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1 Introduction

Fermat’s LastTheorem is the statement that if a, b, c, n are positivewhole num-
bers with n ≥ 3, then an + bn 6= cn. It is thus the claim that a family of Dio-
phantine equations, a3 + b3 = c3, a4 + b4 = c4, and so on, has no positive
integer solutions. Diophantus was a Greek mathematician who lived around
1800 years ago, and he would have been able to understand the statement of
the theorem (he knew about positive integers, addition and multiplication).

Fermat’s Last Theorem was explicitly raised by Fermat in 1637, and was
proved byWiles, with the proof completed in joint work with Taylor, in 1994.
There are now several proofs, but all of themgo broadly in the samedirection,
using elliptic curves and modular forms.

Lean is an interactive theorem prover; it checks mathematical arguments
with super-human accuracy. Explaining a proof of Fermat’s Last Theorem to
Lean is in some sense like explaining the proof to Diophantus; for example,
the proof starts by observing that before we go any further it is convenient to
first invent or discover zero and negative numbers, and one can point explic-
itly at places in Lean’s source code where these things happen. However, we
will adopt a more efficient approach: we will assume all of the theorems both
in core Lean and in itsmathematics library mathlib, and proceed from there.

To give some idea of what this entails: mathlib at the time of writing con-
tains most of an undergraduate mathematics degree and parts of several rel-
evant Masters level courses (for example, the definitions and basic proper-
ties of elliptic curves and modular forms are in mathlib). Thus our task can
be likened to teaching a graduate level course on Fermat’s Last Theorem to a
computer. The computer is quite a challenging audience member – it will in-
sist on being given all technical details of all arguments, and it will not accept
proof by intimidation or by appeal to higher authority. Most mathematicians
know humans who also behave in thismanner. However, it is worse than this;
the computerwill only start filling in details of arguments by itself once the ar-
guments are mathematically utterly obvious. Thus, currently, formalization
can be a very time-consuming process.

1



2 CHAPTER 1. INTRODUCTION

1.1 Which proof is being formalised?

At the time of writing, these notes do not contain anywhere near a proof of
FLT, or even a sketch proof, although we are currently actively working on
fixing this.

From 2024 to 2029 we will be beginning to build a proof of FLT, following
a strategy constructed by Taylor, taking into account Buzzard’s comments on
whatwould be easy or hard to do in Lean. Our strategy uses refinements of the
originalTaylor–WilesmethodbyDiamond/Fujiwara, Khare–Wintenberger, Skinner–
Wiles, Kisin, Taylor and others. One could call it a 21st century proof of the
theorem. During this initial phase of the project, we shall also be assuming
many nontrivial theoremswithout proof, as long as theywere published by 31
December 1989. To get technical for just a second, we shall for example be
assuming the existence of Galois representations attached to weight 2Hilbert
modular forms, Langlands’ cyclic base change theorem for GL2, Mazur’s theo-
rembounding the torsion subgroup of an elliptic curve over the rationals, and
several other nontrivial results which were known by the end of the 1980s.

The upshot of this is that, by 2029 at the end of this first phase, the project
should contain a completeproof that FLTfollows fromresults thatwereknown
to humanity in the 1980s. In particular, one naive way of understanding the
goal is that it is a formalizationof thepapers ofWiles andTaylor–Wiles, assum-
ing the results in the references of those papers. However, as noted above, we
will actually be taking a slightly different path.

1.2 The structure of this blueprint

This blueprint is anonlinear document, comprisingmanychapters. The chap-
ters are not designed to be read in order. Each chapter is self-contained and
has a well-defined goal, typically stated at the top of the chapter.

After this chapter, you should next read ch_reductions, which explains
how to reduce FLT to two highly nontrivial statements about the p-torsion in
a certain elliptic curve (the Frey curve). One of these statements was proved
in the 1970s by Mazur, and we shall not be concentrating on it until after the
first phase is complete. The other is a theorem of Wiles, and this is what we
will be concentrating on in the remainder of the blueprint.

1.3 Remarks

The actual blueprint currently also contains a lot of disorganised ideas. Cur-
rently these should be disregarded.

ch_overview is an extremely sketchy overview of how the rest of the proof
goes. This is currently being expanded and should be ignored right now.

All of the remaining chapters are experiments, andmost of them are what
I am currently calling mini-projects. A mini-project is a bottom-up project,
typically at early graduate student level, with a concrete goal. The ultimate
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goal of many of these projects is to actually get some result into mathlib. We
have had one success so far: the Frobenius mini-project is currently being
PRed tomathlib by Thomas Browning. Currentlymost of my efforts are going
into running mini-projects, with the twomost active ones currently being the
adeles mini-project and the quaternion algebra mini-project. These projects
do not logically depend on each other for themost part, and one can pick and
choose how one reads them.

There is also an appendix, which is again very sketchy, and comprises
mostly of a big list of nontrivial theorems many of which we will be assum-
ing without proof in the FLT project.

The next chapter to read, where the proof begins, is ch_reductions.





2 First Reductions Of The Problem

2.1 Goal

The goal of this chapter is to reduce FLT to a deep theorem of Mazur and a
deep theorem ofWiles about a Galois representation.

2.2 Overview

The proof of Fermat’s Last Theorem is by contradiction. We assume that we
have a counterexample an + bn = cn, and manipulate it until it satisfies the
axioms of a Frey package, a basic concept which we will explain below. From
the Frey package we build a Frey curve, an elliptic curve defined over Q. We
then look at a certain representation of a Galois group coming from this el-
liptic curve, and finally, using two very deep and independent theorems, one
due to Mazur and the other due to Wiles, we show that this representation is
both reducible and irreducible, the contradiction we seek.

2.3 Reduction To n >= 5 And Prime

Lemma 2.3.1

If there is a counterexample to Fermat’s Last Theorem, then there
is a counterexample ap + bp = cp with p an odd prime.

Proof for Lemma 2.3.1

This proof is already in mathlib, but the TeX blueprint spells it out
for completeness.Say an + bn = cn is a counterexample to Fer-
mat’s Last Theorem. Every positive integer is either a power of 2
or has an odd prime factor. If n = kp has an odd prime factor p,
then (ak)p+(bk)p = (ck)p, which is the counterexample we seek.It
remains to deal with the case where n is a power of 2, so let us as-
sume this. We have 3 ≤ n by assumption, so n = 4k is amultiple of
4, and thus (ak)4 + (bk)4 = (ck)4, giving a counterexample to Fer-
mat’s Last Theorem for n = 4. But Fermat’s theorem for exponent
4, already in mathlib, says that this is impossible.

5



6 CHAPTER 2. FIRST REDUCTIONS OF THE PROBLEM

Euler proved Fermat’s Last Theorem for p = 3.
Lemma 2.3.2

There are no solutions in positive integers to a3 + b3 = c3.

Proof for Lemma 2.3.2

The proof inmathlib was formalized by a team from the ”Lean For
the Curious Mathematician” conference held in Luminy in March
2024 (its dependency graph can be visualised here1).

Corollary 2.3.3

If there is a counterexample to Fermat’s Last Theorem, then there
is a counterexample ap + bp = cp with p prime and p ≥ 5.

Proof for Corollary 2.3.3

Follows from the previous two lemmas.

2.4 Frey Packages

For convenience we make the following definition.
Definition 2.4.1

A Frey package (a, b, c, p) is three nonzero pairwise-coprime inte-
gers a, b, and c, with a ≡ 3 (mod 4) and b ≡ 0 (mod 2), together
with a prime p ≥ 5, such that ap + bp = cp.

Our next reduction is as follows.
Lemma 2.4.2

If Fermat’s Last Theorem is false for p prime and p ≥ 5, then there
exists a Frey package.

Proof for Lemma 2.4.2

Suppose we have a counterexample ap+bp = cp for the given p; we
nowbuild a Frey package from this data.If the greatest commondi-
visor of a, b, c isd, then ap+bp = cp implies (a/d)p+(b/d)p = (c/d)p.
Dividing through, we can thus assume that no prime divides all of
a, b, c. Under this assumption we must have that a, b, c are pair-
wise coprime, as if some prime divides two of the integers a, b, c
then by ap + bp = cp and unique factorization it must divide all
three of them. In particular we may assume that not all of a, b, c

1https://pitmonticone.github.io/FLT3/blueprint/dep_graph_document.
html

https://pitmonticone.github.io/FLT3/blueprint/dep_graph_document.html
https://pitmonticone.github.io/FLT3/blueprint/dep_graph_document.html
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are even, and now reducing modulo 2 shows that precisely one of
themmust be even.Next we show that we can find a counterexam-
ple with b even. If a is the even one, then we can just switch a and
b. If c is the even one, then we can replace c by -b and b by -c,
using that p is odd.The last thing to ensure is that a is 3mod 4. Be-
cause b is even, we know that a is odd, so it is either 1 or 3mod 4. If
a is 3mod 4 then we are home; if however a is 1mod 4, we replace
a, b, c by their negatives, and this is the Frey package we seek.

2.5 Galois Representations And Elliptic Curves

To continue, we need some of the theory of elliptic curves overQ. So let f(X)
denote anymonic cubic polynomialwith rational coefficients andwhose three
complex roots are distinct, and let us consider the equation E : Y 2 = f(X),
which defines a curve in the (X,Y)-plane. This curve, or strictly speaking its
projectivization, is a so-called elliptic curve overQ.

If E : Y 2 = f(X) is an elliptic curve over Q, and if K is any characteristic
zero field, and hence a Q-algebra, then we write E(K) for the set of solutions
to y2 = f(x) with x, y ∈ K, together with an additional ”point at infinity”
corresponding morally to x = y = ∞. It is an extraordinary fact, and not at
all obvious, that E(K) naturally has the structure of an additive abelian group,
with the point at infinity being the zero element, the identity. Fortunately this
fact is already in mathlib. This additive group structure has the property that
three distinct points P, Q, R in K2 which are in E(K) will sum to zero if and
only if they are collinear.

The group structure behaves well under change of field: if E is an ellip-
tic curve over Q and if K → L is a homomorphism of characteristic zero
fields, then the induced map E(K) → E(L) is a group homomorphism. Thus
if f : K → L is an isomorphism of characteristic zero fields, the induced map
E(K) → E(L) is an isomorphism of groups, with the inverse isomorphism
being the map E(L) → E(K) induced by f−1. This construction thus gives
us an action of themultiplicative group Aut(K) of automorphisms of the field
K on the additive abelian group E(K), and hence also on the n-torsion of this
group for any positive integer n. In particular, if Q denotes an algebraic clo-
sure of the rationals, for example the algebraic numbers inC, and if Gal(Q/Q)
denotes the group of field isomorphisms Q → Q, then for any elliptic curve
E over Q we have an action of Gal(Q/Q) on the additive abelian group E(Q),
and hence on its n-torsion subgroup E(Q)[n].

If furthermore n = p is prime, then E(Q)[p] is naturally a vector space
over Z/pZ, and therefore it inherits the structure of a mod p representation
of Gal(Q/Q). This is the mod p Galois representation attached to the elliptic
curve E, and it is well-known to be 2-dimensional. We call it ρE,p.

In the next section we apply this theory to the elliptic curve coming from
a counterexample to Fermat’s Last Theorem.
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2.6 The Frey Curve

Recall that a Frey package (a, b, c, p) is a prime p ≥ 5 and nonzero pairwise-
coprime integers a, b, and c satisfying ap + bp = cp and the congruences a ≡
3 (mod 4) and b ≡ 0 (mod 2). We have shown above that if Fermat’s Last
Theorem is false, then a Frey package exists.
Definition 2.6.1

Given a Frey package (a, b, c, p), the corresponding Frey curve is
the elliptic curve overQ (considered by Frey and, before him, Hel-
legouarch) defined by the equation Y 2 = X(X − ap)(X + bp).

Note that the roots of the cubicX(X − ap)(X + bp) are distinct because a,
b, and c are nonzero and ap + bp = cp.

Given a Frey package (a, b, c, p)with corresponding Frey curve E, themod p
Galois representation ρE,p attached to this package is the 2-dimensional rep-
resentation of Gal(Q/Q) on E(Q)[p] described above. Frey’s observation is
that this representation has some very surprising properties. We will make
this remark more explicit in the next chapter. Here we shall show how these
properties can be used to finish the job.

2.7 Reduction To Two Big Theorems

Recall that a representation of a group G on a vector space W is said to be irre-
ducible if there are precisely two G-stable subspaces of W, namely 0 and W. The
representation is said to be reducible otherwise.

Now say (a, b, c, p) is a Frey package. Consider themod p representation of
Gal(Q/Q) coming from the p-torsion in the Frey curve Y 2 = X(x−ap)(X+bp)
associated to the package. Let’s call this representation ρ, and we say that
ρ is the mod p representation associated to the Frey package (a, b, c, p). Is ρ
irreducible or not?
Theorem 2.7.1

If ρ is themod pGalois representation associated to a Frey package
(a,b,c,p) then ρ is irreducible.

Proof for Theorem 2.7.1

This follows from a profound and long result of Mazur (Mazur,
1977) from 1977, namely the fact that the torsion subgroup of an
elliptic curve over Q can have size at most 16. In fact there is still
a little more work which needs to be done to deduce the theorem
fromMazur’s result. A pre-1990 reference for the full proof of this
claim is Proposition 6 in Section 4.1 of (Serre, 1987).
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Note that in the first (pre-2029) phase of the FLT project, we will not be
working on a formalization of this result, as it was known in the 1980s. Wewill
however be thinking a lot about the next result, which says the exact opposite.
Theorem 2.7.2

If ρ is themod pGalois representation associated to a Frey package
(a,b,c,p) then ρ is reducible.

Proof for Theorem 2.7.2

This follows from theoremFrey_curve_hardly_ramified, which
shows that theFrey representation is hardly ramified, togetherwith
theoremhardly_ramified_reducible, which shows that anyhardly
ramified mod p representation is reducible.

Corollary 2.7.3

There is no Frey package.

Proof for Corollary 2.7.3

Follows immediately from the previous two theorems Theorem
2.7.1 and Theorem 2.7.2.

We deduce.
Corollary 2.7.4

Fermat’s Last Theorem is true. In other words, there are no pos-
itive integers a, b, and c and natural numbers n >= 3 such that
an + bn = cn.

Proof for Corollary 2.7.4

Assume there is a there is a counterexample an + bn = cn. By
Corollary Corollary 2.3.3, wemay assume that there is also a coun-
terexample ap + bp = cp with p ≥ 5 and prime. Then Lemma 2.4.2
produces a Frey package, contradicting Corollary 2.7.3.

Because we are, for now at least, assumingMazur’s theorem, we now turn
our attention to a proof of theorem Theorem 2.7.2. We start on this proof in
ch_freyreduction.





3 Reducibility Of p-Torsion Of The
Frey Curve

3.1 Overview

In ch_reductions we reduced FLT, modulo a hard theorem from the 1970s, to
theorem Theorem 2.7.2, the assertion that p-torsion in the Frey curve is re-
ducible. In this chapter we deduce this assertion from three more complex
claims about hardly ramified Galois representations. It is relatively straight-
forward to reduce one of these three claims to a result of Fontaine proved in
the 1980s in his paper on the nonexistence of nontrivial abelian schemes over
Z. The other two claims lie deeper, and their proofs use techniques initially
developed byWiles in the 1990s.

3.2 Hardly Ramified Representations

Let (a, b, c, p) be a Frey package, so in particular p ≥ 5 is prime and ap + bp =
cp, let E be the corresponding Frey curve over Q, and let ρ : Gal(Q/Q) →
Aut(E(Q)[p]) be the 2-dimensional Galois representation on the p-torsion of
E. Recall that our goal is to prove that ρ is reducible.

What we need to leverage is the fact that ρ has very little ramification. To
give a toy example before we start: if K is a number field, that is, a finite
extension of Q, and if the extension K/Q is unramified at all primes, then
an old theorem of Minkowski tells us that K = Q. We want to prove a the-
orem in a similar vein, namely that if a 2-dimensional mod p Galois repre-
sentation is hardly ramified, then it is reducible. Below, we give a precise
definition of what it means for a continuous 2-dimensional representation
Gal(Q/Q) → GL2(R) to be hardly ramified. Before we do that, we need to say
precisely which topological rings R we will allow. We say that a topological
ring is pro-Artinian if it is a projective limit of Artin local rings each equipped
with the discrete topology, and if it has the projective limit topology. We are
only concerned with local pro-Artinian rings with finite residue field; such
things can be checked to be the same thing as topological local rings with fi-
nite residue field whose underlying topological space is profinite, and such

11



12 CHAPTER 3. REDUCIBILITY OF P-TORSION OF THE FREY CURVE

that additive translates of open ideals form a basis for the topology. Let us call
such rings coefficient rings for now.

We make some remarks to orient the reader.

• Any complete local Noetherian ring with finite residue field is a coeffi-
cient ring, if the ring is equipped with the m-adic topology where m is
the maximal ideal. In this case, all powers of m are open.

• In particular finite fields, and integer rings of finite extensions of Qp,
are coefficient rings.

• If R is a coefficient ring then R is isomorphic to the projective limit of
the finite rings R/I as I runs over the open ideals of R.

• A non-Noetherian example of a coefficient ring is the projective limit
over n of the rings Z/pZ[ε1, . . . , εn]/(∀i, j, εiεj = 0); these rings are con-
venient to include as coefficient rings for technical reasons; they make
representability theorems easier.

• The category of coefficient rings is equivalent to the pro-category of the
category of finite local rings.

• A coefficient ring is pseudocompact in the sense of Grothendieck. A
pseudocompact local ring is however a more general concept as such a
thingmay have an infinite residue field and would thus not be profinite.

• IfR is a coefficient ringwith residuefield of characteristic `, then there is
a unique continuousmap Z` → R. Indeed, it suffices to prove that there
is a unique continuous map Z` → R/I for each open ideal I, but R/I
is a finite local ring with residue field of characteristic `. R/I is hence
Artinian, so some power of themaximal ideal is zero byNakayama. This
means that `N = 0 for some sufficiently large N , and hence R/I is a
Z/`NZ-algebra and thus admits admits a unique map from Z`.

• It will be more convenient to fix once and for all the integerO in a finite
extension ofQ` and consider coefficientO-algebras, namely coefficient
rings R equipped with a continuous mapO → R which is a local homo-
morphism inducing an isomorphism on residue fields.

Because a coefficient ringRwith residuefield of characteristic ` is naturally
a Z`-algebra, we can talk about the `-adic cyclotomic character Gal(Q/Q) →
R×. We are now ready to define hardly ramified representations.
Definition 3.2.1

LetR be a coefficient ring with finite residue field of characteristic
` ≥ 3. Let V be a finite freeR-module of rank 2, equipped with the
product topology. A continuous representation ρ : Gal(Q/Q) →
GLR(V ) is said to be hardly ramified if it satisfies the following four
conditions:
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• det(ρ) : Gal(Q/Q) → R× is the cyclotomic character.
• ρ is unramified outside 2`.
• The restriction of ρ to Gal(Q2/Q2) is reducible. More pre-
cisely, there is a short exact sequence 0 → R → V → R → 0
which is stable under the actionofGal(Q2/Q2), and theGalois
action on the 1-dimensional quotient is an unramified repre-
sentation of Gal(Q2/Q2) whose square is trivial.

• The restriction of ρ to Gal(Q`/Q`) is flat, by which we mean
that for all open ideals I ofR, the finite-image representation
ρmod I : Gal(Q`/Q`) → GLR/I(V /I) comes from a finite flat
group scheme.

A well-known result, which basically goes back to Frey, is the following:
Theorem 3.2.2

The `-torsion ρ : Gal(Q/Q) → GL2(Z/`Z) in the Frey curve associ-
ated to a Frey package (a, b, c, `) is hardly ramified.

