, and R, for rotations about the third and second axes. Af-
ter dropping the norm-one projection and canceling common ro-
tations, it suffices to bound

IR (a — @) Ry(¢) — Ry(P)R=(0 - ).

Insert the ordinary midpoint ® = (¢ + $)/2. On each side, the
two angle changes are bounded by ¢ and ¢/2. Lemma 3.3, applied
after canceling common rotations, bounds each difference strictly
by \/e2 + (¢/2)? = v/5¢/2. If both angle changes vanish, strictness
follows from ¢ > 0; otherwise it follows from the strictness condi-
tion in that lemma. The triangle inequality gives the result. The
weighted intermediate angle used in polyhedron.without.rupert,
Lemma 16, is not needed for this uniform bound.

Lean code for «code:lem:sqrt5»

theorem bp norm RM sub RM le {e 86 ¢ ¢ aa : R} (he : 0 <
— €) (h6 : |6 -0 | =€) (he : |o - ¢ | =€)
(ha : |a - a | =€) :
|[rotprojRM 8 ¢ a - rotprojRM 8 ¢ a || < V5 * € := by
simpa using Bounding.norm RM sub RM le he h6 hg ha



4 Preliminaries

TODO: This whole chapter needs organization, it’s just a grab bag of miscella-
neous results for now.

4.1 Rupert Sets
Theorem 4.1.1

The following are equivalent:

+ The convex polyhedron with vertex set v is Rupert.

« The convex closure of v is a Rupert set.
Proof for Theorem 4.1.1

TODO: import this from the other repo

4.2 Poses

TODO
Theorem 4.2.1

Given a pose with zero offset, there exists a 5-parameter pose that
is equivalent to it.

Proof for Theorem 4.2.1

By putting the pose into a canonical form as a Z rotation followed
by aY followed by a Z.

4.3 Pointsymmetry and Rupertness
Theorem 4.3.1

If a setis point symmetric and convex, then it being Rupert implies
it being purely rotationally Rupert.

8
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Proof for Theorem 4.3.1

TODO: informalize proof



The Global Theorem

Lemma 5.1

Suppose V = Vi,...,V,, C R" is a finite sequence of points, and
let Co(V) be its convex hull. If S € Co(V) and w € R"™, then

(S,w) < max(V;, w).

Proof for Lemma 5.1

This is a mild generalization of Steininger and Yurkevich (2025),
Lemma 18.Since S € Co(V), we have S = > ", \;V; for some
ALy A € [0,1] with 1= 3772 ) A;. Therefore

<S>w> = <Z)‘jvj7w> = Z)‘j <Vj’w> < ZA]' maX<Vlvw>
=1 j=1 j=1 !
= max(V;, w) Z A; = max(V;, w)
) = )

as required.
Lemma 5.2

Let S € R3, let w € R? be a unit vector, and set f(x1,72,73) =
(R(x3)M (21,22)S,w). Then for all 1,259,235 € Rand any i, j,k €
{1,2,3} it holds that

0% f o*f

m(xlvl?ax?)) < HS” and m(l‘l,l‘g,ﬂjg) < HS”

The source reference normalizes f by 1/||S|| and bounds the par-
tials by 1; here f remains unnormalized and the bound carries
IS]|, which composes with Lemma 5.3 at M = ||.S]| < 1.

Proof for Lemma 5.2

10
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The second-partial bound is polyhedron.without.rupert, Lemma
19. For the third partials (and, in the formalization, every higher
order at once) we argue by closure instead of enumeration: the
family of functions +((+R/R’)(«) (858§5M)(9, @)S,w)witha,b < 2
is closed under all three partial derivatives. An a-derivative steps
the head around its four-cycle R -+ R —+ —R — —R/, and a 6- or
¢-derivative bumps one grid index, folding back with a sign at the
edge since 9 = —9 and 9 = —9,,. Every member is bounded by
|IS]| because each factor has operator norm at most one, so iterat-
ing the closure bounds all iterated partials.