Proof for Theorem 3.2.2

This was well-known in the 1980s. A proof sketch is as follows.
First note that ` ≥ 5 > 3 by definition of a Frey package. Let ρ de-
note the Galois representation on the `-torsion of the Frey curve.
The fact that ρ is 2-dimensional is Corollary III.6.4(b) of (Silver-
man, 2009), and the fact that its determinant is cyclotomic is Propo-
sition III.8.3 of the same reference. These results hold for elliptic
curves in general. The remaining claims are specific to the Frey
curve and lie deeper. The fact that ρ is unramified outside 2` is a
consequence of (4.1.12) and (4.1.13) of (Serre, 1987). The fact
that ρ at 2 has an unramified 1-dimensional quotient of order at
most 2 follows from the fact that the Frey curve is semistable at 2
and the theory of the Tate curve. Finally, the claim that ρ is flat at
` is Proposition 5 and (4.1.13) of (Serre, 1987).

Note that irreducibility and absolute irreducibility for hardly ramifiedmod
` representations are the same, because our assumptions that ` ≥ 3 and that
the determinant is cyclotomic imply that the image of complex conjugation
has distinct eigenvalues defined over the ground field.
Theorem 3.2.3

If ` ≥ 3 is prime and ρ : Gal(Q/Q) → GL2(Z/`Z) is hardly ramified,
then ρ is reducible.

Note that this (deep) claim is a consequence of Serre’s conjecture (Serre,
1987), now a theorem of Khare and Wintenberger (Khare and Wintenberger,
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2009), and indeed we shall use methods introduced by Khare and Winten-
berger to prove this special case of Serre’s conjecture. Given this result, we
can deduce theorem Theorem 2.7.2 (which we restate here) easily:
Theorem 3.2.4

If ρ is themod pGalois representation associated to a Frey package
(a,b,c,p) then ρ is reducible.

Proof for Theorem 3.2.4

Indeed, ρ is hardly ramified by theorem Theorem 3.2.2 and thus
reducible by theorem Theorem 3.2.3.

Our job of reducing FLT to theorems of the 1980s is hence reduced to prov-
ing theorem Theorem 3.2.3.

Hardly Ramified Mod p Representations Are Reducible

In this section we will state three theorems, from which theorem Theorem
3.2.3 easily follows.

Firstly, we claim that an irreducible hardly ramified mod ` representation
lifts to an `-adic representation.
Theorem 3.2.1.1

If ` ≥ 3 is prime and ρ : Gal(Q/Q) → GL2(Z/`Z) is hardly rami-
fied and irreducible, then there exists a finite extensionK/Q` with
integer ring O and maximal ideal m and a hardly ramified repre-
sentation ρ : Gal(Q/Q) → GL2(O) whose reduction modulo m is
isomorphic to ρ.

Proof for Theorem 3.2.1.1

This theorem is formalized in Lean under the attached declara-
tion.

Next we claim that a hardly ramified `-adic representation spreads out to a
compatible family of hardly ramified q-adic representations for all oddprimes
q. Note that we have not made a definition of a hardly ramified 2-adic repre-
sentation.
Theorem 3.2.1.2

If ` ≥ 3 is prime, K is a finite extension ofQ` with integersO and if
ρ : Gal(Q/Q) → GL2(O) is a hardly ramified representation whose
reduction is irreducible, then there exists a number field M and,
for each finite place µ of M of characteristic prime to 2, with com-
pletionMµ having integer ring Rµ, a hardly ramified semisimple
representation ρµ : Gal(Q/Q) → GL2(Rµ) (by which we mean the
generic fibre is semisimple), with the following properties:
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• There is some λ | ` ofM such that ρλ ∼= ρ, the isomorphism
happeningover someappropriate local field containing a copy
ofMλ and a copy ofK

• If µ1 and µ2 are two finite places ofM with odd residue char-
acteristicsm1 andm2, and if p - 2m1m2 is prime, then ρµ1

and
ρµ2

are both unramified at p and the characteristic polynomi-
als ρµ1

(Frobp) and ρµ2
(Frobp) lie inM [X] and are equal

Proof for Theorem 3.2.1.2

This theorem is formalized in Lean under the attached declara-
tion.

In particular, we can ”move” from an irreducible hardly ramified mod `
representation to ahardly ramified3-adic representation, andhence to ahardly
ramified mod 3 representation.

However, we can essentially completely classify the hardly ramified mod
3 Galois representations:
Theorem 3.2.1.3

If k is a finite field of characteristic 3 and ρ : Gal(Q/Q) → GL2(k) is
hardly ramified, then ρ is an extension of the cyclotomic character
by the trivial representation.

Proof for Theorem 3.2.1.3

This theorem is formalized in Lean under the attached declara-
tion.

And we can use this to essentially completely classify the hardly ramified
3-adic Galois representations:
Theorem 3.2.1.4

IfL/Q3 is afinite extensionwith integer ringOL and ρ3 : Gal(Q/Q) →
GL2(OL) is hardly ramified, then, viewed as a representation to
GL2(L), one has ρss3 = 1 ⊕ χ3 where 1 is the trivial character and
χ3 is the 3-adic cyclotomic character.

Proof for Theorem 3.2.1.4

This theorem is formalized in Lean under the attached declara-
tion.

TheoremTheorem3.2.3 (if ` ≥ 3 is a prime and ρ : Gal(Q/Q) → GL2(Z/`Z)
is hardly ramified, then ρ is reducible) is an easy consequence of these theo-
rems, as we now show.
Proof for Theorem 3.2.3
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Assume for a contradiction that ρ is irreducible. By theoremhardly_ramified_lifts,
ρ lifts to a hardly ramified `-adic representation ρ. By theorem
hardly_ramified_spreads_out, ρ is part of a compatible family
ofq-adicGalois representations. By theoremhardly_ramified_3adic_reducible,
any 3-adic member ρ3 of this family has semisimplification 1⊕ χ3

and in particular for p - 6 we have that the characteristic poly-
nomial of ρ3(Frobp) is (X − p)(X − 1). By compatibility of the
family we deduce that for p - 6` the characteristic polynomial of
ρ(Frobp) is (X−p)(X−1), and thus the characteristic polynomial
of ρ(Frobp) is (X−p)(X−1). By the Chebotarev density theorem,
ρ and 1⊕ χ have the same characteristic polynomials everywhere
(here χ is the mod ` cyclotomic character). Thus by the Brauer-
Nesbitt theorem, ρ is reducible, the contradiction we seek.

What remains then,modulo several resultswhichwereknown in the1980s,
is to prove the three theoremsTheorem 3.2.1.1, Theorem 3.2.1.2, and Theorem
3.2.1.4. By far the easiest is theorem Theorem 3.2.1.4; this follows from old es-
timates of Fontaine, ultimately relying on bounds for root discriminants due
to Odlyzko and Poitou, originally developed to prove that there was no non-
trivial abelian scheme over Z. The other two theorems are deeper, and both
use modern variants ofWiles’ R = T machinery.

We have not yet written any more LaTeX on how to proceed further; the
rest of this blueprint should be considered as more unfocussed thoughts.



4 An overview of the proof

So far we have seen that, modulo Mazur’s theorem (and various other things
which will still take some work to formalise but which are much easier), Fer-
mat’s Last Theorem can be reduced to the statement that there is no prime
` ≥ 5 and hardly-ramified irreducible 2-dimensional Galois representation
ρ : Gal(Q/Q) → GL2(Z/`Z).

In this chapterwe give anoverviewof our strategy for proving this, and col-
lect various results which we will need along the way. Note that we no longer
need to assume that ρ comes from the `-torsion in an elliptic curve.

4.1 Potential modularity.

Wewill only speak aboutmodularity for 2-dimensional representations of the
absolute Galois group of a totally real field F of even degree over Q. What
we will mean by ”modular” is ”associated to an automorphic representation
of the units of the totally definite quaternion algebra over F ramified at no
finite places and at all infinite places”. Such a quaternion algebra only exists
if F has even degree, hence the restriction in our definition of modularity.
We can furthermore even demand that the infinity type of the form is trivial
(the analogue in this setting of classical weight 2 forms), as these are the only
forms we shall need for FLT.

Assumewe have a hardly-ramified representation ρ as above. LetK be the
number field corresponding to the kernel of ρ. Our first claim is that there is
some totally real field F of even degree, Galois over Q, unramified at `, and
disjoint fromK, such that ρ|GF is modular. The proof of this is very long, and
uses a host of machinery. For example:

• Moret–Bailly’s result (Moret-Bailly, 1989) on points on curves with pre-
scribed local behaviour;

• several nontrivial results in global class field theory;

• the Jacquet–Langlands correspondence;

• The assertion that irreducible 2-dimensional mod p representations in-
duced from a character are modular (this follows from converse theo-
rems);

17



18 CHAPTER 4. AN OVERVIEW OF THE PROOF

• A modularity lifting theorem.

Almost everything here dates back to the 1980s or before. The exception
is the modularity lifting theorem, which we now state explicitly.

4.2 Amodularity lifting theorem

Suppose ` ≥ 5 is a prime, that F is a totally real field of even degree in which
` is unramified, and that S is a finite set of finite places of F not dividing `.
WriteGF for the absolute Galois group of F .

If v ∈ S then let Fv denote the completion of F at v, fix an inclusion
F → Fv, let Ov denote the integers of Fv and k(v) the residue field. Let
Iv ⊂ GF denote the inertia subgroup at v. Local class field theory (or a more
elementary approach) gives a map Iv → O×

Fv
and hence a map Iv → k(v)×.

Let Jv denote the kernel of this map.
Let R be a complete local Noetherian Z`-algebra with finite residue field

of characteristic `. We will be interested in representations ρ : GF → GL2(R)
with the following four properties.

• det(ρ) is the cyclotomic character;

• ρ is unramified outside S ∪ {`};

• If v ∈ S then ρ(g) has trace equal to 2 for all g ∈ Jv;

• If v | ` is a place of F then ρ is flat at v.

In the last bullet point, ”flat” means ”projective limit of representations
arising from finite flat group schemes”. Let us use the lousy temporary nota-
tion ”S-good” to denote representations with these four properties.

Say k is a finite extension of Z/`Z and ρ : GF → GL2(k) is continuous,
absolutely irreducible when restricted to F (ζ`), and S-good. One can check
that the functor representing S-good lifts of ρ is representable.
Theorem 4.2.1

If ρ is modular of level Γ1(S) and ρ : GF → GL2(O) is an S-good
lift of ρ to O, the integers of a finite extension of Q`, then ρ is also
modular of level Γ1(S).

Right now we are very far from even stating this theorem in Lean.
I am not entirely sure where to find a proof of this in the literature, al-

though it has certainly been known to the experts for some time. Theorem
3.3 of (Taylor, 2006) comes close, although it assumes that ` is totally split
in F rather than just unramified. Another near-reference is Theorem 5.2 of
(Gee, 2006), although this assumes the slightly stronger assumption that the
image of ρ contains SL2(Z/pZ) (however it is well-known to the experts that
this can be weakened to give the result we need). One reference for the proof
is Richard Taylor’s 2018 Stanford course.
Proof for Theorem 4.2.1
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Sketch.The proof is a two-stage procedure and has a nontrivial an-
alytic input. First one uses the Skinner–Wiles trick to reduce to
the ”minimal case”, and this needs cyclic base change for GL(2)
and also a characterisation of the image of the base change con-
struction; this seems to need a multiplicity one result, which (be-
cause of our definition of ”modular”) will need Jacquet–Langlands
aswell.In theminimal case, the argument is theusualTaylor–Wiles
trick, using refinements due to Kisin and others.

Given this modularity lifting theorem, the strategy to show potential mod-
ularity of ρ is to use Moret–Bailly to find an appropriate totally real field F , an
auxiliary prime p, and an auxiliary elliptic curve over F whose mod ` Galois
representation is ρ and whose mod p Galois representation is induced from a
character. By converse theorems (for example) the mod p Galois representa-
tion is associated to an automorphic representation of GL2 /F and hence by
Jacquet–Langlands it is modular. Now we use the modularity lifting theorem
to deduce themodularity of the curve over F and hence themodularity of the
`-torsion.

4.3 Compatible families, and reduction at 3

We now use Khare–Wintenberger to lift ρ to a potentially modular `-adic Ga-
lois representation of conductor 2, and put it into an `-adic family using the
Brauer’s theorem trick in (Barnet-Lamb et al., 2014). Finally we look at the
3-adic specialisation of this family. Reducing mod 3 we get a representation
which is flat at 3 and tame at 2, so must be reducible because of the tech-
niques introduced in Fontaine’s paper on abelian varieties over Z (an irre-
ducible representation would cut out a number field whose discriminant vio-
lates the Odlyzko bounds). One can now go on to deduce that the 3-adic rep-
resentation must be reducible, which contradicts the irreducibility of ρ.

We apologise for the sketchiness of what is here, however at the time of
writing it is so far fromwhat we are even able to state in Lean that there seems
to be little point right now in fleshing out the argument further. As this doc-
ument grows, we will add a far more detailed discussion of what is going on
here. Note in particular that stating the modularity lifting theorem in Lean is
the first target.





5 An Example Of An Automorphic
Form

5.1 Introduction

The key ingredient in Wiles’ proof of Fermat’s Last Theorem is a modularity
lifting theorem, sometimes called an R = T theorem. For Wiles, the R came
from elliptic curves, the T came from classical modular forms, and the fact
that they’re equal is basically the Shimura–Taniyama–Weil conjecture, now
known as the Breuil–Conrad–Diamond–Taylor modularity theorem: any el-
liptic curve over the rationals is modular.

At the heart of the proof we shall formalise is also an R = T theorem,
however the T which we shall use will be associated not to classical modular
forms, but to spaces of more general automorphic forms called quaternionic
modular forms. Those of you who know something about classical modular
forms might well know that the groups SL2(R) and SL2(Z) are intimately in-
volved; these are the norm 1 units in the matrix ringsM2(R) andM2(Z). In
the theory of quaternionicmodular forms, the analogous groups are the norm
1 units in rings such asHamilton’s quaternionsR⊕Ri⊕Rj⊕Rk, and subrings
such as Z⊕ Zi⊕ Zj ⊕ Zk.

One of the main goals of the FLT project at the time of writing this sen-
tence, is formalising the statement of the modularity lifting theorem which
we shall use. So we are going to need to develop the theory of quaternionic
modular forms, which is rather different to the theory of classical modular
forms (for example, in the cases we need, the definition is completely alge-
braic; there are no holomorphic functions in sight, and the analogue of the
upper half plane in the quaternionic theory is a finite set of points).

We could just launch into the general theory over totally real fields, which
will be the generality which we’ll need. But when I was a PhD student, I learnt
about these objects by playing with explicit examples. So, whilst not logically
necessary for the proof, I thought it would be fun, and perhaps also instruc-
tional, to compute a concrete example of a space of quaternionic modular
forms. The process of constructing the examplemight even informwhat kind
of machinery we should be developing in general. Let’s begin by discussing
the quaternion algebra we shall use.

21
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5.2 A quaternion algebra

Let’s define D to be the quaternion algebra Q ⊕ Qi ⊕ Qj ⊕ Qk. As a vector
space, D is 4-dimensional over Q with [1, i, j, k] giving a basis. It has a (non-
commutative) ring structure, with multiplication satisfying the usual quater-
nion algebra relations i2 = j2 = k2 = ijk = −1. You can think of D as an
analogue of 2 × 2matrices with rational coefficients, hence its unitsD× are
an analogue of the group GL2(Q).

We will also need an analogue of the group GL2(Z), which will come from
an integral structure onD. We choose the Hurwitz order, namely the subring
O := Z⊕Zi⊕Zj⊕Zω, where ω = −1+(i+j+k)

2 , a cube root of unity, as (i+ j+
k)2 = −3. The simplest way to understand O is that it’s quaternions a + bi +
cj + dk where either a, b, c, d are all integers or are all in 1

2 + Z.
Note that O is a maximal order and a Euclidean domain, which is why we

prefer it over the more obvious sublattice Z⊕ Zi⊕ Zj ⊕ Zk.
In this chapter, we are going to compute a complex vector space which

could be called something like the ”weight 2 level 2 modular forms for D×”.
The main result will be that this space is 1-dimensional.

Note that mathlib has modular forms, but it doesn’t have enough com-
plex analysis to deduce that the space of modular forms of a given weight and
level is finite-dimensional. If all the sorrys in this chapter are completed be-
foremathlib gets the necessary complex analysis, then the first nonzero space
of modular forms to be proved finite-dimensional in Lean will be a space of
quaternionic modular forms.

We will use a modern ”adelic” definition of our modular forms, so the first
thing we need to do is to talk about profinite completions.

5.3 Zhat

Definition 5.3.1

The profinite completion Ẑ of Z is the set of all compatible collec-
tions c = (cN )N of elements ofZ/NZ indexedbyN+ := {1, 2, 3, . . .}.
A collection is said to be compatible if for all positive integersD |
N , we have cN modD equals cD.

Classically automorphic forms were defined as functions on symmetric
spaces (like the upper half plane) which transformed well under the action
of certain discrete groups (for example SL2(Z)). However such definitions be-
came combinatorially problematic when generalised to number fields with
nontrivial class group, because the classical theory needed a number p to de-
fine theHecke operator Tp, and in the casewhere pwas a non-principal prime
ideal in a number field, there was no appropriate number. One fix is to take
disjoint unions of symmetric spaces indexed by the ideal class group of the
field in question, but it is easier to work adelically, which is morally what we
shall do. However we are able to avoid introducing the adeles explicitly; we
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can work instead with the conceptually simpler object Ẑ, the profinite com-
pletion of Z. So what is Ẑ? We offer a low-level definition of this object.
Lemma 5.3.2

Ẑ is a subring of
∏

N≥1(Z/NZ) and in particular is a ring.

Proof for Lemma 5.3.2

Follow your nose.

Lemma 5.3.3

0 6= 1 in Ẑ.

Proof for Lemma 5.3.3

Recall that you can evaluate an element of Ẑ at a positive integer.
Evaluating 0 at 2 gives 0, and evaluating 1 at 2 gives 1, and these
are distinct elements of Z/2Z, so 0 6= 1 in Ẑ.

Lemma 5.3.4

The map from the naturals into Ẑ sending n to n is injective.

Proof for Lemma 5.3.4

Generalise the above idea. Feel free to write up a LaTeX proof and
PR it.

Note that it follows easily that that the map from the integers to Ẑ is injec-
tive.

But Ẑ ismuch larger than Z; it has the same cardinality as the reals in fact.
Let’s write down an explicit example of an element of Ẑwhich isn’t obviously
in Z.
Definition 5.3.5

The infinite sum 0!+1!+2!+3!+4!+5!+ · · · looks like it makes no
sense at all; it is the sum of an infinite series of larger and larger
positive numbers. However, the sum is finite modulo N for ev-
ery positive integerN , because all the terms fromN ! onwards are
multiples ofN and thus are zero in Z/NZ. Thus it makes sense to
define eN to be the value of the finite sum modulo N . Explicitly,
eN = 0! + 1! + · · ·+ (N − 1)!moduloN .

Lemma 5.3.6

The collection (eN )N is an element of Ẑ.
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Proof for Lemma 5.3.6

This boils down to checking thatD! + (D + 1)! + · · · + (N − 1)! is
a multiple ofD.

Lemma 5.3.7

The element (eN )N of Ẑ is not in Z.

Proof for Lemma 5.3.7

First imagine that e = nwith n ∈ Z and 0 ≤ n. In this case, choose
j such that 0! + 1! + 2! + · · · + j! > n and check also that the sum
is less than (j + 1)!. Now set N = (j + 1)! and let’s compare eN
and nN = n. The trick is that eN must be 0! + 1! + · · ·+ j!modN ,
because all the terms beyond this are multiples not just of (j + 1)
but of (j + 1)! = N . Thus mod N we have 0 ≤ n < eN < N so
n 6= e.Now we deal with n = −t < 0; choose j large such that
(j+1)!−(0!+1!+ · · ·+j!) > t (possible because the sum is atmost
2× j!) and then setN = (j + 1)! and we have 0 < eN < N − t < N
so we cannot have eN = −t in Z/NZ, so again e 6= n.

Lemma 5.3.8

If 0 < N is an integer then multiplication byN is injective on Ẑ.

Proof for Lemma 5.3.8

Suppose that (zi)i ∈ Ẑ and Nz = 0. This means that Nzi = 0 ∈
Z/iZ for all i. Let us fix an arbitrary positive integer j; we need to
prove that zj = 0 ∈ Z/jZ. Consider the element zNj ∈ Z/NjZ.
By assumption, we have NzNj = 0, meaning that if we lift zNj to
an integer, we have Nj | NzNj , and thus j | zNj . Thus by the
compatibility assumption on the zi we have that zj ∈ Z/jZ is the
mod j reduction of zNj and hence is zero.

Lemma 5.3.9

The multiples of N in Ẑ are precisely the compatible collections
(zi)i ∈ Ẑ with zN = 0.

Proof for Lemma 5.3.9

Clearly zN = 0 is a necessary condition to be a multiple of N .
To see it is sufficient, take a general (zi) ∈ Ẑ such that zN = 0,
and now define a new element (yj)j of Ẑ by yj = zNj/N . Just to
clarify what this means: zNj ∈ Z/NjZ reduces mod N to zN = 0
by the compatibility assumption, so it is in the subgroupNZ/NjZ
of Z/NjZ, which is isomorphic (via ”division by N”) to the group
Z/jZ; this is how we construct yj . It is easily checked that the yj
are compatible and thatNy = z.
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5.4 More Advanced Remarks On Zhat Versus Q

This section can be skipped on first reading.
People who have seen some more advanced algebra might recognise this

construction of Ẑ as being the profinite completion of the additive abelian
group Z, so it is a fundamental object of mathematics in some sense. But usu-
ally, when building mathematics, after Zwe go toQ, a multiplicative localisa-
tion of Z, and only complete after that (to get R). The process of ”completing
before localising” gives us a far more arithmetic completion of Z.

Even though Q is a divisible abelian group and hence its profinite com-
pletion vanishes, we can still attempt to ”locally profinitely complete it” by
defining Q̂ := Q ⊗Z Ẑ. This object is more commonly known as the finite
adeles of Q. More generally if F is any number field then F ⊗Z Ẑ is the ring
of finite adeles of F . To get to the full ring of adeles of a number field F you
need to take the product with the ring of infinite adeles of F , which is F ⊗QR:
some kind of universal archimedean completion of F . I don’t know a refer-
ence which develops the theory of adeles in this way, so this is what we shall
do here.

5.5 Qhat and tensor products.

Thedefinitionof Q̂ is easy if youknowabout tensorproducts of additive abelian
groups.
Definition 5.5.1

The profinite completion Q̂ of Q is the tensor product Q ⊗Z Ẑ, or
Q̂ = Q⊗ Ẑ for short.

5.6 A crash course in tensor products

We’ve defined Q̂ to be Q ⊗ Ẑ. Whatever does this mean? Well just to orient
yourself, ifA andB are additive abelian groups, thenA⊗B is also an abelian
group. And if A and B are commutative rings (as they are in our case), then
A⊗B is also a commutative ring.

Even if A and B are completely concrete commutative rings, their tensor
product A⊗B might be incomprehensible. For example C⊗C is completely
incomprehensible (note that we are tensoring over the integers). It is not like
the product of groups or the disjoint union of two sets, where you have a com-
pletely explicit unambiguous formula for each element.

In this sense, the theory of tensor products is a bit like the theory of con-
tinuous functions. Humanity started off studying concrete polynomial equa-
tions such as x2 + 1 and then moved on to concrete analytic functions such
as log(x) and sin(x), but eventually the abstract concept of a continuous func-
tion from the reals to the reals was born. There is no ”formula” for a general
continuous function, and continuous functions such as e−1/x2 or |x| have no
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power series. Even if there were a formula for a specific continuous function
of interest, it is not clear in general how to make sense of the claim that it’s
the ”best” formula. In other words, there is no ”canonical form” for a general
continuous function, and yet we prove things about them anyway. We shall
adopt the same attitude for elements of A⊗B.

The first thing to know about the tensor product A ⊗ B of two abelian
groups A and B is a ”constructor” for the type. In other words, how can we
make elementsA⊗B? Well, it turns out that given elements a ∈ A and b ∈ B,
we can form the element a⊗t b ∈ A⊗B.

Recall that the sum of all the factorials is an element e ∈ Ẑ, and 22/7 is
certainly a rational number, so we can make the element 22

7 ⊗t e ∈ Q̂.
This example is in the Lean code.
Elements of the form a ⊗t b ∈ A ⊗ B are known as pure tensors. In the

literature, pure tensors are often written a ⊗ b, but we shall follow mathlib’s
convention in reserving the ⊗ symbol for groups like A ⊗ B, and adorning it
with a twhen using it on elements of the groups (or, as Lean calls them, terms,
which explains the notation).

Addition of pure tensors obeys the ”distributivity” rules a⊗t b1 + a⊗t b2 =
a⊗t (b1 + b2) and a1 ⊗t b+ a2 ⊗t b = (a1 + a2)⊗t b, but there is no rule which
simplifies a general sum a⊗t b+ c⊗t d into a pure tensor. Indeed, in general
it is not the case that every element of a tensor product A ⊗ B is of the form
a⊗tb; there can be tensorswhich aren’t pure. However every element ofA⊗B
is a finite sum of pure tensors, with the result that one can attempt to define
additive maps from A ⊗ B by saying what they do on pure tensors, and then
extending linearly.

Another thing worth understanding is that just like how rational numbers
can be written as quotients of integers in several ways (for example 1/2 =
2/4 = 3/6 = · · · ), a general pure tensor in A⊗B can be represented as a⊗t b

in many ways. For example, in Q̂ we have 1 ⊗t 2 = 2 ⊗t 1. A general rule for
equality of pure tensors is that if a ∈ A and b ∈ B and z ∈ Z, then za ⊗t b =
a ⊗t zb; integers can move over the tensor symbol. But equality is hard: in
general there may not be an algorithm to decide whether two pure tensors
a⊗t b and c⊗t d are equal in A⊗B.

A summary of the situation: if A and B are abelian groups, then every
element of A ⊗ B can be written in the form

∑N
i=1 ai ⊗t bi. It’s just that this

representation is highly nonunique, and furthermore given explicit elements
a1, a2 ∈ A and b1, b2 ∈ B it might be a hard problem to figure out if a1 ⊗t b1 =
a2 ⊗t b2.

For example, it turns out that (Z/2Z) ⊗ (Z/3Z) = 0 and so in this tensor
product all the a⊗t b are equal to each other and to 0⊗ 0.

Having said all of that, one nice property of Q̂ is that every tensor is pure;
let’s prove this now.
Lemma 5.6.1

Every element of Q̂ := Q ⊗ Ẑ can be written as q ⊗t z with q ∈ Q
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and z ∈ Ẑ. Furthermore one can even assume that q = 1
N for some

positive integerN .

Proof for Lemma 5.6.1

A proof I would write on the board would look like the following.
Take a general element of Q̂; we know it can be expressed as a fi-
nite sum

∑
i qi⊗tziwith qi ∈ Q and zi ∈ Ẑ. Nowchoose a large pos-

itive integer N , the lowest common multiple of all the denomina-
tors showing up in the qi, and then rewrite

∑
i qi⊗t zi as

∑
i
ni

N ⊗zi
with ni ∈ Z. Now using the fundamental fact that na⊗t b = a⊗tnb
for n ∈ Z, we can rewrite the sum as

∑
i

1
N ⊗t nizi which is equal

to the pure tensor 1
N ⊗ (

∑
i nizi).In Lean I would prove this us-

ing TensorProduct.induction_on, which quickly reduces us to
the claim that the sum of two pure tensors is pure, which we can
prove using the above technique whilst avoiding the general the-
ory of finite sums.

Be careful though: just because every element of Q̂ can be written as q⊗z,
this representation may not be unique. For example 2⊗ 1 = 1⊗ 2. However,
writing 1

N ⊗t z as z/N does tempt us into the following definition.
Definition 5.6.2

If N ∈ N+ and z ∈ Ẑ then we say that N and z are coprime if
zN ∈ (Z/NZ)×. We write z/N as notation for the element 1

N ⊗t z.

Lemma 5.6.3

Every element of Q̂ can be uniquely written as z/N with z ∈ Ẑ,
N ∈ N+, and withN and z coprime.

Proof for Lemma 5.6.3

Existence: by the previous lemma, an arbitrary element can be
written as z/N ; letD be the greatest common divisor ofN and zN
(lifted to a natural). If D = 1 then the fraction is by definition in
lowest terms. However if 1 < D | N then zD is the reduction of
zN and is hence 0. By lemma Lemma 5.3.9 we deduce that z = Dy
is a multiple of D, and hence z/N = 1

N ⊗t Dy = 1
E ⊗ y, where

E = N/D. Now if a natural divided both yE and E then this natu-
ral would divide both zN/D and N/D, contradicting the fact that
D is the greatest common divisor.Uniqueness: if z/N = w/M , we
deduce 1 ⊗t Mz = 1 ⊗t Nw, and by injectivity of Ẑ → Q̂ we de-
duce thatMz = Nw = y. In particular, if L is the lowest common
multiple ofM andN then yL is a multiple of bothM andN and is
hence zero, so y = Lx is a multiple of L by Lemma 5.3.9, and we
deduce from torsionfreeness that z = (L/M)x and w = (L/N)x.
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If some prime divided L/M then it would have to divide N which
means that z is not in lowest terms; similarly if some prime di-
vided L/N then w/M would not be in lowest terms. We deduce
that L =M = N and hence z = w by torsionfreeness.

IfA andB are additive abelian groups thenA⊗B is also an additive abelian
group. However if A and B are commutative rings, then A ⊗ B also inherits
the structure of a commutative ring, with 0 = 0 ⊗t 0 and 1 = 1 ⊗t 1. Pure
tensors multiply in the obvious way: the product of a1 ⊗t b1 and a2 ⊗t b2 is
a1a2 ⊗t b1b2. There are ring homomorphisms A → A ⊗ B and B → A ⊗ B
sending a to a⊗t 1 and b to 1⊗t b. In general such maps are not injective, but
in the case of Q̂ = Q⊗ Ẑ both maps fromQ and Ẑ are inclusions.
Lemma 5.6.4

The ring homomorphismQ → Q̂ sending q to q ⊗t 1 is injective.

Proof for Lemma 5.6.4

We have seen that the map from Z to Ẑ is injective. Now Q is a
flatZ-module, because it’s torsion-free, so tensoring upwe deduce
that the map fromQ = Q⊗Z to Q̂ = Q⊗ Ẑ is also injective. There
is no doubt a more elementary proof of this fact.

Lemma 5.6.5

The ring homomorphism Ẑ → Q̂ sending z to 1⊗t z is injective.

Proof for Lemma 5.6.5

The map from Z to Q is injective, and we have seen that Ẑ is a
torsion-free and thus flat Z-module, so themap from Ẑ to Q̂ is also
injective.

5.7 Additive structure of Qhat.

Here we forget the ring structure on everything, and analyse Q̂ as an additive
abelian group, and in particular how the subgroups Z,Q and Ẑ sit within it.

The two results we prove in this section are thatQ∩Ẑ = Z and thatQ+Ẑ =

Q̂. Using lattice-theoretic notation we could write these results as Q u Ẑ = Z
andQ t Ẑ = Q̂.
Lemma 5.7.1

The intersection ofQ and Ẑ in Q̂ is Z.

Proof for Lemma 5.7.1
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Clearly Z ⊆ Q ∩ Ẑ. Now suppose that x ∈ Q ∩ Ẑ. Because x is
rational we can write it as A

B ⊗t 1 for some fraction A/B in lowest
terms, and hence x = A/B where now we regard A ∈ Ẑ and note
that A/B is still in lowest terms. However x ∈ Ẑ implies that x =
x/1 is in lowest terms, so we deduce that B = 1 and thus x = A ∈
Z.

Lemma 5.7.2

The sum of Q and Ẑ in Q̂ is Q̂. More precisely, every element of Q̂
can be written as q + z with q ∈ Q and z ∈ Ẑ, or more precisely as
q ⊗t 1 + 1⊗t z.

Proof for Lemma 5.7.2

Write x ∈ Q̂ as x = z/N in lowest terms. Lift zN to an integer t and
observe that (z − t)N = 0, hence z − t = Ny for some y ∈ Ẑ. Now
x = t/N + y ∈ Q+ Ẑ.

5.8 Multiplicative structure of the units of Qhat.

We now forget the additive structure on the commutative ring Q̂ and consider
the multiplicative structure of its group of units Q̂× (which I couldn’t get into
the section title). We have the obvious subgroupsQ×, Z× and Ẑ×.
Lemma 5.8.1

The intersection ofQ× and Ẑ× in Q̂× is Z×.

Proof for Lemma 5.8.1

Clearly the intersection is contained within Q ∩ Ẑ = Z. If n ∈
Z is in Ẑ× then n 6= 0 and its inverse 1/n = ±1/|n| is in lowest
terms but also in Ẑ, and hence |n| = 1 by uniqueness of lowest
term representation.

Note that by the previous lemma, this representation will be unique up to
sign.
Lemma 5.8.2

The product ofQ× and Ẑ× in Q̂× is all of Q̂×. More precisely, every
element of Q̂× can be written as qz with q ∈ Q× and z ∈ Ẑ×.

Proof for Lemma 5.8.2
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We already know that a general element of Q̂× can be written as
x/N with N positive, so this reduces us to proving that a general
element x ∈ Ẑ which is invertible in Q̂× can be written as qz with
q ∈ Q× and z ∈ Ẑ×.We know 1/x can be written in lowest terms
as y/M , and multiplying up we deduce that xy = M , and hence
x divides a positive integer. If i : Z → Ẑ denotes the inclusion,
then we’ve just seen that the preimage of the principal ideal (x),
namely, J := i−1(xẐ) is nonzero, as it containsM . Let g ∈ J be
the smallest positive integer; it’s well-known that J = (g).I claim
that it suffices to show that xẐ = gẐ. Because knowing g = yx

and x = gz for some y, z ∈ Ẑ tells us that g(1 − yz) = 0, and we
know that multiplication by g is injective, hence yz = 1, so z is
a unit and we have written x = gz with g ∈ Q× and z ∈ Ẑ×.It
remains to prove the claim. By definition g ∈ J ⊆ xẐ so this is one
inclusion. For the other, it suffices to prove that xg = 0. However
if 0 < xg < g lifts xg to the naturals then I claim that xg ∈ J ,
for xg − x is a multiple of g and hence of x, and this contradicts
minimality of g.

5.9 The Hurwitz quaternions

Definition 5.9.1

TheHurwitz quaternions are the setO := Z⊕Zω⊕Zi⊕Ziω (as an
abstract abelian group or as a subgroup of the usual quaternions).
Here ω = −1+(i+j+k)

2 and note that (i + j + k)2 = −3. We have
ω = ω2 = −(ω + 1). A general quaternion a + bi + cj + dk is a
Hurwitz quaternion if either a, b, c, d ∈ Z or a, b, c, d ∈ Z+ 1

2 .

Lemma 5.9.2

The Hurwitz quaternions form a ring.

Proof for Lemma 5.9.2

Follow your nose.

This ring is isomorphic to Z4 as an additive group, andO⊗Z R = R⊕Ri⊕
Rj ⊕ Rω is the usual Hamilton quaternions.
Definition 5.9.3

There’s a conjugation map (which we’ll call ”star”) from the Hur-
witz quaternions to themselves, sending integers to themselves and
purely imaginary elements like 2ω+1 to minus themselves. It sat-
isfies (x∗)∗ = x, (xy)∗ = y∗x∗ and (x+y)∗ = x∗+y∗. In particular,
the Hurwitz quaternions are a ”star ring” in the sense of mathlib.
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Definition 5.9.4

The Hurwitz quaternions come equipped with an integer-valued
norm, which is a2 + b2 + c2 + d2 on a+ bi+ cj+ dk but needs to be
modified a bit to deal with ω.

Lemma 5.9.5

We haveN(x) = xx.

Proof for Lemma 5.9.5

Easy calculation.

Lemma 5.9.6

The norm of 0 is 0.

Proof for Lemma 5.9.6

A calculation.

Lemma 5.9.7

The norm of 1 is 1.

Proof for Lemma 5.9.7

A calculation.

Lemma 5.9.8

The norm of a product is the product of the norms.

Proof for Lemma 5.9.8

A calculation.

Lemma 5.9.9

The norm of an element is nonnegative.

Proof for Lemma 5.9.9

It’s a sum of rational squares.

Lemma 5.9.10

The norm of an element is zero if and only if the element is zero.
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Proof for Lemma 5.9.10

It’s a sum of rational squares.

Lemma 5.9.11

Given a ”usual” quaternion a = x+yi+zj+wk with x, y, z, w ∈ R,
there exists a Hurwitz quaternion q such thatN(a− q) < 1.

Proof for Lemma 5.9.11

If [r] denotes the nearest integer to the real number r, then |r −
[r]| ≤ 1

2 . Hence if q = [x] + [y]i + [z]j + [w]k then N(a − q) =
|x − [x]|2 + · · · ≤ 1

4 + 1
4 + 1

4 + 1
4 ≤ 1, with strict inequality unless

|x− [x]| = |y− [y]| = |z − [z]| = |w− [w]| = 1
2 , in which case a ∈ O

because a− ω has integer coordinates.

Lemma 5.9.12

Given twoHurwitz quaternions a and bwith bnonzero, there exists
q and r such that a = qb+ r andN(r) < N(b).

Proof for Lemma 5.9.12

Let q be theHurwitz quaternionobtainedbyapplying lemmaLemma
5.9.11 to a/b := ab−1; then N(a/b− q) < 1 and now everything fol-
lows after multiplying up.

Corollary 5.9.13

All left ideals ofO are principal.

Proof for Corollary 5.9.13

If the ideal is 0, use 0. Otherwise, choose a nonzero element of
smallest norm.

All right ideals are principal too, because there’s another version of Euclid
saying a = bq + r.
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5.10 Profinite completion of the Hurwitz quaternions

We define Ô to be O ⊗ Ẑ, so it’s elements a + bi + cj + dω with a, b, c, d ∈ Ẑ.
The basic thing we need is this:
Theorem 5.10.1

IfN is a positive natural then the obvious mapO → Ô/NÔ is sur-
jective.

Proof for Theorem 5.10.1

This is just four copies of the surjection Z → Ẑ/N Ẑ. Note that this
latter map is surjective because Z → Z/NZ is surjective, hence
given z ∈ Ẑ you can subtract an integer w such that (z − w)N = 0,
so z − w is a multiple ofN .

We defineD := Q⊗O = Q⊕Qi⊕Qj ⊕Qω = Q⊕Qi⊕Qj ⊕Qk. Finally,
we define D̂ := D ⊗ Ẑ. Just as with Q̂ we have
Lemma 5.10.2

Every element of D̂ can bewritten as z/N with z ∈ Ô andN ∈ N+.

Proof for Lemma 5.10.2

Same as the proof for Q̂.

It is not hard to check that D̂ contains Ô and D as subrings, and that as
additive abelian groups we have Ô ∩D = O and Ô +D = D̂. This is because
O is just four copies of Z and we’ve proved the analogous result for Z.

However themultiplicative structure ismore interesting, especially asD is
not commutative. For a general quaternion algebra it is not true that (D̂)× =

D×(Ô)×, because there are ”class groupobstructions”. Thedouble coset space
is some kind of non-commutative analogue of a class group. However for our
particular choice ofD andO the result is true.
Theorem 5.10.3

The group of units of D̂ is D×Ô×. More precisely, every element
of D̂× can be written as a product δu with δ ∈ D× and u ∈ Ô×.