Lemma 5.3

Let f : R® — Rbea C3-function, letey,...,e, > 0,andletxy,...,Tp, Y1,...,Yn €
R satisfy |z;—y;| < ¢; foralli. If, forsome M € R, [0;,0,,04, f(v)| <
M foralli,j,k € {1,...,n} and all v € R", then

n

|<Zez|8hf 33 im0, f@) L (S

11]1 =1

At M =1lande; = --- = g, = ¢, this recovers the isotropic re-

. 3
mainder %-¢3.

Proof for Lemma 5.3

This strengthens polyhedron.without.rupert, Lemma 20, by one
Taylor order and per-axis radii: expand g(t) = f((1 — t)z + ty) to
second order with Lagrange remainder, bound |¢'(0)| by the first
sum, |g”(0)|/2 by the second (the second partials are evaluated ex-
actly at z, not bounded), and |¢"’(c)| < M(}, &;)* using the third-
partial bound.

Lemma 5.4

The partial derivatives of all relevant rotations, projections, and in-
ner products used in the Global Theorem are as expected. Specif-

ically:
[0, ¢,a) = (R'(a)M(0, $)5, w)
* f20.6,0) = (R(a)M?(0, $)S, w)
F2(0, 6, 0) = (R(a) M?(0,$)S,w)
* 9°(0,0) = (M°(0,6) P, w)

where f(0, ¢, o) = (R(a)M (0, ¢)S, w) and g(0, ¢) = (M (9, ¢) P, w).
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Proof for Lemma 5.4
By basic properties of derivatives.
Theorem 5.5

Let P be a pointsymmetric convex polyhedron with radius p = 1
andletS € P. Furtherletf,%,,02,9,, @ € R, letea, €o,, €4, , €05, €4, >

0 be per-axis radii, and let w € R? be a unit vector. Denote M; =
— —_ — 79 — —_
M(1,7,), My i= M(02,7,) as wellas N, i= M?(01, 1), MY =

M?(6,,%,) and analogously for M, YA Finally set

(62 [(R(@) M S, w)| + 2¢eq€0, | <R’(a)ﬁ195, w)| + 2€q€4, |<R’(6)E¢S, w)|

_—=——00 _—=0 =
+ & |(R@)DML" S, w)| + 2eq, 4, [(R@L S, w)| + €3, |(R@) M " S, w))
(604 + 6‘91 + €¢1 )3
6 b
P 79 PR
Hp = (N3P, w) + e0,| (05" P,w)| + e, | (V5" P w)|

(692 + €4, )3
6 )

1 —00 0¢ 5799
+§(632|<M2 Pw)| + 2ep,64,|(My Pyw)| + €5, |(My" Pw)|) +

If G > maxpcp Hp then there does not exist a solution to Rupert’s
condition with

(91, ©v1, 92, ©va, Oé) eU = [@1169] ] X [¢1i6¢1] X [52:|:692] X [¢2ﬂ:6¢2] X [a:l:ea] - RS,

Thisis a second-order, anisotropic strengthening of polyhedron.with-
out.rupert, Theorem 17: the exact second partials at the center
pose are charged with per-axis weights, and only the cubic Lagrange
remainders are bounded via Lemma 5.2.

Proof for Theorem 5.5

See polyhedron.without.rupert, Section 4.2.



The Local Theorem

Lemma 6.1

For any P € R3 one has || M(0,¢)P|> = ||P|*> — (X (8, ), P)%.
Proof for Lemma 6.1

See polyhedron.without.rupert, Lemma 21.
Definition 6.2

Given vy, ...,v, € R™ write span™(vy,...,v,) for the set (simpli-
cial cone) in R" defined by
n
span™ (vy,...,v,) = {w eR™: AN,..., , >0st.w= Z)\ivl},
i=1
which is the natural restriction of span(vy, . . . , v, ) to positive weights.