Proof for Theorem 5.10.3

Given an element x of D̂×, we can use lemma Lemma 5.10.2 to
write it as z/N with N a positive integer and z ∈ Ô. Note that
N is central and in D×. Similarly, we can write x−1 as y/M with
M a positive integer and y ∈ Ô. Then 1 = xx−1 = zy/NM and so
zy = NM = MN , and 1 = x−1x = yz/MN so yz = MN too. In
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particular y both left and right divides a positive integer.Now con-
sider the left ideal Ôy generated by y. We’ve just seen that this ideal
has nontrivial intersection with O, because it containsMN > 0.
Hence its intersection withO is a nonzero left ideal ofO, which is
hence principal by corollary Corollary 5.9.13. Write it as Oα with
0 6= α ∈ O.It suffices to show that Ôα = Ôy. For this would imply
that uα = y and vy = α for some u, v ∈ Ô, and thus (vu− 1)α = 0
and (uv − 1)y = 0, and both α and y are left divisors of positive
integers (the norm of α, andMN respectively), so now using the
fact that Ô is Z-torsion-free (is the tensor product of torsion-free
abelian groups torsion-free? That would be a cheap way of doing
it. Otherwise use O = Z4) we deduce that u and v are units, and
thus x−1 = 1

M uα so x = (Mα−1)v ∈ D×Ô×.What remains is this.
We have y ∈ Ô which left and right divides some positive inte-
ger. We’ve defined 0 6= α ∈ O such that Oα is the pullback of the
abelian group Ôy along the map O → Ô. We need to show that
when we push this ideal Oα forwards to Ô we get Ôy again. The
fact that Ôα ⊆ Ôy is easy, because α ∈ Ôy by definition. So it
remains to show that y ∈ Ôα.Let’s define T to be a positive in-
teger which is both a left and right multiple of both y and α (for
example T = MNαα will do). Now note that we have an isomor-
phism O/TO = Ô/T Ô, so we can choose some β ∈ O such that
β − y ∈ T Ô is a multiple of T . Next note that β ∈ y + ÔT ⊂ Ôy
is in Ôy ∩ O = Oα, meaning β = γα for some γ ∈ O. Hence
y ∈ β + ÔT ⊆ Ôα.



6 Stating the modularity lifting
theorems

I think that a nice and accessible goal (which will maybe take amonth or two)
would be to state the modularity lifting theorems which we’ll be formalising.
There are in fact two; one (the ”minimal case”) is proved using an extension of
the original Taylor–Wiles techniques, and the other is deduced from it using
various more modern tricks which were developed later. This chapter (cur-
rently work in progress) will contain a detailed discussion of all the things
involved in the statement of the theorem.

6.1 Automorphic forms and analysis

Modular forms were historically the first nontrivial examples of automorphic
forms, but by the 1950s or so it was realised that they were special cases of
a very general notion of an automorphic form, as were Dirichlet characters!
Modular forms are holomorphic automorphic forms for the group GL2 /Q,
and Dirichlet characters are automorphic forms for the group GL1 /Q. It’s
possible to make sense of the notion of an automorphic form for the group
G/k. Here k is a ”global field” – that is, a field which is either a finite extension
ofQ (a number field) or a finite extension of (Z/pZ)(T ) (a function field), and
G is a connected reductive group variety over k.

The reason that the definition of a modular form involves some analysis
(they are holomorphic functions) is that if you quotient out the group GL2(R)
by its centre and the maximal compact subgroup O2(R), you get something
which canbenaturally identifiedwith theupperhalf plane, a symmetric space
with lots of interesting differential operators associated to it (for example a
Casimir operator). However if you do the same thingwith GL1(R) then you get
a one point set, which is why a Dirichlet character is just a combinatorial ob-
ject; it’s a grouphomomorphism (Z/NZ)× → C× whereN is somepositive in-
teger. It turns out that there aremanyother connected reductive groupswhere
the associated symmetric space is 0-dimensional, and in these cases the defi-
nition of an automorphic form is again combinatorial. An example would be
the group variety associated to the units of a totally definite quaternion alge-
bra over a totally real field. In this case, the analogue of GL2(R) would be the

35
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units H× in the Hamilton quaternions, a maximal compact subgroup would
be the quaternions of norm 1 (homeomorphic to the 3-sphere S3) and quoti-
enting outH× by its centre R× and S3 again just gives you 1 point.

Before we talk about quaternion algebras, let’s talk about central simple
algebras.

6.2 Central simple algebras

Convention: in this section, fields are commutative, but algebras over a field
may not be.

Recall that a central simple algebra over a fieldK is a nonzeroK-algebra
D such thatK is the centre ofD and thatD has no nontrivial two-sided ideals.

Anotherway of saying thatD has no nontrivial two-sided ideals: every sur-
jective ring homomorphism D � A to any ring A is either an isomorphism,
or the zero map to the zero ring. Note that this latter condition has nothing to
do withK.
Lemma 6.2.1

Ifn ≥ 1 then then×nmatricesMn(K) are a central simple algebra
overK.

Proof for Lemma 6.2.1

We prove more generally that matrices with coefficients in K and
indexed by an arbitrary nonempty finite type are a central simple
algebra over K.They are clearly an algebra over K, with K embed-
ded via scalar matrices as usual (the injectivity of the map from
K comes from nonemptiness of the finite index type). The centre
clearly contains K; to show that it equals K, we argue as follows. Let
e(i,j) be the matrix with a 1 in the ith row and jth column, and
zeros everywhere else. An elementZ = (Zs,t)s,t of the centre com-
mutes with all matrices e(i,j) for i 6= j and these equations im-
mediately imply thatZi,j = 0 if i 6= j and thatZi,i = Zj,j.It suffices
to prove that any nonzero two-sided ideal I is all ofMn(K). So say
0 6=M ∈ I and let us fix (i, j) such thatMi,j 6= 0. One easily checks
thatMi,j id =

∑
k e(k, i)×M×e(j, k) ∈ I, where id ∈Mn(K) is the

identity matrix. Therefore, id ∈ I, so I = Mn(K).The definition
also requires that the ring be nonzero, but this follows from the
index type being nonempty.

Lemma 6.2.2

IfD is a central simple algebra overK andL/K is a field extension,
then L⊗K D is a central simple algebra over L.

Proof for Lemma 6.2.2
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This is not too hard: it’s lemma b of section 12.4 in Peirce’s ”Asso-
ciative algebras”.

Next: define trace and norm.





7 Automorphic forms and the
Langlands Conjectures

7.1 Definition of an automorphic form for GLn over Q

The global Langlands reciprocity conjectures relate automorphic forms to Ga-
lois representations. The statements for a general connected reductive group
involve the construction of theLanglands dual group, andwedonot have quite
enough Lie algebra theory to push this definition through in general. How-
ever if we restrict the special case of the group GLn /Q, the dual group is just
GLn(C) and several other technical obstructions are also removed. In this
section we will explain the definition of an automorphic form for the group
GLn /Q, following the exposition by Borel and Jacquet in Corvallis (volume,
1979).

7.2 The Finite Adeles Of The Rationals

Mathlib already has the definition of the finite adeles Af
Q of the rationals as a

commutativeQ-algebra, and the proof that it’s a topological ring.

7.3 The Group GLn Of The Adeles

The adeles AQ of Q are the product Af
Q × R, with the product topology. They

are a topological ring. Hence GLn(AQ) = GLn(Af
Q) × GLn(R) is a topological

group, where we are being a bit liberal with our use of the equality symbol.

7.4 Smooth Functions

Definition 7.4.1

A function f : GLn(Af
Q) × GLn(R) → C is smooth if it has the

following three properties:

1. f is continuous.

39
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2. For all x ∈ GLn(Af
Q), the function y 7→ f(x, y) is smooth.

3. For all y ∈ GLn(R), the function x 7→ f(x, y) is locally con-
stant.

Current state of this definition: I’ve half-formalised it; I don’t know how to
say the the function is smooth on the infinite part, because I have never used
the manifold library before and I have no idea what mymodel with corners is
supposed to be.

7.5 Slowly-Increasing Functions

Automorphic representations satisfy a growth conditionwhichwemay aswell
factor out into a separate definition.

We define the following temporary ”size” function s : GLn(R) → R by
s(M) = trace(MMT + M−1M−T ), where M−T denotes inverse-transpose.
Note that s(M) is always positive, and is large if M has a very large or very
small, in absolute value, eigenvalue.
Definition 7.5.1

We say that a function f : GLn(R) → C is slowly-increasing if there
is some real constant C and positive integer n such that |f(M)| ≤
Cs(M)n for allM ∈ GLn(R).

Note: the book says n is positive, but {M |s(M) ≤ 1} is compact so I don’t
think it makes any difference.

7.6 Weights At Infinity

Definition 7.6.1

The weight of an automorphic form for GLn /Q can be thought of
as a finite-dimensional continuous complex representation ρ of
a maximal compact subgroup of GLn(R), and it’s convenient to
choose one (they’re all conjugate) so we choose On(R).

TheLeandefinition is incomplete right now– I don’t demand irreducibility
(I wasn’t sure whether I was doing this the right way; if I used category theory
then I might have struggled to say that the representation was continuous).

7.7 The Action Of The Universal Enveloping Algebra

Definition 7.7.1

There is a natural action of the real Lie algebra of GLn(R) on the
complex vector spaceof smooth complex-valued functions onGLn(R).
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Definition 7.7.2

This extends to a natural complex Lie algebra action of the com-
plexification of the real Lie algebra on the smooth complex-valued
functions on GLn(R). This depends on Definition 7.7.1.

Definition 7.7.3

By functoriality, we get an action of the universal enveloping alge-
bra of this complexifiedLie algebra on the smooth complex-valued
functions. This depends on Definition 7.7.2.

Definition 7.7.4

Thus the centreZn of this universal enveloping algebra also acts on
the smooth complex-valued functions. This depends onDefinition
7.7.3.

The centre we just defined is a commutative ring which contains a copy of
C. Note that Harish-Chandra, or possibly this was known earlier, showed that
it is a polynomial ring in n variables over the complexes. We shall not need
this.

7.8 Automorphic Forms

From here on there is no more Lean right now, only LaTeX.
Definition 7.8.1

Asmooth function f : GLn(Af
Q)×GLn(R) → C is anOn(R)-automorphic

form on GLn(AQ) if it satisfies the following five conditions. This
depends on Definition 7.4.1, Definition 7.5.1, Definition 7.6.1, and
Definition 7.7.4.

1. Periodicity: for all g ∈ GLn(Q), we have f(gx, gy) = f(x, y).

2. It has a finite level: there exists a compact open subgroup
U ⊆ GLn(Af

Q) such that f(xu, y) = f(x, y) for all u ∈ U ,
x ∈ GLn(Af

Q), and y ∈ GLn(R).

3. It has weight ρ: there exists a continuous finite-dimensional
irreducible complex representation ρ of On(R) such that for
every (x, y) ∈ GLn(AQ), the complex vector space spanned
by the functions k 7→ f(x, yk) is finite-dimensional and iso-
morphic, as anOn(R)-representation, to a direct sum ρ⊕m of
copies of ρ for somem.
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4. It has an infinite level: there is an ideal I ⊆ Zn of the cen-
tre Zn described in the previous section, with finite complex
codimension, and I annihilates the function y 7→ f(x, y) for
all x ∈ GLn(Af

Q). This is a very fancy way of saying that the
function satisfies some natural differential equations. In the
case of modular forms, these are the Cauchy-Riemann equa-
tions, which is why modular forms are holomorphic.

5. It satisfies the growth condition: for every x ∈ GLn(Af
Q), the

function y 7→ f(x, y) on GLn(R) is slowly-increasing.

Automorphic forms of a fixed weight ρ form a complex vector space, and
if we also fix the finite level U and the infinite level I then we get a subspace
which is finite-dimensional; this is a theorem of Harish-Chandra. There is
also the concept of a cusp form,meaning an automorphic form for which fur-
thermore some adelic integrals vanish.

7.9 Hecke Operators

Lemma 7.9.1

The group GLn(Af
Q) acts on the space of automorphic forms for

GLn(AQ) by the formula (g · f)(x, y) = f(xg, y).

Proof for Lemma 7.9.1

This is obvious. Note that the conjugate of a compact open sub-
group is still compact and open.

A formal development of the theory of Hecke operators looks like the fol-
lowing.

Let U be a fixed compact open subgroup of GLn(Af
Q), and let us also fix a

weight ρ. LetMρ(n) denote the complex vector space of automorphic forms
for GLn /Q ofweight ρ. The levelU formsMρ(n,U) are just theU -invariants of
this space. If g ∈ GLn(Af

Q), then the double coset spaceUgU can be written as
a finite disjoint union of single cosets giU : the double coset space is certainly
a disjoint union of left cosets, but the double coset space is compact and the
left cosets are open.

Define the Hecke operator Tg :Mρ(n,U) →Mρ(n,U) by Tg(f) =
∑
gi · f .

Lemma 7.9.2

This function is well-defined, i.e. it sends a U -invariant form to a
U -invariant form which is independent of the choice of gi.

Proof for Lemma 7.9.2

Easy group theory.



8 Miniproject: Frobenius Elements

8.1 Status

Thisminiproject hasbeena success: themain results are sorry-free andmerged
intomathlib. As a result there will be nomore work on this miniproject in the
FLT repo. Below is a fairly detailed sketch of the argument used.

8.2 Introduction And Goal

When this project started, I had thought that the existence of Frobenius ele-
ments was specific to the theory of local and global fields, and a slightly more
general result held for Dedekind domains. Then Joel Riou pointed out on the
Lean Zulip an extremely general result from from Bourbaki’s Commutative
Algebra (Chapter V, Section 2, number 2, theorem 2, part (ii)). This beautiful
result is surely what we want to see in mathlib. Before we state Bourbaki’s
theorem, let us set the scene.

The goal of the mini-project is to get this theorem formalised and ideally
into mathlib.

In particular, Aut(L/K) is finite as a corollary. What is so striking about
this theorem to me is that the only finiteness hypothesis is on the group G

which acts; there are no finiteness or Noetherian hypotheses on the rings at
all.

8.3 Statement Of The Theorem

The set-up throughout this project: G is a finite group acting (via ring isomor-
phisms) on a commutative ring B, and A is the subring ofG-invariants.

SayQ is a prime ideal ofB, whose pullback toA is the prime ideal P . Note
that G naturally acts on the ideals of B. Let the decomposition group DQ of
Q be the subgroup of G which stabilizes Q ( just to be clear: g ∈ DQ means
{g · q : q ∈ Q} = Q, not ∀q ∈ Q, g · q = q).

LetL be the field of fractions of the integral domainB/Q, and letK be the
field of fractions of the subring A/P . Then L is naturally aK-algebra. In this
generality L/K may not even be finite or Galois, but we can still talk about
Aut(L/K).

43
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In the next definition we write down a group homomorphism φ from DQ

to Aut(L/K).
Definition 8.3.1

Choose g ∈ DQ. Then the action of g on B gives us an induced
A/P -algebra automorphism ofB/Qwhich extends to aK-algebra
automorphism φ(g) of L. This construction g 7→ φ(g) defines a
group homomorphism from DQ to Aut(L/K) (all the proofs im-
plicit in the definition here are straightforward).

The theorem we want in this mini-project is
Theorem 8.3.2

Themap g 7→ φg fromDQ to Aut(L/K) defined above is surjective.

The goal of this mini-project is to get this theorem formalised and ideally
into mathlib.

In particular, Aut(L/K) is finite as a corollary. What is so striking about
this theorem to me is that the only finiteness hypothesis is on the group G
which acts; there are no finiteness or Noetherian hypotheses on the rings at
all.

8.4 Examples

As a trivial consequence we get Frobenius elements for finite Galois exten-
sions in both the local and global field setting, as Aut(L/K) is just a Galois
group of finite fields in these cases, so by surjectivity we can lift a Frobenius
element.

Even though G is finite, it is possible in characteristic p > 0 for the ex-
tension L/K to be infinite (and mostly inseparable). The theorem implies
that Aut(L/K) is always finite; what is actually happening is that L/K is alge-
braic and normal, and its maximal separable subextension is finite of degree
at most |G|. However, we can prove surjectivity directly without reference to
this maximal separable subextension.

8.5 The Extension B/A

The precise set-upwe’ll work in is the following. We fixG a finite group acting
onB a commutative ring, and we have another commutative ringA such that
B is anA-algebra and the image ofA inB is precisely theG-invariant elements
ofB. We do not ever need themapA→ B to be injective so we do not assume
this.

We startwith a constructionwhich is fundamental to everything, andwhich
explains why we needG to be finite.
Definition 8.5.1
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If b ∈ B then define the characteristic polynomial Fb(X) ∈ B[X]
of b to be

∏
g∈G(X − g · b).

Clearly Fb is a monic polynomial.
Lemma 8.5.2

Fb is monic.

Proof for Lemma 8.5.2

Obvious.

It is also clear that Fb has degree |G| and has b as a root. Also Fb is G-
invariant, because actingby some γ ∈ G just permutes theorder of the factors.
Hencewe can descendFb to amonic polynomialMb(X) of degree |G| inA[X].
We will also refer toMb as the characteristic polynomial of b, even though it
is not even well-defined if the map A→ B is not injective.
Lemma 8.5.3

Fb is the lift of some monic polynomialMb in A[X].

Proof for Lemma 8.5.3

The coefficients of Fb areG-invariant, and thus lie in the image of
A.

Theorem 8.5.4

B/A is integral.

Proof for Theorem 8.5.4

UseMb.

If Q and Q' are two primes above p then there is some g ∈ G such that gQ =
Q′, and one can deduce from this that Frob_Q and Frob_{Q'} are conjugate.
In particular if G is abelian then Frob_Q and Frob_{Q'} are equal, so we can
call them both Frob_p.

8.6 The Extension (B/Q)/(A/P)

Note that P and Q are primes, so the quotients A/P and B/Q are integral
domains.

The following technical lemma constructs an element ofB with nice char-
acteristic polynomial moduloQ.
Lemma 8.6.1



46 CHAPTER 8. MINIPROJECT: FROBENIUS ELEMENTS

There exist elements a, b ∈ B, with a /∈ Q and a in the image of A,
such that for all g ∈ G:

• If g ·Q = Q, then g · b ≡ a (mod Q).
• If g ·Q 6= Q, then g · b ≡ 0 (mod Q).

Proof for Lemma 8.6.1

The ideals g · Q 6= Q are not contained in Q. Since Q is a prime
ideal, this implies that the intersection of all g · Q 6= Q is still not
contained in Q. Then we can find an element c /∈ Q with c ∈ g ·Q
for all g ·Q 6= Q. Let Fc be the characteristic polynomial of c, and
write Fc(X) ≡ XjR(X) (mod Q). Let a be the coefficient ofXj in
Fc(X), and choose R(X) so that R(0) = a. Let b = R(0) − R(c).
Note that Fc(c) = 0 and c 6≡ 0 (mod Q), so R(c) ≡ 0 (mod Q).
Then b ≡ a (mod Q), so g · b ≡ a (mod Q) whenever g · Q = Q.
But if g ·Q 6= Q, then c ≡ 0 (mod g ·Q). Then b ≡ 0 (mod g ·Q),
so g · b ≡ 0 (mod Q) whenever g ·Q 6= Q.

A slight modification allows us to take an element of B fixed by DQ as in-
put.
Lemma 8.6.2

Let b0 ∈ B. Suppose that the image of b0 in the quotient B/Q is
fixed by the stabilizer subgroup DQ. Then there exist elements
a, b ∈ B, with a /∈ Q and a in the image of A, such that for all
g ∈ G:

• If g ·Q = Q, then g · b ≡ ab0 (mod Q).
• If g ·Q 6= Q, then g · b ≡ 0 (mod Q).

Proof for Lemma 8.6.2

Multiply the b from Lemma 8.6.1 by b0.

8.7 The Extension L/K

Let LDQ denote the fixed field of the actionDQ on L. Our strategy for proving
surjectivity of DQ → Aut(L/K) will be to write this map as the composition
DQ → Aut(L/LDQ) → Aut(L/K).

The surjectivity of the first map is a general fact of Galois theory.
Theorem 8.7.1

If a finite group H acts on a field F by field automorphisms, then
the mapH → Aut(F/FH) is surjective.

Proof for Theorem 8.7.1
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This is a general fact of Galois theory and was already in mathlib.

For surjectivity of the secondmap, we need to know that every element of
LDQ is fixed by Aut(L/K). We first show this for elements of B/Q fixed by
DQ.
Theorem 8.7.2

Let b0 ∈ B/Q. Suppose that b0 is fixed by the stabilizer subgroup
DQ. Then b0 is fixed by Aut(L/K).

Proof for Theorem 8.7.2

Let a, b ∈ B be elements from fixed_of_fixed1_aux2. LetMb ∈
A[X] be the characteristic polynomial of b. We canmapMb toL[X]
in two different ways: viaB[X] and viaK[X]. Going viaB[X] tells
us that the imageofMb(X) inL[X] is exactly (X−ab0)|DQ|X |G|−|DQ|.
But going viaK[X] tells us that this image lies inK[X], so wemust
have ab0 ∈ K. Then ab0 is fixed by Aut(L/K), and a is nonzero in
L (since a /∈ Q), so b0 is fixed by Aut(L/K).

Now we upgrade this to elements of L fixed byDQ. The following lemma
will allow us to lift the denominator from B/Q to A/P .
Lemma 8.7.3

IfR/S is an algebraic extension of integral domains, then any frac-
tion a/b with a, b ∈ R can be written as c/d with c ∈ R and d ∈ S.

Proof for Lemma 8.7.3

If f ∈ S[X] satisfies f(b) = 0, then f(0) ∈ S is a multiple of b. If
f(0) = bx ∈ S, then a/b = (ax)/(bx) as desired.

Theorem 8.7.4

Let x ∈ L. Suppose that x is fixed by the stabilizer subgroup DQ.
Then x is fixed by the automorphism group Aut(L/K).

Proof for Theorem 8.7.4

Since (B/Q)/(A/P ) is algebraic byAlgebra.IsInvariant.isIntegral,
IsAlgebraic.exists_smul_eq_mul lets us write x = b/a for b ∈
B/Q and a ∈ A/P . Then b is fixed by the stabilizer subgroupDQ,
and it suffices to show that b is fixed by the automorphism group
Aut(L/K). But this is exactly fixed_of_fixed1.

Combining this with Theorem 8.7.1 finishes the proof.
Proof for Theorem 8.3.2
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ThemapDQ → Aut(L/LDQ) is surjectivebyFixedPoints.toAlgAut_surjective.
For surjectivity of Aut(L/LDQ) → Aut(L/K), let σ be a field auto-
morphism of L fixingK pointwise. Wemust show that σ automat-
ically fixes LDQ pointwise. But this is exactly fixed_of_fixed2.
Thus, the compositionDQ → Aut(L/LDQ) → Aut(L/K) is surjec-
tive.



9 Miniproject: Adeles

9.1 Status

This is an active miniproject.

9.2 Goals

There are several goals to this miniproject.

1. Define the adeles AK of a number field K and give them the structure
of aK-algebra.

2. Prove that AK is a locally compact topological ring.

3. Base change: show that ifL/K is a finite extension of numberfields then
the natural map L⊗K AK → AL is an isomorphism, both algebraic and
topological.

4. Prove thatK ⊆ AK is a discrete subgroup and the quotient is compact.

5. Get this stuff into mathlib.

We briefly go through the basic definitions. Let K be a number field. Let
Ẑ = proj limN≥1(Z/NZ) be the profinite completion of Z, equipped with the
projective limit topology.

A cheap definition of the finite adeles A∞
K of K is K ⊗Z Ẑ, equipped with

the Ẑ-module topology.
A cheap definition of the infinite adelesK∞ isK ⊗Q R with the R-module

topology. This is a finite-dimensional R-vector space, so this is just the usual
topology on Rn.

A cheapdefinition of the adeles ofK isA∞
K×K∞with theproduct topology.

This is a commutative topological ring.
However in the literature (and inmathlib)we see different definitions. The

finite adeles of K are usually defined in the books as the so-called restricted
product

∏′
pKp over the completionsKp ofK at all maximal ideals p ⊆ OK of

the integers ofK. Here the restricted product is the subset of
∏

pKp consist-
ing of elementswhich are in the integersOK,p ofKp for all but finitelymany p.

49
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This is the definition given inmathlib. Mathlib also has the proof that they are
a topological ring; furthermore the construction of the finite adeles in math-
lib works for any Dedekind domain. The adeles are an arithmetic object, but
the finite adeles are an algebraic object.

Similarly the infinite adeles of a number field K are usually defined as∏
vKv, the product running over the archimedean completions ofK, and this

is the mathlib definition.
The adeles of a number field K are the product of the finite and infinite

adeles, and mathlib knows that they are aK-algebra and a topological ring.

9.3 Local compactness

As mentioned above, Salvatore Mercuri was the first to give a complete for-
malization of the proof that the adele ring is locally compact as a topological
space. His work proved the result using the ad hoc topology on the adeles
which we initially had. Since then, adeles have been refactored to have the di-
rect limit topology andmathlibhasRestrictedProduct.locallyCompactSpace_of_addGroup,
the result that a restricted product of topological additive groupsKv over com-
pact open subgroups Av is locally compact.

What we need then is this (note that this is not true for a general Dedekind
domain):
Theorem 9.3.1

IfK is a number field and v is a nonzero prime ideal of the integers
ofK, then the integers ofKv is a compact open subgroup.

Proof for Theorem 9.3.1

Openness should follow from the fact that the integers are {x :
v(x) < v(1/π)} where π is a uniformizer. Compactness needs
finiteness of the residue fieldOK/v.

Once we have this, the above result frommathlib gives us
Theorem 9.3.2

The adeles of a number field are locally compact.

Proof for Theorem 9.3.2

The adeles of a number field are a product of the finite adeles and
the infinite adeles so it suffices to prove that the finite and infinite
adeles are locally compact. The infinite adeles are just isomorphic
to Rn as a topological space, so they’re certainly locally compact.
As for thefinite adeles, themathlib theoremRestrictedProduct.locallyCompactSpace_of_addGroup

says that a restricted product of locally compact additive groups
with respect to open compact subgroups is locally compact, so this
reduces us the previous result.
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9.4 Base change

The ”theorem” we want is that if L/K is a finite extension of number fields,
then AL = L⊗K AK . This isn’t a theorem though, this is actually a definition
(the map between the two objects) and a theorem about the definition (that
it’s an isomorphism).

In fact the full claim is that it is both a homeomorphism and an L-algebra
isomorphism. Before we can prove the theorem, we need to make the defini-
tion.

Recall that the adeles AK of a number field is a product A∞
K ×K∞ of the

finite adeles and the infinite adeles. So our ”theorem” follows immediately
from the ”theorems” that A∞

L = L ⊗K A∞
K and L∞ = L ⊗K K∞ (both of

these equalities mean an algebraic and topological isomorphism). We may
thus treat the finite and infinite results separately.

Base Change For Nonarchimedean Completions

As pointed out above, the theory of finite adeles works fine for Dedekind do-
mains. So for the timebeing letAbe aDedekinddomain. Recall that theheight
one spectrum of A is the nonzero prime ideals of A.

Note that because we stick to the literature, rather than to common sense,
fields areDedekinddomains inmathlib, and theheight one spectrumof afield
is empty.
Lemma 9.4.1.1

If i : K → L denotes the inclusion then for k ∈ K we have e ×
w(i(k)) = v(k), where e is the ramification index of w/v (recall
that valuations here are written additively, unlike in mathlib).

Proof for Lemma 9.4.1.1

Standard (and formalized).

Definition 9.4.1.2

There’s a natural ring map Kv → Lw extending the map K →
L. It is defined by completing the inclusion K → L at the finite
places v and w (which can be done because the previous lemma
shows that the map is uniformly continuous for the v-adic and w-
adic topologies).

Lemma 9.4.1.3

If iv : Kv → Lw denotes the map of the previous definition then
for x ∈ Kv we have e×w(i(k)) = v(k), where e is the ramification
index of w/v.

Proof for Lemma 9.4.1.3
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Follows by continuity from lemma Lemma 9.4.1.1.

Lemma 9.4.1.4

The map iv : Kv → Lw sends the integer ring Av into Bw.

Proof for Lemma 9.4.1.4

The integer ring is defined by v ≥ 0 (or v ≤ 1 in mathlib, which
uses multiplicative valuations) so the result follows from Lemma
9.4.1.3.

Theorem 9.4.1.5

Giving Lw theKv-algebra structure coming from the natural map
Kv → Lw, the w-adic topology on Lw is theKv-module topology.

Proof for Theorem 9.4.1.5

Any basis for L as a K-vector space spans Lw as a Kv-module, so
Lw is finite-dimensional over Kv and the module topology is the
same as the product topology. So we need to establish that the
product topology on Lw = Kn

v is the w-adic topology. But the w-
adic topology is induced by thew-adic norm, whichmakesLw into
a normedKv-vector space, and (after picking a basis) the product
norm on Lw = Kn

v also makes Lw into a normedKv-vector space.
So the result follows from the standard fact (see for example the
lemmaonp52ofCassels-Froelich, formalized asContinuousLinearEquiv.ofFinrankEq
inmathlib) that any twonormsonafinite-dimensional vector space
over a complete field are equivalent (and thus induce the same
topology).

we can view Lw as an L⊗K Kv-algebra.
Now instead of fixing w upstairs, we fix v downstairs and consider all w

lying over it at once. So say v is in the height one spectrum of A.
Lemma 9.4.1.6

There are only finitely many primes w of B lying above v.

Proof for Lemma 9.4.1.6

This is a standard fact about Dedekind domains. The key input is
mathlib’s theorem primesOver_finite.

We write w|v to denote the fact that w is a prime of B above v of A.
Definition 9.4.1.7
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The product of the maps Kv → Lw for w|v is a natural ring map
Kv →

∏
w|v Lw lying overK → L.

Because Kv →
∏

w|v Lw lies over K → L, there’s an induced L-algebra
map L ⊗K Kv →

∏
w|v Lw. We are now able to state one of the key results in

this section. The proof is probably the hardest proof in this section to formal-
ize.
Theorem 9.4.1.8

The induced L-algebra homomorphism L⊗KKv →
∏

w|v Lw is an
isomorphism of rings.

Proof for Theorem 9.4.1.8

My current proposal to formalize this is as follows. Themap is sur-
jective because the image is dense and closed; this has been for-
malized already. It is also aKv-algebra homomorphism if we give
Lw the obvious Kv-algebra structure. Thus we can conclude the
result if we can prove that both spaces are finite-dimensional and
have the same dimension. TheKv-dimension of LKKv is equal to
the K-dimension of L, which is ∑w|vewfw using the standard nota-
tion that ew is the ramification index of w and fw the residue de-
gree. So it suffices to prove that [Lw : Kv] = ewfw. We already
have that ew (defined globally) is equal to the local ramification in-
dex (defined as the factor by which the valuations differ on K). So
what is left is to prove that (i) the residuefield extension inducedby
Lw/Kv has degree is equal to the globally-defined fw, (ii) an exten-
sion of local fields has degree ef . Now (i) sounds straightforward
given what we have (the map fromA toOv has kernel v and dense
image) and (ii) is true for any complete discretely-valued field; I
am not suggesting we formalize the following proof, but at least it
represents a rigorous justification: A field complete with respect
to a discrete valuation is stable in the sense of the book by Bosch-
Guntzer-Remmert (Prop 3.6.2.1), so every finite extension of such a
field is cartesian (def 3.6.1.1) and thus ef = n (Prop 3.6.2.4, (iii) im-
plies (ii)). Note that if you weaken the hypotheses too much then
there are counterexamples; it’s possible to have ef < n and BGR
goes into details.

Theorem 9.4.1.9

For v fixed, the product topology on
∏

w|v Lw is the Kv-module
topology.

Proof for Theorem 9.4.1.9
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This is a finite product of Kv-modules each of which has the Kv-
module topology by Theorem 9.4.1.5, and the product topology is
themodule topology for a finite product of modules each of which
has the module topology.

Theorem 9.4.1.10

If we give L ⊗K Kv the Kv-module topology, then the L-algebra
isomorphism L⊗K Kv

∼=
∏

w|v Lw is also a homeomorphism.

Proof for Theorem 9.4.1.10

Indeed, it is aKv-algebra isomorphismbetween twomodules each
of which have the module topology, and any module map is auto-
morphically continuous for the module topologies.

Theorem 9.4.1.11

The isomorphism L ⊗K Kv →
∏

w|v Lw induces an isomorphism
B ⊗A Av →

∏
w|v Bw for all v in the height one spectrum of A.

Proof for Theorem 9.4.1.11

Certainly the imageof the integral elements are integral. The argu-
ment in the other direction is more delicate. My original plan was
to follow Cassels–Froehlich, Cassels’ article Global fields, section
12 lemma, p61, which proves it for all but finitely many primes,
but a PR by Matthew Jasper gives another approach which works
for all primes. Jasper’s argument is to show that the closure of A in
Kv is Av for a valuation on a Dedekind domain, and then that the
closure of A in

∏
v∈S Kv is

∏
v∈S Av for S a finite set of valuations

(using the Chinese remainder theorem). Applying this to B we get
that the closure of B in

∏
w|v Lw is

∏
w|v Bw. He then shows that

this closure is the image of B ⊗A Ov by showing that this image
is closed because it’s open), giving surjectivity; injectivity follows
from the statement that L⊗K Kv =

∏
w|v Lw.

A summaryofwhatwehave so far: for all finite placesvofAwehave shown
that the natural map L ⊗K Kv →

∏
w Lw is an isomorphism of L-algebras,

and that if L ⊗K Kv has the Kv-module topology and each Lw has the valua-
tion topology then this map is also a homeomorphism. Furthermore we have
shown that there is an induced algebraic isomorphismB ⊗A Av

∼=
∏

w Bw on
the subrings of the left and right hand sides.

Recall that the finite adeles A∞
A,K is defined in mathlib to be the restricted

product of the Kv with respect to the Av, equipped with a certain restricted
product topology (which is not the subspace topology of the product topology,
indeed

∏
v Av is open in this topology). We have seen in definition Definition
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9.4.1.2 that there’s amapKv → Lw ifw|v, extendingK → L, and we have seen
in theorem Lemma 9.4.1.4 that this sends Av to Bw. We conclude
Definition 9.4.1.12

There’s a natural ring homomorphism A∞
A,K → A∞

B,L lying over
K → L.

Hence there is a natural L-algebra homomorphism L⊗K A∞
A,K → A∞

B,L.
We start with the following observation. If M is a K-module then there’s a

canonical map B ⊗A M → L ⊗K M sending b ⊗m to b ⊗m by the universal
property of the tensor product. Our first goal is to show that this map is an
isomorphism, so let us establish some lemmas first.
Lemma 9.4.1.13

If 0 6= b ∈ B then there exists 0 6= a ∈ A such that b divides the
image of a in B.

Proof for Lemma 9.4.1.13

Let a = NL/K(b), the norm. This is known to take nonzero el-
ements of L to nonzero elements of K because the norm is the
determinant of an invertible linear map, and integral elements to
integral elements. Furthermore a/b ∈ L is the product of the con-
jugates of b in some normal closure of L, and hence it is integral,
so it lies in B.

Corollary 9.4.1.14

The A-bilinear map B ×K → L sending (b, k) to bk is surjective.

Proof for Corollary 9.4.1.14

Given λ ∈ L, write it as n/dwith 0 6= d ∈ B. Choose 0 6= a ∈ A and
b ∈ B with db = a, and then note that λ = nb× a−1.

Corollary 9.4.1.15

The natural map B ⊗A K → L is a B-algebra isomorphism.

Proof for Corollary 9.4.1.15

We write down an inverse. Regard B ⊗A K as a B-algebra via the
action on the left. Note that at this point it’s not even clear that
B⊗AK is a field. We have the structuremapB → B⊗AK sending
b to b⊗ 1, which isB-linear. I claim that every nonzero element of
B gets sent to an invertible element of B ⊗A K. Indeed, if b 6= 0
and, using the previous lemma, we choose 0 6= a ∈ A such that
bb′ = a, then (b ⊗ 1)(b′ ⊗ 1

a ) = 1. Thus by the universal property
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of localization, the B-linear map B → B ⊗A K extends to a ring
homomorphism from the field of fractions ofB toB⊗AK, which
we claim is our desired inverse. Checking that both composites are
the identity should be straightforward. Starting with B ⊗A K we
only have to check on elements of the form b ⊗ k; starting with
L we only have to check on elements of B. Hopefully both are
straightforward.

Our next goal in this section is the following two results. First the algebraic
claim.
Theorem 9.4.1.16

The natural map L⊗K A∞
A,K → A∞

B,L is an isomorphism.

Corollary 9.4.1.17

IfM is anyK-module then the canonical mapB⊗AM → L⊗KM
is an isomorphism.

Proof for Corollary 9.4.1.17

We can factor this map as B ⊗A M ∼= B ⊗A (K ⊗K M) ∼= (B ⊗A

K) ∼=K M → L⊗K M , and we just showed that the latter map was
an isomorphism.

The reason we care about this is the following.
Theorem 9.4.1.18

B is a finitely presented A-module.

Proof for Theorem 9.4.1.18

A is Noetherian as it is a Dedekind domain, so it suffices to prove
that B is finitely generated as an A-module. But this is in mathlib
already: a proof is around line 101 of BaseChange.lean in FLT at
the time of writing.

Theorem 9.4.1.19

If R is a commutative ring, ifM is a finitely presented R-module
and if Ni are a collection of R-modules, then the canonical map
M ⊗R

∏
iNi →

∏
i(M ⊗R Ni) is an isomorphism.

Proof for Theorem 9.4.1.19

If M is finite and free then Maddy Crim has already formalized this
in FLT. For the general case present M as Ra → Rb → M → 0
and use that tensor products and arbitrary products preserve sur-
jections.
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Definition 9.4.1.20

Let V and W be index sets, and let f : W→V be a map with finite
fibres. LetXv be sets, with subsets Cv, let Yw be sets with subsets
Dw, and say for all vV we’re given a bijectionXv →

∏
w|f(w)=v Yw,

identifying Cv with
∏

w:f(w)=vDw. Then there’s an induced bijec-
tion between the restricted products ∏′

v(Xv, Cv) and ∏′
w(Yw, Dw).

Proof for Definition 9.4.1.20

Let V be the finite places of K and W the finite places of L, letXv be
B⊗AKv, letCv beB⊗AAv, let Yw beLw, letDw beBw, and the re-
sult follows from the previous definition, given theorem Theorem
9.4.1.11.

Theorem 9.4.1.21

In the same setup as Definition 9.4.1.20 (V,W index sets, f :W→V ,
CvXv and DwYw, bijections bv : Xv→∏w|f(w)=vYw identifying Cv

with ∏w|f(w)=vDw), if all the Xv and Yw are furthermore topolog-
ical spaces, all the Cv andDw are open, and all the bv are homeo-
morphisms, then the inducedmap∏′

v(Xv, Cv)→∏′
w(Yw, Dw) is also

a homeomorphism.

Proof for Theorem 9.4.1.21

I have only thought about the cofinite filter case, where this should
follow easily from the definition of the topology.

Corollary 9.4.1.22

If S is a finite set of nonzero primes of A then the natural mapB ⊗
((
∏

v∈S Kv)×(
∏

v/∈S Av)) → (
∏

v∈S(B⊗AKv))×(
∏

v/∈S(B⊗AAv))
is an isomorphism.

Proof for Corollary 9.4.1.22

Follows from the previous two theorems.

Recall thatA∞
K is the finite adeles of K, defined as the restricted product of

theKv with respect to theAv, where v runs through the nonzero primes of A.
Let R denote the restricted product of theB⊗AKv with respect to theB⊗AAv.
Corollary 9.4.1.23

The natural map B ⊗A A∞
K → R is a B-algebra isomorphism.

Proof for Corollary 9.4.1.23
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This follows from the previous corollary and the fact that tensor
products commute with filtered colimits.

Corollary 9.4.1.24

The ring R introduced above, the restricted product of theB⊗AKv

with respect to the B ⊗A Av, is isomorphic to AL.