Lemma 6.3

LetVy, Vo, V3, Y, Z € R¥3with||Y| = ||Z|| and Z € span™(V;, Va, V3).
Then there exists an ¢ with (V,,Y) < (V;, Z).

Proof for Lemma 6.3
Write Z = ), ¢;V; with all ¢; > 0. If every claimed inequality
failed, then (Z, Z) < (Z,Y’) by taking the positive weighted sum.
But Cauchy-Schwarz gives (Z,Y) < || Z||||Y]| = || Z]|?, a contradic-

tion. Thus the assumption that Y also lies in the positive cone in
Lemma 23 of polyhedron.without.rupert is unnecessary.

Lemma 6.4
For A, A, B, B € R™*" and Py, P, € R" it holds that

(AP, BPy)—(APy, BRy)| < ||P1|| | P2 (| A=Al [ B[+ All |1 B—B|+[|A-A] | B—BI]).-

13
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Proof for Lemma 6.4
See polyhedron.without.rupert, Lemma 24.
Lemma 6.5
For A, B € R™*" and P;, P, € R" one has
[(APy, APy)—(BPy, BR)| < |[PA|[ | P2l [|1A= B ([[All+[ Bl +[[A=BI|).

Proof for Lemma 6.5
See polyhedron.without.rupert, Lemma 25.
Lemma 6.6

Let A, B,C € R?besuchthat (R(r/2)A, B), (R(r/2)B,C), (R(x/2)C, A) >
0. Then the origin lies strictly in triangle ABC.

Proof for Lemma 6.6
See polyhedron.without.rupert, Lemma 26.
Definition 6.7

Letf,p € R,e > 0,andset M := M (0, ¢). Three points P;, P, P; €
R3 with || PL||, || P2 ||, || P3|| < 1 are called e-spanning for (6, ¢) if:

« (R(T/2)M Py, MPy) > 2¢(\/2 +¢)
« (R(m/2)M Py, MP3) > 2¢(\/2 +¢€)
* (R(n/2)MP3, MP;) > 2¢(v/2 + ¢)

Lemma 6.8

Let P, P,, P3 € R3 with || Py||,||P||, || P3| < 1 be e-spanning for
(0,¢)and let 6, ¢ € Rsatisfy |0 — 0], |¢ — ¢| < e. If (X(0,9),P;) >0
fori =1,2,3, then X (0, ¢) € spant (P, Py, P).

Proof for Lemma 6.8
See polyhedron.without.rupert, Lemma 28.
Lemma 6.9

Let P,Q € R® with || P||,||Q|| < 1. Lete > 0and 6, ¢, 04, ¢2,a € R
satisfy o o

| R(@)M (01, 1) P — M(02,$2)Q|| < 20.
If|§1_91|7 |(51_¢1‘7 ‘§2_€2‘7 ‘&2_¢2|7 |5[-O[| S €, then ||R(O[)M(91, (bl)P_
M (02, $2)Q|| < 2(8 + V/5e).
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Proof for Lemma 6.9

See polyhedron.without.rupert, Lemma 30, which states that both
points lie in the disc of radius § + 1/5¢ around their midpoint at
the reference pose; here the two memberships are combined into
a single bound on the distance between the two points.

Definition 6.10

Let P C R? be a convex polygon and € P one of its vertices. De-
fine Sects(Q) = Discs(Q)NP° asthe intersection between Discs(Q)
and the interior of the convex hull of P.Moreover, @ € P is called
d-locally maximally distant (§-LMD) if for all A € Sect;(Q) it holds
that ||Q| > ||A||.This centers the disc at () itself; its radius plays the
role of twice the radius in Definition 31 of polyhedron.without.ru-
pert.

Lemma 6.11

Let P be a convex polygon and () € P a vertex, and let & > 0. As-
sume there exists r > 0 with ||Q|| > r such that

(@Q,Q — Fj) 5
lQma -,y =

for all other vertices P; € P\ Q. Then @ is 24-locally maximally
distant.