Proof for Corollary 9.4.1.24

Let V be the finite places of K and W the finite places of L, letXv be
B⊗AKv, letCv beB⊗AAv, let Yw beLw, letDw beBw, and the re-
sult follows from the previous definition, given theorem Theorem
9.4.1.11.

From this, we can deduce the theorem we claimed earlier:
Theorem 9.4.1.25

The natural map B ⊗A A∞
K → A∞

L is a B-algebra isomorphism.

Proof for Theorem 9.4.1.25

This map factors through the auxiliary ring R so the result follows
from the previous two constructions.

Because this map factors through the isomorphismB⊗AA∞
K → L⊗K A∞

K

we can finally deduce that the natural map L ⊗K A∞
K → A∞

L is an algebraic
isomorphism.
Proof for Theorem 9.4.1.16

Follows immediately from theoremTheorem 9.4.1.25 and theorem
Corollary 9.4.1.17.

Now L ⊗K A∞
A,K is an A∞

A,K -module and hence can be given the A∞
A,K -

module topology. We also claim
Theorem 9.4.1.26

The inducedL-algebramorphismL⊗K A∞
A,K → A∞

B,L is a topolog-
ical isomorphism.

Informally, the proofs are simple: componentwise we know that L⊗K Kv

is isomorphic both algebraically and topologically to
∏

w|v Lw, and that this
isomorphismsends the open setB⊗AAv homeomorphically onto

∏
w|v Bw, so

now it’s ”just a case of putting everything together”. Formally, we really need
to spell this out, as there is a lot going on. We do this in the next subsection.
Corollary 9.4.1.27

A∞
L is homeomorphic to

∏
v(B ⊗A Kv, B ⊗A Av).
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Proof for Corollary 9.4.1.27

Follows from the previous theoremwithXv = B⊗AKv,Dw = Lw,
etc.

Theorem 9.4.1.28

Let S be a set of infinite places of K. The image of K under the em-
beddingK ↪→ (Kv)v∈S, k 7→ (k)v, is dense in the product topology.

Proof for Theorem 9.4.1.28

Let (K, v) denote K equipped with the topology induced by the in-
finite place v. It suffices to show that the image of K under the
embedding K ↪→

∏
v|∞(K, v) is dense in the product topology.

By a standard analytic argument, for each v it is possible to select
a sequence (x

(v)
n )n with the property that x(v)n → 1 in v’s topol-

ogy, while x(v)n → 0 in any other infinite place’s topology. Let
(zv)v ∈

∏
v|∞(K, v). For each v, the sequence yn :=

∑
v|∞ x

(v)
n zv

in K converges to zv in v’s topology, so the embedded image of yn
converges to (zv)v in the product topology.

Theorem 9.4.1.29

For afixed infinite placevofK,wehavedimKv

∏
w|v Lw = dimKv L⊗K

Kv.

Definition 9.4.1.30

Let v be an infinite place of K. There is a continuous K-algebra ho-
momorphismKv →

∏
w|v Lw, whose restriction to K corresponds

to the global embedding of K into (Lw)w.

Definition 9.4.1.31

Let v be an infinite place of K. There is a natural L-algebra homo-
morphismL⊗KKv →

∏
w|v Lw, whose restriction to 1⊗KKv cor-

responds to themap inNumberField.InfinitePlace.Completion.piExtension.

A map in Definition 9.4.1.30 can be lifted to an L-algebra homomorphism
defined on L⊗K Kv.
Theorem 9.4.1.32

For a fixed infinite place v of K, the local infinite-place base-change
map L⊗K Kv →

∏
w|v Lw is surjective.

Proof for Theorem 9.4.1.32
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Let (xi)i be aKv-basis of
∏

w|v Lw. By the density of L in
∏

w|v Lw

from Theorem 9.4.1.28, we can find αi ∈ L arbitrarily close to xi
with respect to the sup normwhen embedded globally in

∏
w|v Lw.

In particular, it is possible to choose suchαi so that thematrix rep-
resenting the vector ((αi)w|v)i in the basis (xi)i has nonzero deter-
minant. Since (αi)w|v is the image of 1⊗αi under base change, we
have that (1⊗αi)i also forms a basis of L⊗K Kv, and base change
is surjective.

Theorem 9.4.1.33

For a fixed infinite place v of K, the local infinite-place base-change
map L⊗K Kv →

∏
w|v Lw is injective.

Proof for Theorem 9.4.1.33

TheL-algebramapL⊗KKv →
∏

w|v Lw canequivalently be thought
of asKv-linear, which is injective, because it is surjective by theo-
remTheorem9.4.1.32, and both sides have the sameKv-dimension
by theorem Theorem 9.4.1.29.

Theorem 9.4.1.34

If w | v is an infinite place of L lying above an infinite place v of K,
then Lw has theKv-module topology.

Proof for Theorem 9.4.1.34

BecauseLw is a finite-dimensional normedKv-vector space, there
exists aKv-linear homeomorphism Lw

∼= Kn
v , from which Lw has

theKv-module topology.

Theorem 9.4.1.35

Let v be an infinite place of K. There is a natural L-algebra home-
omorphism L ⊗K Kv

∼=
∏

w|v Lw, whose restriction to 1 ⊗K Kv

corresponds to the map in Definition 9.4.1.30.

Proof for Theorem 9.4.1.35

The map in Definition 9.4.1.31 is an L-algebra isomorphism by the
surjectivity theorem Theorem 9.4.1.32 and the injectivity theorem
Theorem9.4.1.33. EveryKv-algebra isomorphismbetween twoKv-
module topological spaces is ahomeomorphism. Since theL-algebra
isomorphism of Definition 9.4.1.31 can equivalently be viewed as a
Kv-algebra isomorphism, it is also a homeomorphism.

Theorem 9.4.1.36
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Let v be an infinite place of K. There is a naturalKv-linear home-
omorphismK

[L:K]
v

∼=
∏

w|v Lw.

Proof for Theorem 9.4.1.36

Compose theKv-linear isomorphismK
[L:K]
v

∼=
∏

w|v Lw with the-
orem Theorem 9.4.1.35 to get the isomorphism in the statement.
Since both sides have the Kv-module topology, then this is also a
homeomorphism.

Theorem 9.4.1.37

There is a naturalK∞-linear homeomorphismK
[L:K]
∞ ∼= L∞.

Proof for Theorem 9.4.1.37

Using the isomorphisms Theorem 9.4.1.36, we clearly have a bijec-
tion K [L:K]

∞ ∼=
∏

v

∏
w|v Lw

∼=
∏

w Lw. The Kv-linearity of each
component isomorphism extends to K∞-linearity if the action of∏

vKv on
∏

w Lw is constant on the fibers of the restriction map
on infinite places. In other words, if, for all x ∈ K∞ and y ∈ L∞,
we have (x · y)w = xvw · yw, which is true by definition.

Theorem 9.4.1.38

L∞ has theK∞-module topology.

Proof for Theorem 9.4.1.38

Since L∞ is homeomorphic to a finite product of K∞ as a K∞-
vector space, it has theK∞-module topology.

Theorem 9.4.1.39

There is a natural L-algebra isomorphism L⊗K K∞ ∼= L∞.

Proof for Theorem 9.4.1.39

This follows from the chain of isomorphismsL⊗KK∞ ∼=
∏

v(L⊗K

Kv) ∼=
∏

v

∏
w|v Lw

∼= L∞. The first isomorphism is the standard
L-algebra isomorphism L⊗K

∏
vKv

∼=
∏

v(L⊗K Kv). The second
isomorphism is given by the component L-algebra isomorphisms
L⊗K Kv

∼=
∏

w|v Lw from Theorem 9.4.1.35.

Theorem 9.4.1.40
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If K -> L is a ring homomorphism between two number fields,
then there is a natural isomorphism, both topological and alge-
braic, L⊗K K∞ ∼= L∞.

Proof for Theorem 9.4.1.40

Since both sides of theL-algebra isomorphism in Theorem 9.4.1.39
have theK∞-module topology, and since the isomorphismcanequiv-
alently be viewed as aK∞-linear isomorphism, it is also a homeo-
morphism.

Base Change For Adeles

From the previous results we deduce immediately that if L/K is a finite ex-
tension of number fields then there’s a natural (topological and algebraic) iso-
morphism L⊗K AK → AL.
Theorem 9.4.2.1

If K → L is a ring homomorphism between two number fields
then there is a natural isomorphism (both topological and alge-
braic) L⊗K AK

∼= AL.

Proof for Theorem 9.4.2.1

Follows from the previous results.

Theorem 9.4.2.2

If K → L is a ring homomorphism between two number fields,
then the topology on AL is the AK -module topology, where the
module structure comes from the natural map AK → AL.

Proof for Theorem 9.4.2.2

Indeed AL
∼= L ⊗K AK is a homeomorphism, and the right hand

side has the AK -module topology.

9.5 Discreteness and compactness

We need that if K is a number field thenK ⊆ AK is discrete, and the quotient
(with the quotient topology) is compact. Here is a proposed proof.
Theorem 9.5.1

There’s an open subset of AQ whose intersection withQ is {0}.

Proof for Theorem 9.5.1
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Use
∏

p Zp × (−1, 1). Any rational q in this set is a p-adic integer
for all primes p and hence, writing it in lowest terms as q = n/d,
satisfies p - d, meaning that d = ±1 and thus q ∈ Z. The fact that
q ∈ (−1, 1) implies q = 0.

Theorem 9.5.2

There’s an open subset of AK whose intersection withK is {0}.

Proof for Theorem 9.5.2

By a previous result, we have AK = K ⊗Q AQ. Choose a basis
of K/Q; then K can be identified with Qn ⊆ (AQ)

n and the result
follows from the previous theorem.

Theorem 9.5.3

The additive subgroup K of AK is discrete.

Proof for Theorem 9.5.3

If x ∈ K and U is the open subset in the previous lemma, then it’s
easily checked that K ∩ U = {0} implies K ∩ (U + x) = {x}, and
U + x is open.

Theorem 9.5.4

The quotient AQ/Q is compact.

Proof for Theorem 9.5.4

The space
∏

p Zp×[0, 1] is a product of compact spaces and is hence
compact. I claim that it surjects ontoAQ/Q. Indeed, if a ∈ AQ then
for the finitely many prime numbers p ∈ S such that ap 6∈ Zp we
have ap ∈ rp

pnp + Zp with rp/pnp ∈ Q. If we set q =
∑

p∈S
rp
pnp ∈

Q, then a − q ∈
∏

p Zp × R. Subtracting ba∞ − qc moves the
archimedean coordinate into

∏
p Zp× [0, 1), so every class inAQ/Q

has a representative in the compact set.





10 Miniproject: Haar Characters

10.1 Goal

The goal of this miniproject is to develop the theory, that is, the basic API,
of Haar characters. Haar character is a name I’ve made up to describe a
certain character of the units of a locally compact topological ring. The main
result we need here is that if B is a finite-dimensional algebra over a number
field K, thenB× is in the kernel of the Haar character ofB ⊗K AK , where AK

is the ring of adeles of K. Most if not all of this should probably be in mathlib.
KMB would like to heartily thank Sebastien Gouezel for the help he gave

during the preparation of this material.

10.2 Initial definitions

Scaling Haar Measure On A Group

Let A be a locally compact topological additive abelian group. There’s then a
regular additive Haar measure µ onA, unique up to a positive scalar factor. If
: (A,+)(A,+) is a homeomorphism and an additive automorphism of A, then
we can push forward μ along φ to get a second measure φ_* μ on A, with the
property that (φ_* μ)(X) = μ(φ^{-1} X) for any Borel subset X of A.
Definition 10.2.1.1

If A is a locally compact topological additive abelian group, if µ is a
regular Haarmeasure on A, and if φ : A→ A is an additive homeo-
morphism, thenwe let dA(φ) denote the unique positive real num-
ber such that µ(X) = dA(φ)(φ∗µ)(X) for any Borel set X.

Now φ_* μ is a translation-invariant and regular measure, and hence also
a Haar measure on A. It must thus differ from μ by a positive scalar factor,
which we call dA().

There is a choice of normalization here between dA(φ) and dA(φ)−1, so let
us be more precise.

To give an example, if φ is multiplication by 2 on the real numbers, ifX =
[0, 1], and if μ is Lebesgue measure on the Borel subsets of R, we have that
∗(X) = (−1(X)) = ([0, 1/2]) = 1/2, so 1 = dA(φ)/2, meaning that dA(φ) = 2.

65
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Similarly if φ is multiplication by -2 and X = [0, 1] then −1(X) = [−1/2, 0],
which again has measure 1/2, so dA(φ) is 2 again.

Strictly speaking our definition of dA() depends on the choice of regular
Haarmeasure µ. Note that mathlib offers a fixed Borel regular Haarmeasure
MeasureTheory.Measure.haaronany locally compact topological group, and
the actual definition of dA in the code uses this definition. Note also that the
code defines everything for multiplicative groups and uses @[to_additive]
to deduce the corresponding results for additive groups.
Lemma 10.2.1.2

dA(φ) is independent of choice of regular Haar measure.

Proof for Lemma 10.2.1.2

If μ' is a second choice then μ' = λ μ for some positive real λ,
and the λs on each side of ′(X) = dA(φ)(φ∗

′)(X) cancel.

Lemma 10.2.1.3

If μ is any regular Haar measure on A then dA(φ)(φ∗µ) = µ.

Proof for Lemma 10.2.1.3

This is a restatement of the previous result.

Corollary 10.2.1.4

If μ is any regular Haar measure on A then dA() = φ∗.

Proof for Corollary 10.2.1.4

This follows from thepushforward formulaLemma10.2.1.3 applied
to the regular Haar measure φ∗µ and the fact that φ∗φ∗µ = µ.

Lemma 10.2.1.5

dA(id) = 1.

Proof for Lemma 10.2.1.5

Clear.

Lemma 10.2.1.6

If X is a Borel set, then (X) = dA()(¹(X)).

Proof for Lemma 10.2.1.6
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This follows immediately from lemmaMeasureTheory.addEquivAddHaarChar_smul_map
and the definition of the pushforward of a measure.

Lemma 10.2.1.7

If f : A→ is a Borel measurable function then dA()∫f(x)d(∗)(x) =
∫f(x)d(x).

Proof for Lemma 10.2.1.7

This also follows immediately from lemma.

We also have the following variant:
Lemma 10.2.1.8

If f : A→ is a Borel measurable function then dA()∫f(x)d(x) =
∫f(x)d(∗)(x).

Proof for Lemma 10.2.1.8

This is immediate from corollary Corollary 10.2.1.4.

Lemma 10.2.1.9

dA(φ ◦ ψ) = dA(φ)dA(ψ).

Proof for Lemma 10.2.1.9

Here’s one way: it suffices to prove that dA(φ ◦ ψ)(φ ◦ ψ)∗µ =
dA(φ)dA(ψ)(φ◦ψ)∗µ (because there exists a compact set with posi-
tive finite measure), and using lemma Lemma 10.2.1.3 and the fact
that (φ ◦ ψ)∗µ = φ∗(ψ∗µ), one can simplify both sides to μ.

10.3 Examples

Lemma 10.3.1

If R = R then δR(u) = |u|.

Proof for Lemma 10.3.1

Take µ to be Lebesgue measure and X = [0, 1]. We have (u) =
µ(uX). If u > 0 then u[0, 1] = [0, u], which has measure u = |u|,
and if u < 0 then u[0, 1] = [u, 0], which has measure -u = |u|.

Lemma 10.3.2

If R = C then δR(u) = |u|2.

Proof for Lemma 10.3.2

Multiplication by a positive real r sends a unit square to a square
of area r2 = |r|2. Multiplication by eiθ is a rotation and thus does
not change area. The general case follows.
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Scaling Haar Measure On A Ring

Now let R be a locally compact topological ring. The Haar character of R, or
more precisely the left Haar character of R, is a group homomorphism R× →
R× defined in the following way. If uR× then left multiplication by u, namely
the map `u : (R,+)→(R,+) defined by `u(r) = ur, is a homeomorphism and
an additive automorphism of (R,+), so the preceding theory applies to `u.
Definition 10.3.1.1

Wedefine δ_R(u), or just δ(u)when the ring R is clear, to be dR(u).

Lemma 10.3.1.2

If f : R → R is a Borel measurable function and u ∈ R× then
δR(u)

∫
f(ux)dµ(x) =

∫
f(x)dµ(x).

Proof for Lemma 10.3.1.2

A short calculation using lemma.

Lemma 10.3.1.3

If X is a Borel subset of R and rR×, then μ(rX) = δ_R(r) μ(X).

Proof for Lemma 10.3.1.3

Immediate from lemma.

Corollary 10.3.1.4

The function R : R×→>0 is continuous.

Proof for Corollary 10.3.1.4

Fix a Haar measure µ on R and a continuous real-valued function
f on Rwith compact support and such that

∫
f(x)dµ(x) 6= 0. Then

r 7→
∫
f(rx)dµ(x) is a continuous function from R → R, because

a continuous function with compact support is uniformly contin-
uous, and thus gives a continuous function R× → R. Thus the
function u 7→ (

∫
f(ux)dµ(x))/(

∫
f(x)dµ(x)) is a continuous func-

tion from R× to R taking values in R>0. Hence δ−1
R is continuous

from lemma, and thus δR is too.

If R = Qp then δR(u) = |u|p, the usual p-adic norm.
Normalize Haar measure so that (Zp) = 1. If u is a p-adic unit then uZp =

Zp so multiplication by u does not change Haar measure. If however u = p
then uZp has index p inZp, and because (i+pZp) = (pZp)we have that (Zp) =
p(pZp) and thus (p) = p−1. These elements generate Q×

p , and two characters
which agree on generators of a group must agree on the group.

If R is a finite extension of Qp then δR(u) is the norm on R normalised in
the following way: δR($) = q−1, where$ is a uniformiser and q is the size of
the (finite) residue field.
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10.4 Algebras

SayF is a locally compact topological ring, for exampleR,C,Qp, or the adeles
of a number field, V is a finite free F-module, and : V →V is an invertible F-
linear map. Then Vwith its module topology (which is the product topology if
one picks a basis) is a locally compact topological abelian group, and φ is addi-
tive. One cancheck that linearity implies continuity, this isIsModuleTopology.continuous_of_linearMap
in mathlib, so in fact φ is a homeomorphism and our theory applies. The fol-
lowing lemma gives a formula for the scale factor dV ().
Lemma 10.4.1

Assume that there’s an F-basis for V such that φ is a product of el-
ementary and diagonal matrices, note that this is automatic if F
is a field and mathlib has this. Then dV (φ) = δF (det(φ)), where
det(φ) ∈ F is the determinant of φ as an F-linear map.

Proof for Lemma 10.4.1

Theproof is a generalizationofReal.map_matrix_volume_pi_eq_smul_volume_pi,
which crucially uses the inductionprincipleMatrix.diagonal_transvection_induction_of_det_ne_zero.
One checks it explicitly for diagonalmatrices and formatriceswhich
are the identity except that oneoff-diagonal entry is non-zero.Note:
we assume that F is second countable, but it shouldn’t be neces-
sary.

Now say F is a locally compact topological field, and that R is a possibly
noncommutative F-algebra. Recall that this means that F lies in the center of
R, unless R = 0. Assume that R is finite-dimensional as an F-vector space.
Then if we give R the F-module topology, which is just the product topology if
we pick a basis, it is known that R becomes a topological ring. Now say uR×,
and recall that `u : R→R is left multiplication by u. Then `u is easily checked
to be an F-linear homeomorphism.
Corollary 10.4.2

If u ∈ R× then δR(u) = δF (det(`u)).

Proof for Corollary 10.4.2

Follows immediately from the preceding lemma.

10.5 Left and right multiplication

If R is a locally compact topological ring, and if multiplication on R is not com-
mutative, then left and right multiplication by an element of R can scale Haar
measure in different ways. For example if R is the upper-triangular 2× 2ma-

trices with real entries, then left multiplication by
(
a 0
0 1

)
sends

(
x y
0 z

)
to
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(
ax ay
0 z

)
and thus scales R’s additive Haar measure by |a|2, but right mul-

tiplication by
(
a 0
0 1

)
sends

(
x y
0 z

)
to

(
ax y
0 z

)
and thus scales R’s additive

Haar measure by a factor of |a|.
What’s going on here is that if we regard left and right multiplication as

R-linear maps from R to R, then their associated matrices with respect to the
obvious basis are diag(a,a,1) and diag(a,1,1), which have different deter-
minants.