Proof for Lemma 6.11

See polyhedron.without.rupert, Lemma 32: the disc of radius 24
around @ contains the paper’s disc of radius ¢ around any () with
IQ — Q|| < 6 (cf. Definition).

Lemma 6.12

Lete > 0and 0,0,¢,¢ € Rwith |0 — 0],|¢ — ¢| < e. Define M =
M(0,¢) and M = M(0,¢), and let P,Q € R? with ||P|],||Q| < 1.
Assume that
(MP,M(P - Q)) — 2¢[| P = Q|| - (V2 +¢)
(IPIP| +v22) - (IM(P - Q)| +2v2¢)

Then:

(MP,M(P—Q)) _ (MP,M(P-Q))—2|P-Q|-(V2+¢)
[MP||M(P—-Q)| = ([MP| +2¢)-(|M(P - Q)| +2V2¢)

Proof for Lemma 6.12

15
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See polyhedron.without.rupert, Lemma 33.
Lemma 6.13

Let P, Py, P3,Q01,Q2,Q3 € R3. Define P := (P1|P2‘P3) and Q :=
(Q1]Q2|Q3) and assume Q isinvertible. Then Py, P>, Psand @1, Q2, Q3
are congruent iff PP = Q'Q.

Proof for Lemma 6.13

Anisometry preservesinner products, so congruence implies equal-
ity of the Gram matrices. Conversely, since the Q; form a basis,
define a linear map L by L(Q;) = P,. The equality P'P = Q'Q
says that (L(Q;), L(Q;)) = (Qi, Q;) for every 4, j. Expanding arbi-
trary vectors in this basis shows that L preserves all inner prod-
ucts, and hence is the required linear isometry.For the same con-
struction in matrix form, if a congruence L is given then (P;, P;) =
(LQ:, LQ;) = (Qi,Q;), so P'P = Q'Q. Conversely, with L =
PQ™!, we have L'L = (PQ )Y (PQ™!) = (@) 'PPQ™ =1d
and LQ = PQ™'Q = P, so LQ,; = P; for each i.

Theorem 6.14

LetPbeapolyhedronwithradius p = 1and Py, P, P3,Q1,Q2, Q3 €

P be notnecessarily distinct. Assume that P;, P», Psand @1, Q2, @3

are congruent.Let ¢ > 0 and 01,%,,0-,%,,@ € R, then set X; =
X(Ql,al), X2 = X(92,¢2) aswellas M1 = M(alval)a M2 = M(QQ, @2)
Assume that there exist op, oo € {0,1} such that

(-1)°P (X1, P) > V2 and (—1)72(X3,Q;) > V2,
for all i = 1,2, 3. Moreover, assume that P, P, P3 are e-spanning
for (01,%,) and that @1, Q2, Q3 are e-spanning for (62, p,). Finally,
assume that foralli =1,2,3 and any Q; € P\ Q; it holds that
(MQi, My (Q; — Q;)) — 2¢)|Qi — Q;]| - (V2 +¢) S V5e+ 6
(IM2Qull + v2¢) - (IM2(Qi — Q)| +2v/2¢) ro

for some r > 0 such that min;—; » 3 || M2Q;| > 7 + v/2¢ and for
some ¢ € R with

02 max |[R(@)MP; - MzQil| /2

Then there exists no solution to Rupert’s problem R(a)M (01, ¢1)P C
M(92, d)Q)PO with

(917(;51,92,@5270[) € [51 + €, ¥ + 6u§2 + €, Py teas d =UC R5'
Proof for Theorem 6.14

See polyhedron.without.rupert, Theorem 36.



7 Rational Versions

Definition 7.1
Define sing, cosg : R — R by truncated Taylor series:

R . L 13 IS {1325
24
=1- Z

2 4

Replacing sin, cos with sing, cosg defines Rg(a), R («a), Xo(0, ¢), Mq(8, ¢), M&(&, ®), Mg 0, ).

Lemma 7.2
) _ B |27 4 B |2[26
| sing(z) — sin(z)| < o an | cosg(x) — cos(x)| < ST
Proof for Lemma 7.2

Appeal to Taylor series bounds, using the fact that all absolute val-
ues of higher derivatives of sine and cosine never exceed 1.

Lemma 7.3

For every x € [—4,4], | sing(z) — sin(x)| < x/7 and | cosg(z) —
cos(z)| < K/T.

Proof for Lemma 7.3
Straightforward numerical calculation from Lemma Lemma 7.2.
Lemma 7.4

Let A = (ai’j)lgigm’lgjgn e R™*"and § > 0. If \ai7j| < ¢ for all
entries, then | A|| < §y/mn.

Proof for Lemma 7.4

17



CHAPTER 7. RATIONAL VERSIONS 18

For any v € R™ we have

2 2
m n n

2
n m
Aol = D aiguy | <D0 D dlosl | =" m | D luil| < &*mnlol?
1 3 1

i=1 \j= i=1 \j= j=1

using the Cauchy-Schwarz inequality. Dividing by ||v|| and taking
the square root proves the claim.

Lemma 7.5

Let A(z,y) be an m x n matrix (1 < m,n < 3) whose entries
are products of terms in {0, 1, —1, £ sin(z), & cos(z) }. Let Ag(z, y)
be obtained by replacing sin, cos with sing, cosg. Then for z,y €
[—4,4], [[A(2,y) — Ag(z,y)|| < &

Proof for Lemma 7.5

We've replaced the assumption a,(z) € {0,1,—1, +sin(z), + cos(z)}
in Steininger and Yurkevich (2025)’s Lemma 40 with a;(z) € [-1, 1].By
assumption, for fixed z, y every entry of A(z,y) — Ag(z, y) is of the

form ab — ab for some a,b € [~1,1] and |a — al, |b — b| < x/7 by
Lemma 7.3. This implies that

lab — ab| < |ab — ab| + |ab — ab]|
=la| - |b=b|+[b|-la—a| <1-k/T+ (1 +r/T)-K/T<K/3.

So we can apply Lemma 7.4 and obtain that || A(x, y) — Ag(z,y)|| <

k/3-vV3-3 =k.
Corollary 7.6

Let a,0,¢ € [-4,4]. Then [[R(a) — Ro(a)l, [[R'(a) — Ry(a)l,
1X(0,¢) = X (0, d)|I, [1M(8, ¢) — Mo (0, 9)I, M7 (6, ¢) — ME(®, 6)|I,
IM2(8, 6)—MG (0, 9)l, [|M2(8, $)—ME (8, 6)|, [ M°9(8, ¢)— Mg (6, ),
and | M??(0, ¢)— Mg¢(9, ¢)| are all at most . Moreover the corre-
sponding rational matrices Rg, R, Mg, M, MS, Mg, Mg’, and

Mg¢ have norm at most 1 + x.

Proof for Corollary 7.6

The first statement is a direct application of Lemma 7.5 and the sec-
ond statement follows immediately after using Lemma 3.1 and the
triangle inequality. The derivative norm bounds follow similarly,
using that the operator norms of R/, M?, and M? are at most 1.



CHAPTER 7. RATIONAL VERSIONS 19

Lemma 7.7

Let (A;, B;) for 1 < i < n be pairs of same-size real matrices, with
products A, --- A, and By - - - B, defined. If | A; — B;|| < kand §; >
max(||A;|l, | B:ll, 1), then [|[A1 -+ Ay, — By -+ By|| < nkdy - p.