However, if k is now any field and if B is a finite-dimensional central sim-
ple algebra over k, for example a quaternion algebra, the case we’ll care about
later, and if u ∈ B× then x 7→ ux and x 7→ xu are both k-linear endomor-
phisms of B, and I claim that they have the same determinant.
Lemma 10.5.1

Say B is a finite-dimensional central simple algebra over a field k,
and uB×. Let `u : B→B be the k-linear map sending x to ux, and
let ru : B→B be the k-linear map sending x to xu. Then det(`u) =
det(ru).

Proof for Lemma 10.5.1

Determinants are unchanged by base extension, so without loss
of generality k is algebraically closed. Then B is a matrix algebra,
sayMn(k). Now u can be thought of as a matrix with intrinsic de-
terminant d, and B as a left B-module becomes a direct sum of n
copies of the standard n-dimensional representation V of B. Thus
det(`u) = dn. Similarly det(ru) = dn, so they are equal.

Corollary 10.5.2

If B is a central simple algebra over a locally compact field F, and
if u ∈ B×, then dB(ru) = δB(u), recalling that the latter is defined
to mean dB(`u).

Proof for Corollary 10.5.2

If `u and ru denote left and right multiplication by u on B, then we
have seen in lemmaMeasureTheory.addEquivAddHaarChar_eq_ringHaarChar_det
thatdB(ru) = δF (det(ru)). LemmaIsSimpleRing.mulLeft_det_eq_mulRight_det
tells us that this is δF (det(`u)), and this is δB(u) again by corollary
MeasureTheory.addEquivAddHaarChar_eq_ringHaarChar_det.
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10.6 Finite products

Here are two facts which we will need about products.
Lemma 10.6.1

If (A,+) and (B,+) are locally compact topological abelian groups,
and if φ : A → A and ψ : B → B are additive homeomorphisms,
then φ× ψ : A×B → A×B is an additive homeomorphism, this
is obvious, and dA×B(φ× ψ) = dA(φ)dB(ψ).

Proof for Lemma 10.6.1

Weonly need this result in the casewhere both A and B are second-
countable, in which case Prod.borelSpace can be used to show
that Haar measure on A × B is the product of Haar measures on
A and B, and in this case the result follows easily. Without this as-
sumption, the product of these measures may not even be a Borel
measure and one has to be more careful. The proof in this case is
explained by Gou”ezel. Here is the idea. Let ρ be a Haar measure
on A × B. Fix sets X ⊆ A and Y ⊆ B which are compact with
nonempty interior. We can now pull back ρ to a measure ν on the
Borel sigma-algebra of A defined as ν(s) = ρ(s × Y ), and this is
easily checked to be a Haar measure on A. Then

δA×B(a, 0)ν(X) = δA×B(a, 0)ρ(X×Y ) = ρ((a, 0)(X×Y )) = ρ(aX×Y ) = ν(aX) = δA(a)ν(X)

. So δA×B(a, 0) = δA(a). Similarly δA×B(0, b) = δB(b), and because
δA×B is a group homomorphism we’re home.

Lemma 10.6.2

If Ai are a finite collection of locally compact topological abelian
groups,withφi : Ai→Ai additivehomeomorphisms, thend∏

i Ai
(
∏

i φi) =∏
i dAi(φi).

Proof for Lemma 10.6.2

Induction on the size of the finite set, using the previous lemma.

Lemma 10.6.3

If R and S are locally compact topological rings, then δR×S(r, s) =
δR(r)× δS(s).

Proof for Lemma 10.6.3

Follows immediately from lemma Lemma 10.6.1.
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Lemma 10.6.4

If Ri are a finite collection of locally compact topological rings,
and ui ∈ R×

i , then δ∏i Ri
((ui)i) =

∏
i δRi

(ui).

Proof for Lemma 10.6.4

Follows immediately from lemma Lemma 10.6.2.

10.7 Somemeasure-theoretic preliminaries

Lemma 10.7.1

Let A and B be locally compact topological groups, and let f : A→B
be both a group homomorphism and an open embedding. The
pullback along f of a Haar measure on B is a Haar measure on A.

Proof for Lemma 10.7.1

Translation-invariance is easy, compact sets arefinite because con-
tinuous image of compact is compact, open sets are bounded be-
cause image of open is open.

Lemma 10.7.2

The pullback of a regular Borelmeasure along an open embedding
is a regular Borel measure.

Proof for Lemma 10.7.2

Again this is because the image of compact is compact and the im-
age of open is open, so all the properties of being a regular mea-
sure are easily checked.

Lemma 10.7.3

Say A is a compact topological additive group and : A→A is an
additive isomorphism. Then dA() = 1.

Proof for Lemma 10.7.3

Wehave dA(φ)µ(A) = µ(A), andµ(A) is positive andfinite because
A is open and compact, using Lemma 10.2.1.6.

Lemma 10.7.4
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If f : A→B is a group homomorphism and open embedding be-
tween locally compact topological additive groups and if : A→A
and : B→B are additive homeomorphisms such that the square
commutes (i.e., f ∘ α = β ∘ f), then dA() = dB().

Proof for Lemma 10.7.4

Choose a regular Haar measure μ_B on B. The pullback μ_A :=

f^* μ_B is also a regular Haar measure by the first two lemmas
just cited. Now fix a continuous compactly-supported function
g on A with 0 <

∫
g(a)dµ(a) < ∞. Then dA(α)

∫
g(a)dµA(a) =∫

g(a)d(α∗µA)(a) by lemma. This equals
∫
g(a)d(α∗f∗µB)(a) by

definition, which is
∫
g(a)d(f∗β∗µB)(a) because pullback of pull-

back is pullback. This equals dB(β)
∫
g(a)d(f∗µB)(a) by corollary

Corollary 10.2.1.4, which is dB(β)
∫
g(a)dµA(a) by definition, and

so dA(α) = dB(β) as required.

10.8 Restricted products

Now say A =
∏′

iAi is the restricted product of a collection of types Ai with
respect to the subsets Ci. Recall that this is the subset of ∏iAi consisting of
those elements whose ith coordinate lies in Ci for all but finitely many i. Say
B =

∏′
iBi is the restricted product of types Bi over the same index set, with

respect to subsets Di. Say i : Ai→Bi are functions with the property that
i(Ci)Di for all but finitely many i. It is easily checked that the φ_i induce
a function :=

∏′
i i : A→B. It is also easily checked that if all the Ai and Bi

are groups or rings or R-modules, the Ci andDi are subgroups or subrings or
submodules, and the φ_i are group or ring or module homomorphisms, then
φ is a group or ring or module homomorphism. However topological facts lie
a little deeper.
Lemma 10.8.1

If the Ai and Bi are topological spaces and the φ_i are continu-
ous functions, then the restricted product =

∏′
i i is a continuous

function.

Proof for Lemma 10.8.1

Weuse theuniversal propertyRestrictedProduct.continuous_dom
of the topology in mathlib to reduce to the claim that for all finite
S, the induced map AS :=

∏
i∈S Ai ×

∏
i/∈S Ci → B is continu-

ous. Because the inclusion AS → AT is continuous for S ⊆ T ,
we are reduced to checking this claim for S sufficiently large that
it contains all of the i for which φ(Ci) 6= Di. For such S, this map
factors asAS → BS → B, andBS → B is continuous, so it suffices
to prove that AS → BS is continuous, but this is just a product of
continuous maps.
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We now focus on the case that Bi = Ai are locally compact groups, Di =
Ci are compact open subgroups, and i : Ai→Ai are group isomorphisms and
homeomorphisms sending Ci onto Ci for all but finitely many i. Then the
restricted product A :=

∏′
Ai of the Ai with respect to the Ci is also a locally

compact topological group, and the restricted product =
∏′

i of the φ_i is a
group isomorphism and homeomorphism, so we can ask how dA() compares
to the dAi(i). First note that dAi(i) = 1 for all the i such that i(Ci) = Ci, as
dAi(i) can be computed as (i(Ci))/(Ci) and (Ci) is guaranteed to have positive
finite measure as it is open and compact. Hence the product

∏
i dAi

(i) is a
finite product, in the sense that all but finitelymany termsare1. The following
theorem shows that the value of this product is d(φ).
Theorem 10.8.2

With A,Ai,Ci, φi, φ defined as above, we have δA(φ) =
∏

i δAi
(φi).

In the Lean file wemake the additional assumption that the index set over
whichwe’re taking the product is countable, and that theAi are second count-
able. This is because in this proof wemake use of an infinite product

∏
i/∈S Ci

of topological spaces equipped with Haar measure, so each topological space
gets equipped with the Borel sigma algebra. mathlib then gives the product
a canonical product sigma algebra which, in the case where the index set is
uncountable, may not be the Borel sigma algebra. However we also want to
use Haar measure on the product, so we need the canonical sigma algebra
on this product to be the Borel sigma algebra. Rather than taking the trouble
to locally turn off this product sigma algebra construction in FLT, we simply
restrict to a countable index set and add second countability assumptions, be-
cause then the product is a Borel sigma algebra and this is all we need in our
applications to adeles.
Proof for Theorem 10.8.2

Assume i(Ci) = Ci for all i 6∈ S, a finite set, and work in the open
subgroup U :=

∏
i∈S Ai ×

∏
i 6∈S Ci. Then φ induces an automor-

phism φS of this open subgroup U of A, and in particular lemma
tells us that δ(φ) = δU (φS). Next note that φS : U → U can be writ-
ten as a product of the automorphisms

∏
i 6∈S φi|Ci of

∏
i6∈S Ci and∏

i∈S φi of
∏

i∈S Ai, so by lemma we have δ(φ) = δ(
∏

i 6∈S φi|Ci
) ×

δ(
∏

i∈S φi). Because
∏

i6∈S Ci is a compact group we must have
δ(φi 6∈Sφi|Ci

) = 1 by lemma. Finally δ(
∏

i∈S φi) =
∏

i∈S δ(φi) by
lemma and we are home.

Corollary 10.8.3

If u = (ui)i ∈ R×, then δR(u) =
∏

i δRi
(ui).

Proof for Corollary 10.8.3
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Bydefinitionof restrictedproductwehaveui ∈ Ci for all butfinitely
many i. Note also that u has an inverse v = (vi)i with vi ∈ Ci for
all but finitely many i. The fact that uivi = viui = 1 means that
ui, vi ∈ C×

i for all but finitely many i. Thus the previous theorem
MeasureTheory.addEquivAddHaarChar_restrictedProductCongrRight

applies.

10.9 Adeles

Corollary 10.9.1

If K is a number field and V is a K-module, then the natural isomor-
phism V ⊗K AK = V ⊗Q AQ induced by the natural isomorphism
AK = K ⊗K AQ is a homeomorphism if the left-hand side has the
AK -module topology and the right-hand side has the AQ-module
topology.

Proof for Corollary 10.9.1

LemmaIsModuleTopology.continuous_bilinear_of_finite_left
tells us that V ⊗K AK has the AQ-module topology, and it is easily
checked that the isomorphism is AQ-linear and hence automati-
cally continuous.Note that in Lean this is proved for a general ex-
tension L/K rather than only forK/Q.

Theorem 10.9.2

Let B be a finite-dimensional central simple K-algebra. Say uB×
A ,

and define `u and ru : BA→BA by `u(x) = ux and ru(x) = xu. Then
dBA(`u) = dBA(ru).

Proof for Theorem 10.9.2

We thinkofBA asB⊗KAK . Ifu = (uv) asv runs through theplaces
ofK, thendBA(`u) =

∏
v dBv

(`uv
)byMeasureTheory.addEquivAddHaarChar_restrictedProductCongrRight,

and the product is finite. By the central-simple-algebra formula es-
tablishedearlier this equals

∏
v dBv

(ruv
), andagainbyMeasureTheory.addEquivAddHaarChar_restrictedProductCongrRight

this is dBA(ru).

The previous theorem only applies to inner forms of matrix algebras, but
the below theorem, a generalization of the adelic product formula, is valid for
any finite-dimensional K-algebra. Before we state it let’s remind ourselves of
the product formula for Q, and restate it in the language of these Haar char-
acters.
Lemma 10.9.3

If x ∈ A×
Q , then δAQ(x) =

∏
v |xv|v.
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Proof for Lemma 10.9.3

By theoremMeasureTheory.addEquivAddHaarChar_prodCongrwe
have δAQ(x) = δA∞

Q
(x∞)×δR(x∞). By lemmaMeasureTheory.ringHaarChar_real

wehave δR(x∞) = |x|∞, andby theoremMeasureTheory.addEquivAddHaarChar_restrictedProductCongrRight

wehave δA∞
Q

=
∏

p δQp
(xp). By lemmaMeasureTheory.ringHaarChar_padic

we have δQp
(xp) = |xp|p, and putting everything together we get

the result.

NowAQ is a nonzeroQ-algebra and hencewe have an inclusionQ× → A×
Q .

Here is our reinterpretation of the product formula.
Lemma 10.9.4

If x ∈ Q× ⊆ A×
Q , then δAQ(x) = 1.

Proof for Lemma 10.9.4

By lemma MeasureTheory.ringHaarChar_adeles_rat we have
δAQ(x) =

∏
v |x|v. But the product formula says that this is 1. A

quick proof: if x = ±
∏

p p
ep , then

∏
p |x|p =

∏
p p

−ep and |x|∞ =∏
p p

ep , so they cancel.

Next we generalize this to finite-dimensionalQ-vector spaces.
So say V is an N-dimensional Q-vector space, and define VA := V ⊗Q AQ

with its AQ-module topology. If we choose an isomorphism V ∼= QN , then
VA ∼= AN

Q as an additive topological abelian group. In particular, VA is locally
compact.

Fix a Q-linear automorphism φ : V → V . By base extension, φ induces an
AQ-linear automorphism φA of VA which is also a homeomorphism of VA if VA
is given the module topology as an AQ-module. Our goal is
Theorem 10.9.5

In the above situation, where V is a finite-dimensional Q-vector
space, φ : V ∼= V isQ-linear, and φA is the base extension to VA :=
V ⊗Q AQ as a continuous linear endomorphism of VA with the AQ-
module topology, we have dVA(φA) = 1.

Proof for Theorem 10.9.5

The original blueprint proof of this was that φA : VA → VA could
be written as a restricted product of φv : V ⊗Q Qv → V ⊗Q Qv,
and hence by Theorem 10.8.2 we have dVA(φA) =

∏
p dVp(φp) ×

dV∞(φ∞), and thenapplyingLemma10.4.1 this is equal to
∏

v δQv (det(φv))
∏

v δQv (det(φ)) =
1.This turned out to be a nightmare to formalize, because commut-
ing the tensor product and the restricted product cannot be done
naively, as the tensor product is overQ and the submodules in the
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restricted product defining AQ are not Q-modules. So one has to
choose a Z-lattice Λ in V and use the isomorphisms

V⊗QA = Λ⊗ZA = Λ⊗ZQ∞×
′∏
p

[Λ⊗ZQp; Λ⊗ZZp] = V⊗QQ∞×
′∏
p

[V⊗QQp; im(Λ⊗ZZp)]

and check that all of these canonical maps are continuous. One of
these claims boils down to yet another claim of the form ”if you do
something to the factors and then take the restricted product, then
this is topologically the same as doing it to the restricted product”,
with the thing being Λ⊗Z in this case. The needed homeomor-
phism is recorded in Corollary 10.9.1.So here is the proof which
we actually formalized. Say an automorphism of a finite free R-
module is nice if it is a product of transvections anddiagonalmatri-
ces with unit entries. Mathlib has the fact that if R is a field then all
automorphisms are nice, and the base change of a nice morphism
is nice. Hence φA is nice, and we can simply prove Lemma 10.4.1
for nice endomorphisms over a commutative ring, which gives the
result immediately by the product formula.

Corollary 10.9.6

If B is a finite-dimensionalQ-algebra, for example a number field,
or a quaternion algebra over a number field, ifBA denotes the ring
B ⊗Q AQ, and if b ∈ B×, then δBA(b) = 1.

Proof for Corollary 10.9.6

Follows immediately from the previous theorem.

Corollary 10.9.7

If B is a finite-dimensional Q-algebra and if b ∈ B×, then right
multiplication by b does not change Haar measure on BA.

Proof for Corollary 10.9.7

Follows immediately from the previous theorem.
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In fact there is even a noncommutative version of this statement. In John
Voight’s book (Voight, 2021) this isMainTheorem 27.6.14(a) andVoight calls
it Fujisaki’s lemma. I know nothing of the history but I’m happy to adopt this
name. In the quaternion algebraminiproject wewill use this compactness re-
sult to prove finite-dimensionality of a space of quaternionic modular forms.

The compact quotient theorem for a division algebra is meant to be the
noncommutative analogue of the classical compactness ofK\AK .

The TeX chapter uses this analogy repeatedly. The quotient K\AK is the
model case: a global field embedded discretely in its adeleswith compact quo-
tient. Fujisaki’s lemma asks for the same style of compactness after replacing
the commutative additive group by the norm-one units in an adelic division
algebra.

11.1 Initial definitions

Let Kbe afield. A central simple K-algebra is a K-algebra Bnot necessarily com-
mutative with centre K such that B has exactly two two-sided ideals, namely
{0} and B. We will be concerned only with central simple K-algebras which
are finite-dimensional as K-vector spaces, andwhen K is clearwewill just refer
to them as central simple algebras. We remark that a 4-dimensional central
simple algebra is called a quaternion algebra; we will have more to say about
these later on.

Matrix algebrasMn(K) are examples of finite-dimensional central simple
K-algebras. If K = ℂ ormore generally if K is algebraically closed, thenmatrix
algebras are the only finite-dimensional examples up to isomorphism.

There are other examples over the reals: for example Hamilton’s quater-
nions ℍ := ℝ ⊕ ℝ i ⊕ ℝ j ⊕ ℝ k with the usual rules i2 = j2 = k2 = −1,
ij = −ji = k and so on are an example of a central simple ℝ-algebra, and
matrix algebras over ℍ are other central simple ℝ-algebras. For a general field
K one can make an analogue of Hamilton’s quaternions K ⊕ Ki ⊕ Kj ⊕ Kk

with the same multiplication rules to describe the multiplication, and if the
characteristic of K is not 2 then this is a quaternion algebra whichmay ormay
not be isomorphic toM2(K).

79
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Some central simple algebras B are division algebras, meaning that they
are division rings, or equivalently that every nonzero b ∈ B has a two-sided
inverse. For example Hamilton’s quaternions are a division algebra over R,
because (x+ yi+ zj + tk)(x− yi− zj − tk) = x2 + y2 + z2 + t2, so the inverse
of a nonzero x+ yi+ zj + tk is (x− yi− zj − tk)/(x2 + y2 + z2 + t2).

However 2 × 2 matrices over a field K, whilst being a central simple al-
gebra over K, are never a division algebra, because a nonzero matrix with

determinant zero such as
(
1 0
0 0

)
has no inverse.

11.2 Enter the adeles

Let K be a number field and let D/K be a finite-dimensional central simple
K-algebra (later onDwill be a division algebra, hence thename, butwedonot
need this yet). Then DA := D ⊗K AK is an AK -algebra which is free of finite
rank, and if we giveDA the AK -module topology then it is a topological ring.
FurthermoreDA is free of finite rank over the locally compact topological ring
AK and is thus also locally compact. So by the theory of Haar characters (see
Haar_char_project) there is a canonical character δDA : D×

A → R>0 measur-
ing how left multiplication by an element of D×

A changes the additive Haar
measure on DA. Let D(1)

A denote the kernel of δDA , and give it the subspace
topology coming fromD×

A .
One can furthermore check that if R is a finite K-algebra then the AK -

module topologies and AQ-module topologies on RA coincide. Indeed, the
topology on AK is the AQ-module topology, as AK = AQ ⊗Q K as topolog-
ical AQ-algebras, where the right hand side has the AQ-module topology by
definition.