Proof for Lemma 7.7
See polyhedron.without.rupert, Lemma 42.
Lemma 7.8

Let o, 0, ¢ € [—4,4], P € R3 with | P|| < 1 and let P be a s-rational
approximation of P. Set M = M (6, ¢) and Mg = Mg(0, $), M% =
M?(0,¢)and M§ = M§(0,¢), M? = M?(0, ¢) and Mg = MG(0, ¢),
aswell as R = R(«), Rg = Rg(a), R = R'(«), RQ = R{@(a). Fi-
nally let w € R? with ||w| = 1. Then:

(M P,w) — (MgP,w)| < 3k (7.1)
(MO P,w) — (MG P, w)| < 35, (7.2)
[(M?P,w) — (M§P,w)| < 3, (7.3)

|(RM P,w) — (RgMgP, w)| < 4k (7.4)
[(R'MP,w) — (R@MQP w)| < 4k, (7.5)
[(RM?P,w) — (RoM{ P, w)| < 4, (7.6)
[(RM? P,w) — (RgM§ P, w)| < 4. (7.7)

The same bounds hold with M replaced by any of the second-derivative
matrices M9, M9 or M?#? (at 3x without a rotation factor and 4«
with R in front), and with R’ in place of R in front of M? and M?.

Proof for Lemma 7.8
See polyhedron.without.rupert, Lemma 44.
Theorem 7.9

Let P be a pointsymmetric convex polyhedron with radius p = 1
and P a s-rational approximation. Let S € P. Furtherlete,, eg,, €4, , €9, €4, €
Q>0 be per-axis radii and let 01, 7,, 02, Py, @ € QN )N [~4,4]. Letw €
Q? be a unit vector. Denote M; := Mg(01,5;), My = Mg(02,%5)

aswell as M, == M§(01,%,), = Mg (61,%,) and analogously
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— — .
for M, ,M2¢. Write Ey := e, + €9, + €4, and Ey = €y, + €4,, and
set

_— ~ —_—~ 79,\, - ~
G2 = (Ro(@) M1 5, w) — ea|(Rpy(@) M5, w)| — o, |(Ro(@) M S, w)| — e, |(Ro(@) 1" 5, w)|
1 J—— pu— '
— 5(512)(|<]~ZQ(04)M1S, w)| + 26a691|(R(@(a)M1 S,w)| + 2€a6¢1|<R(I@(Oé)M1 S, w)|
—00 —0¢ = —¢p
+ & [(Ro(@) D" 5, w)| + 260, €4, |(Ro (@)D S, w)| + €, |(Ro(@) M ** S, w)|)

3
B By iE),

6
R 70 N
HE == (MyP,w) + €0, | (M P, w)| + €4, | (V57 P, w)]
1 — 66 — ¢ — ¢ E3
+ 5(e§2|<M2 P,w)| + 2eg,€4,| (M~ P,w)| + €5, |(My" P,w)|) + ?2 +3k(1+ By + $E3).

IfGY > max,, aH g then there does not exist a solution to Rupert’s
condition to P with

(01,1, 02, 02, ) € [O1£eq, | ¥ [Py Eeg, | [faten, | X [Brtes, | x [ateq].

On the diagonal ¢, = --- = ¢, the rational slack terms become
4k(1 4 3e + 2€?) and 3K(1 + 2¢ + 2€2).

Proof for Theorem 7.9

Definition 7.10

Let6, ¢ € QN[—4,4] and Mg := Mg(0, ¢). Three points ]51, P, Ps €
Q3 with || Py |, || P2|l, || P5]| < 1+ & are called e-x-spanning for (6, ¢)
if it holds that:

(R(7/2)MoPy, MgPy) > 2¢(V/2 + €) + 6k,

(R(/2)MgPy, MoPs) > 2¢(V/2 + €) + 6,

(R(m/2)MgPs, MoPy) > 2¢(V2 + €) + 6.
Lemma 7.11

Let P, P, Py € R® with |P;|| < 1and Py, P», P; € Q? be their #-

rational approximations. Assume that P;, P, Ps are e-x-spanning

for some 6, ¢ € Q N [—4,4], then Py, P,, P; are e-spanning for 6, ¢.
Proof for Lemma 7.11

See polyhedron.without.rupert, Lemma 46.
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Lemma 7.12

Let P € R® with |P|| < 1 and let P be a x-rational approxima-
tion of P. For 6,¢ € [—4,4], set X = X (0, ¢) and Xgo = Xq(6, ¢).

Then |(X, P) — (Xg, P)| < 3x.The inner-product and norm bounds
for M and Mg from Lemma 49 of polyhedron.without.rupert are
formalized only in the generalized forms used by Corollary 7.13.

Proof for Lemma 7.12
See polyhedron.without.rupert, Lemma 49.
Corollary 7.13

In the setting of Lemma 7.12, let {/z be an upper square-root func-
tion, i.e., vz < /z for all real z > 0 with rational output on ratio-

nal input. Set ||z||+ = /||=||?. Set

(MP,M(P - Q)) —2¢|P - Q|- (V2 +¢)
(IMP +V2e) - (IM(P - Q)| +2V2e)

as well as

<M@?7~1\4@(? —Q)) — 10k — 2e(||~13 —QII +26) - (V2 + e)
(|MgP||+ + v2¢ + 3k) - (| Mg(P — Q)|+ + 2v2e + 6r)

Q=

Assume that A > 0. Then A > Ag.In the Lean formalization, each
applied vector Mg in Ag is additionally rounded down compo-
nentwise to a multiple of 107!3 so that the checker’s dot products
and norms use small denominators; the resulting perturbation is
absorbed into the existing slack terms.

Proof for Corollary 7.13
See polyhedron.without.rupert, Corollary 51.
Theorem 7.14

Let P be a polyhedron with radius p = 1 and P, be a k-rational ap-
proximation of P; € P. SetP = {]32» for P, € P}. Let Py, P2, P3,Q1,Q2,Q3 €
P be notnecessarily distinct and assume that P;, P», Ps and @1, Q2, Q3

are congruent. Lete > 0and 0;,%,,02,7,,a@ € Q N [—4,4]. Set

X1 = Xo(b1,%), X2 == Xq(02, ;) aswellas My := Mg(61,%,), Ma ==
Mg(02,@,). Assume that there exist op, oo € {0,1} such that

(=177 (X7, ]Sl> > V2435 and (—1)7%(X3, @z> > V2e + 3k,
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foralli = 1,2, 3. Moreover, assume that ]51, }52, Pyare €-Kk-spanning
for (61,%,) and that Q1, Q2, Q3 are e-x-spanning for (6,%,). Let
{/r and 3/x be upper- and lower-square-root functions, then set
IZll+ = /|1Z]]? and ||Z||- = /||Z|? for Z € R™. Finally, as-
sume that for all ¢ = 1,2,3 and any @j €P \ Q; it holds that the
rational inequality (B2) from the paper is satisfied, for some r > 0
such that min;—; 5 3 ||E@z||— > 1+ v/2¢ + 3k and for some § € R
with

§ > max HRQ(E)ER‘ ~M>Q;

/2 + 3k.
=1,2,3 +

Then there exists no solution to Rupert’s problem R(«) M (61, ¢1)P C
M(GQ, ¢2)PO with

(91,({)1,92,¢2,0¢) € [51 iE,@l i@gg i€,¢2 i€,ai6] - RS,

In the Lean formalization, the applied vector M>Q); in the r-condition
is additionally rounded down componentwise to a multiple of 10~'3;
the resulting perturbation is absorbed into the 3« term.

Proof for Theorem 7.14



Computational Step

Definition 8.1

We define rational approximations of the 90 noperthedron vertices
by [z - 1016 /1016,

Theorem 8.2

The rational vertex set nopertQ is a x-rational approximation of
the Noperthedron.

Proof for Theorem 8.2

Theorem 8.3
There exists a valid solution table whose zeroth row covers

01,05 € [0,27/15] C [0,0.42],
¢1 € 10,7 C [0,3.15],
v € [0,7/2] C [0,1.58],
€ [~n/2,7/2] C [~1.58,1.58).

Proof for Theorem 8.3

By exhibiting the table and running the validity checking algorithm.

Formalized asNoperthedron.NativeCaseAnalysis.solutionTable

in the build-on-demand NativeCaseAnalysis library (checked

with native_decide)andindependentlyinthe kernel-onlyKernelCaseAnalysis
library (checked with decide + kernel, using only the standard

axioms); both are kept out of the default build targets so that CI

runs stay fast.

Theorem 8.4

23
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If a global node in the solution tree is valid, then there is no Rupert
solution for its interval.

Proof for Theorem 8.4

Theorem 8.5

If a local node in the solution tree is valid, then there is no Rupert
solution for its interval.

Proof for Theorem 8.5

Theorem 8.6

If we have a valid solution table, and in particular its ith row is
valid, then there is no Rupert solution of the interval of its ith row.

Proof for Theorem 8.6

By strong induction on the number of rows left in the table follow-
ing the ith. This is because validity constrains each row to only
refer to later entries. For a split row, every point in its interval be-
longs to a child interval at a larger index, so the induction hypoth-
esis excludes a Rupert solution there. At a leaf, apply Theorem or
Theorem.

Corollary 8.7

If we have a valid solution table, then there is no Rupert solution
of the interval of its zeroth row.

Proof for Corollary 8.7

Immediate special case of Theorem 8.6.
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Main Theorems

Theorem 9.1
There does not in fact exist a noperthedron Rupert solution with

81,6, € [0,27/15) C [0,0.42],
¢1 € [0,7] € [0,3.15],
p2 € [0,7/2] C [0,1.58],
€ [-n/2,7/2] C [~1.58,1.58].

Proof for Theorem 9.1

By this theorem, there is a valid solution table containing a valid
row whose pose interval is a superset of the 5-dimensional interval
above. By thistheorem, there is no Rupert solution in that interval.

Theorem 9.2

There is no 5-parameter pose that makes the noperthedron have
the Rupert property.

Proof for Theorem 9.2

Theorem Theorem 9.1 says there is no tight pose that makes the
noperthedron Rupert. Corollary Corollary 2.2.2 says that this suf-
fices for the general case.

Theorem 9.3

There is no purely rotational pose that makes the noperthedron
have the Rupert property.

Proof for Theorem 9.3

Suppose there were a purely rotational pose. Then convert that to
an equivalent 5-parameter pose with Theorem Theorem 4.2.1 and
appeal to Theorem Theorem 9.2.

25
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Theorem 9.4

There is no pose that makes the noperthedron have the Rupert
property.

Proof for Theorem 9.4

By Theorem Theorem 4.3.1, we need only show that the noperthe-
dron is pointsymmetric to see that if it is Rupert, then it must be
Rupertviaa purely rotational pose. But Lemma Lemma 2.1.5 shows
exactly this. And yet we know via Theorem Theorem 9.3 that the
noperthedron is not rotationally Rupert, so we have a contradic-
tion, hence the noperthedron has no pose that makes it Rupert.

Theorem 9.5
The noperthedron is not a Rupert set.
Proof for Theorem 9.5

By Theorem Theorem 9.4, there is no pose that makes the nop-
erthedron a Rupert set.

Theorem 9.6
The noperthedron is not a Rupert polyhedron.
Proof for Theorem 9.6
By Theorem 4.1.1, it suffices to show that the convex hull of nop-

erthedron vertices is not a Rupert set, which is exactly the previous
theorem.



Dependency Graph

The dependency graph is available in the HTML output.
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Blueprint Summary

The Blueprint summary is available in the HTML output.
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