11.3 The proof

Lemma 11.3.1

There’s a compact subset E of DA with the property that for all
x ∈ D

(1)
A , the obvious map xE → D\DA is not injective.

Proof for Lemma 11.3.1

We know that if we pick a Q-basis for D of size d then this identi-
fies D with Qd, DA with Ad

Q, and D\DA with (Q\AQ)
d. Now Q is

discrete in AQ by theorem Theorem 9.5.3, and the quotient Q\AQ
is compact by theorem Theorem 9.5.4. Hence D is discrete in DA
and thequotientD\DA is compact.Fix aHaarmeasureµonDA and
push it forward to D\DA; by compactness this quotient has finite
and positive measure, saym ∈ R>0. Choose any compact E ⊆ DA
with measure> m (for example, choose a Z-lattice L ∼= Zd inD ∼=
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Qd, defineEf :=
∏

p Lp ∈ D⊗QA∞
Q , anddefineE∞ ⊆ D⊗QR ∼= Rn

to be a huge closed ball, large enough to ensure the measure of
E := Ef × E∞ is bigger thanm). Then µ(xE) = µ(E) > m so the
map can’t be injective.

Definition 11.3.2

We let E denote any compact set satisfying the hypothesis of the
previous lemma.

Definition 11.3.3

DefineX := E − E := {e− f : e, f ∈ E} ⊆ DA.

Definition 11.3.4

Define Y := X.X := {xy : x, y ∈ X} ⊆ DA.

Lemma 11.3.5

X is a compact subset ofDA.

Proof for Lemma 11.3.5

It’s the continuous image of the compact set E × E.

Lemma 11.3.6

Y is a compact subset ofDA.

Proof for Lemma 11.3.6

It’s the continuous image of the compact setX ×X.

Lemma 11.3.7

If β ∈ D
(1)
A then βX ∩D× 6= ∅.

Proof for Lemma 11.3.7

Indeedby theprevious lemmaLemma11.3.1, themapβE → D\DA
is not injective, so there are distinct βe1, βe2 ∈ βE with ei ∈ E and
βe1 − βe2 = b ∈ D. Now b 6= 0 and D is a division algebra, so
b ∈ D×. And e1 − e2 ∈ X so b = β(e1 − e2) ∈ βX, so we are done.

Lemma 11.3.8

Similarly, if β ∈ D
(1)
A thenXβ−1 ∩D× 6= ∅.
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Proof for Lemma 11.3.8

Indeed, β−1 ∈ D
(1)
A , and so left multiplication by β−1 does not

change Haar measure onDA, so neither does right multiplication
(by theoremNumberField.AdeleRing.isCentralSimple_addHaarScalarFactor_left_mul_eq_right_mul).
So the same argument works: Eβ−1 → D\DA is not injective so
choose e1β−1 6= e2β

−1withdifference b ∈ D and then (e1−e2)β−1 ∈
D − {0} = D×.

Definition 11.3.9

Let T = Y ∩D×.

Lemma 11.3.10

T is finite.

Proof for Lemma 11.3.10

It suffices to prove that Y ∩ D is finite. But D ⊆ DA is a discrete
additive subgroup, and hence closed. And Y ⊆ DA is compact. So
D ∩ Y is compact and discrete, so finite.

Definition 11.3.11

Define C := (T−1.X)×X ⊂ DA ×DA.

Lemma 11.3.12

C is compact.

Proof for Lemma 11.3.12

X is compact and T is finite.

Lemma 11.3.13

For every β ∈ D
(1)
A , there exist b ∈ D× and ν ∈ D

(1)
A such that

β = bν and (ν, ν−1) ∈ C.

Proof for Lemma 11.3.13

By lemmaNumberField.AdeleRing.DivisionAlgebra.Aux.X_meets_kernel,
βX∩D× 6= ∅, and lemmaNumberField.AdeleRing.DivisionAlgebra.Aux.X_meets_kernel',
Xβ−1 ∩ D× 6= ∅, so we can write βx1 = b1 and x2β−1 = b2 with
bi ∈ D× and xi ∈ X. Note that β ∈ D

(1)
A and bi ∈ D× ⊆ D

(1)
A

by corollary Corollary 10.9.6, so xi ∈ D
(1)
A as well. In particular

xi ∈ D×
A so x−1

1 makes sense.Multiplying the equations defining
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the xi and bi we deduce that x2x1 = b2b1 ∈ Y ∩ D× = T (recall
that Y = X.X and T = Y ∩D× is finite); call this element t. Then
x−1
1 = t−1x2 ∈ T−1.X, and x1 ∈ X, so if we set ν = x−1

1 ∈ D
(1)
A and

b = b1 ∈ D× thenwehaveβ = bν and (ν, ν−1) ∈ C := (T−1.X)×X.
We are done!

Theorem 11.3.14

If D is a division algebra then the quotient D×\D(1)
A with its quo-

tient topology coming fromD
(1)
A is compact.

Proof for Theorem 11.3.14

Indeed, if M is the preimage of C under the inclusionD(1)
A → DA ×

DA sending ν to (ν, ν−1), then M is a closed subspace of a compact
space so it’s compact (note that δDA

is continuous, by Corollary
10.3.1.4, soD(1)

A is a closed subset ofD×
A which is itself a closed sub-

set ofDA×DA).Lemma 11.3.13 shows that M surjects ontoD×\D(1)
A

which is thus also compact.

We note here some useful consequences.
Theorem 11.3.15

The quotientD×\(D ⊗K A∞
K )× is compact.

Proof for Theorem 11.3.15

There’s a natural map α from D×\D(1)
A to D×\(D ⊗K A∞

K )×. We
claim that it’s surjective. Granted this claim,we are home, because
if we put the quotient topology onD×\(D ⊗K A∞

K )× coming from
(D⊗K A∞

K )× then it’s readily verified that α is continuous, and the
continuous image of a compact space is compact.As for surjectiv-
ity: say x ∈ (D ⊗K A∞

K )×. We need to extend x to an element
(x, y) ∈ (D ⊗K A∞

K )× × (D ⊗K K∞)× which is in the kernel of
δDA

. Because δDA
(x, 1) is some positive real number, it will suf-

fice to show that if r is any positive real number then we can find
y ∈ (D ⊗K A∞

K )× = (D ⊗Q R)× with δDA
(1, y) = r, or equiva-

lently, setting DR = D ⊗Q R, that δDR(y) = r. But D 6= 0 as it is
a division algebra, and hence Q ⊆ D, meaning R ⊆ DR, and if
x ∈ R× ⊆ D×

R then δ(x) = |x|d with d = dimQ(D), as multiplica-
tion by x is just scaling by a factor of x on DR ∼= Rd. In particular
we can set x = y1/d.

Theorem 11.3.16

If U is an open subgroup of (D ⊗K A∞
K )×, then the double coset

spaceD×\(D ⊗K A∞
K )×/U is finite.
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Proof for Theorem 11.3.16

The double cosets give a disjoint open cover of (D ⊗K A∞
K ) which

descends to a disjoint open cover of the quotient spaceD×\(D⊗K

A∞
K )×. However this space is compact by theoremTheorem11.3.15.



12 Miniproject: Quaternion
algebras

12.1 The goal

At the timeofwriting, mathlib still doesnot have aproof that the space of clas-
sicalmodular formsof afixedweight, level andcharacter is finite-dimensional.
The main result in this miniproject is to prove that certain spaces of quater-
nionic modular forms are finite-dimensional. We need finiteness results like
this in order to control the Hecke algebras which act on these spaces; these
Hecke algebras are the Ts which are isomorphic to the Rs in the R = T theo-
rem which is the big first target for the FLT project.

12.2 Initial definitions

Our first goal in this miniproject is the definition of these spaces of quater-
nionic modular forms. We start with some preliminary work towards this.

LetK be a field. Recall that a quaternion algebra overK is a central simple
K-algebra ofK-dimension 4.

A fundamental fact about central simple algebras is that ifD/K is a central
simpleK-algebra and L/K is an extension of fields, thenD ⊗K L is a central
simpleL-algebra. In particular, ifD is a quaternion algebra overK thenD⊗K

L is a quaternion algebra overL. Some Imperial undergraduate students have
established this fact in ongoing project work.

A totally real field is a number field F such that the image of every ring
homomorphism F → C is a subset of R. We fix once and for all a totally real
field F and a quaternion algebra D over F . We furthermore assume that D
is totally definite, that is, that for all field embeddings τ : F → R we have
D ⊗F,τ R ∼= H. Because F has at least one real place, the totally definite hy-
pothesis is enough to show that D is not a matrix algebra and thus must be a
division algebra. Thus Fujisaki’s theorem Theorem 11.3.15 from the Fujisaki
miniproject applies, and we know thatD×\(D ⊗F AF )

(1) is compact.
The high-falutin’ explanation of what is about to happen is that the units

D× ofD can be regarded as a connected reductive algebraic group overF , and
we are going to define certain spaces of automorphic forms for this algebraic

85
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group. For a general connected reductive algebraic group, part of the defini-
tion of an automorphic form is that it is satisfies some differential equations
(for example modular forms are automorphic forms for the algebraic group
GL_2 over Q, and the definition of amodular form involves holomorphic func-
tions, which are solutions to the Cauchy-Riemann equations). However under
the assumption thatF is totally real andD/F is totally definite, the ”associated
symmetric space is a 0-dimensional manifold”, meaning in practice that the
part of the definition of an automorphic form involving differential equations
is vacuously satisfied in this setting.

As a consequence, the definitions we are about to give have a far more
algebraic flavour. Crucially, the fact that we do not need to talk about differ-
ential equations at all means that one does not need to assume that our auto-
morphic forms are ℂ-valued; our definition makes sense for forms valued in
an arbitrary additive commutative group. In particular, it is possible to talk
about mod pn and p-adic automorphic forms in this setting without doing any
complicated algebraic geometry.

12.3 Brief introduction to automorphic forms in this setting

Havingmade assumptions onDwhichmake the theory of automorphic forms
over D× far less technical, we will now make it a little more technical by us-
ing the modern adelic approach to the theory. Note that many results about
the adeles of a number field are proved in the adele miniproject. Our au-
tomorphic forms will be certain functions on the units of the ring DA∞ :=
D ⊗F A∞

F
∼= D ⊗Q A∞

Q .
To prove Fermat’s Last Theorem it suffices to work in weight 2 and trivial

character, and for simplicitywe shall, at least for now, bake these assumptions
into our definitions, even though they would be easy to remove. We remark
again that there is no analogue of the holomorphicity condition that one sees
in the classical theory, because the symmetric space is a finite set of points
rather than the upper half plane. Also there is no analogue of the cuspidality
condition because there are no cusps in this setting. Other than the number
fieldF and the quaternion algebraD, the other variablewewill see in our situ-
ation will be the level of the forms. Themain result in this miniproject will be
that the space of weight 2 automorphic forms of levelU is finite-dimensional.

12.4 Definition of spaces of automorphic forms

Let us nowgive someprecise definitions. Recall that byA∞
F wemean the finite

adeles of the totally real number field F .
A level is a compact open subgroupU of (D⊗F A∞

F )×. These are plentiful.
The ringDf := D⊗F A∞

F is a topological ring, and hence the unitsD×
f of this

ring are a topological group. This group is locally profinite, and hence has
many compact open subgroups; we will see explicit examples later on.
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We regardA∞
F as a subring ofDA∞ := D⊗F A∞

F , which is possible because
F is a subring ofD. More precisely, we embed A∞

F intoD⊗F A∞
F via the map

sending g to 1 ⊗ g. Because F is in the centre of D, we have that A∞
F is in

the centre of DA∞ . As a consequence we can identify (A∞
F )× as a subgroup

of (D ⊗F A∞
F )×. We may also regardD as a subring ofD ⊗F A∞

F via the map
d 7→ d⊗ 1, and hence we can think ofD× as a subgroup of (D ⊗F A∞

F )×.
LetR be an additive commutative group. Later onRwill be a commutative

ring but we will not need this for the definition.
Let us now give some precise definitions. Recall that by A∞

F we mean the
finite adeles of the totally real number field F .

A level is a compact open subgroupU of (D⊗F A∞
F )×. These are plentiful.

The ringDf := D⊗F A∞
F is a topological ring, and hence the unitsD×

f of this
ring are a topological group. This group is locally profinite, and hence has
many compact open subgroups; we will see explicit examples later on.

We regardA∞
F as a subring ofDA∞ := D⊗F A∞

F , which is possible because
F is a subring ofD. More precisely, we embed A∞

F intoD⊗F A∞
F via the map

sending g to 1 ⊗ g. Because F is in the centre of D, we have that A∞
F is in

the centre of DA∞ . As a consequence we can identify (A∞
F )× as a subgroup

of (D ⊗F A∞
F )×. We may also regardD as a subring ofD ⊗F A∞

F via the map
d 7→ d⊗ 1, and hence we can think ofD× as a subgroup of (D ⊗F A∞

F )×.
LetR be an additive commutative group. Later onRwill be a commutative

ring but we will not need this for the definition.
Definition 12.4.1

The space of R-valued automorphic forms for D× is the set of
functions f : D×

A∞ → R satisfying the following axioms:

• f(dg) = f(g) for all d ∈ D× and g ∈ D×
A∞ .

• f(gz) = f(g) for all g ∈ D×
A∞ .

• There exists a compact open subgroup U ⊆ (D×
Af ) such that

f(gu) = f(g) for all g ∈ D×
A∞ and u ∈ U .

Let SD(R) denote the set of automorphic forms forD×. The space SD(R)
is sometimes referred to as a space of ”quaternionic modular forms” over R.
Three basic observations about SD(R) are as follows.
Definition 12.4.2

Pointwise addition (f1 + f2)(g) := f1(g) + f2(g)makes SD(R) into
an additive abelian group. This depends on Definition 12.4.1.

Definition 12.4.3

IfR is a commutative ring then pointwise scalarmultiplication (r ·
f)(g) := r · f(g)makes SD(R) into anR-module. This depends on
Definition 12.4.1 and Definition 12.4.2.

Definition 12.4.4
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The group D×
A∞ acts on the additive abelian group SD(R) by (g ·

f)(x) = f(xg). This depends on Definition 12.4.1, Definition 12.4.2,
and Definition 12.4.3.

If R is a commutative ring then the action of D×
A∞ commutes with the R-

action.
Now let U be a level, that is, a compact open subgroup ofD×

A∞ .
Definition 12.4.5

Thequaternionicmodular formsof levelU , withnotationSD(U ;R),
are the U -invariants for the D×

A∞ -action on SD(R). This depends
on Definition 12.4.1, Definition 12.4.2, Definition 12.4.4, and Defini-
tion 12.4.3.

TheHeckealgebras involved in themainmodularity lifting theoremsneeded
in the FLT project will be endomorphisms of these spaces SD(U ;R).

12.5 Themain result

The point of this miniproject is the finite-dimensionality result below. This is
an analogue of the result that classical modular forms of a fixed level, weight
and character are finite-dimensional. In fact, by delicate results of Jacquet
and Langlands this result, in the case k = C, impliesmany cases of that classi-
cal claim, although of course the Jacquet–Langlands theorem is much harder
to prove than the classical proof of finite-dimensionality.
Theorem 12.5.1

Let k be a field. Then the space SD(U ; k) is a finite-dimensional
k-vector space. This depends on Definition 12.4.5 and «TotallyDef-
initeQuaternionAlgebra.finite_doubleCoset».

Proof for Theorem 12.5.1

The finite-dimensionality theorem is in fact an easy consequence
of Fujisaki’s lemma, proved in theFujisakiminiproject Fujisaki_project.
«TotallyDefiniteQuaternionAlgebra.finite_doubleCoset», Theorem
11.3.15, and Theorem 11.3.16. Write (D⊗F A∞

F )× as a disjoint union
of double cosets

∐
iD

×giU . This open cover descends to a dis-
joint open cover ofD×\(D⊗F A∞

F )×, and this latter space is com-
pact by Theorem 11.3.15. Hence the cover is finite; write the dou-
ble coset representatives as g1, g2, . . . , gn.We claim that the func-
tion SD(U ; k) → kn sending f to (f(g1), f(g2), . . . , f(gn)) is injec-
tive and k-linear, which suffices by finite-dimensionality of kn. k-
linearity is easy, so let us talk about injectivity.Say f1 and f2 are
two elements of SD(U ; k) which agree on each gi. It suffices to
prove that f1(g) = f2(g) for all g ∈ (D ⊗F A∞

F )×. So say g ∈
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(D ⊗F A∞
F )×, and write g = δgiu for δ ∈ D× and u ∈ U . Then

f1(g) = f1(δgiu) = f1(gi) by the definition of SD(U ; k), and sim-
ilarly f2(g) = f2(gi). Because f1(gi) = f2(gi) by assumption, we
deduce that f1(g) = f2(g) as required.





13 Miniproject: Hecke Operators

13.1 Status

This is an activeminiproject. The abstract theory is completely formalized; at
the time of writing the concrete theory has no sorried definitions but it does
have some sorried proofs.

13.2 Goal

The goal of this project is to get sorry-free definitions of Hecke operators act-
ing on spaces of automorphic forms. These Hecke operators generate Hecke
algebras, which are the rings called T in the modularity lifting theorems, or
R = T theorems, crucially introduced byWiles in order to prove FLT.

The theory comes in two parts; the ”abstract” theory, which is pure alge-
bra, and the ”concrete” theory where we apply the abstract constructions to
produce endomorphisms of spaces of automorphic forms. The abstract the-
ory is short (and completely formalized); the concrete theory still needs some
work because to apply the theory to the adelic groups we care about we need
to develop some more API around the theory of restricted products, and of
compact open subgroups of matrix groups.

13.3 Abstract theory

The set-up: we have a commutative ringR, the coefficient ring, and all of our
spaces which the operators act on will be R-modules.

We have a groupG acting R-linearly on an R-module A.
We have subgroups U and V ofG. We will be particularly interested in the

R-modules AU and AV of invariant elements.
Given an element g ∈ G, then under a certain finiteness hypothesis wewill

be able to define an R-linear map Tg or [UgV ] from AV to AU . The finiteness
hypothesis is that the double coset UgV can be written as a finite union of
single cosets giV .
Definition 13.3.1

91
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Assuming UgV is a finite union of cosets giV , we define [UgV ] :
AV → AU to be the map sending a ∈ AV to

∑
i gia.

Lemma 13.3.2

This function is well-defined (that is, independent of the choice of
gi), has image in AU and is R-linear.

Proof for Lemma 13.3.2

Well-definedness is because if we change gi to g′i := giv for some
v ∈ V then gia = g′ia because a ∈ AV .The image lands in AU

because leftmultiplication by ufixesUgV and hence permutes the
cosets giV .Finally R-linearity is because theG-action is R-linear.

The finiteness hypothesis that the decomposition UgV =
∐

i giV is into
a finite union is necessary for the theory to work. If G is a topological group
then here is a criterion which gives the finiteness hypothesis for free.
Lemma 13.3.3

If U and V are compact subgroups of a topological groupG, if V is
also open, and if g ∈ G, then the double coset spaceUgV is a finite
union of left cosets giV .

Proof for Lemma 13.3.3

The subsetUgV ofG is a continuous image of the compact setU ×
V and is hence compact, and it is covered by the disjoint left cosets
giV ; this cover must thus be finite.

Lemma 13.3.4

Say g, h ∈ G and suppose we have UgU =
∐

i giU and UhU =∐
j hj and that gihj = hjgi for all i, j. Then [UgU ][UhU ] = [UhU ][UgU ],

that is, the Hecke operators acting on AU commute.

Proof for Lemma 13.3.4

Wehave [UgU ][UhU ]a =
∑

i gi(
∑

j hja) =
∑

i,j gihja and [UhU ][UgU ]a =∑
j hj

∑
i gia =

∑
j,i hjgia and these sumsare equal because gihj =

hjgi.
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13.4 Restricted products

In the concrete example of Hecke operators which we care about, the invari-
ants AG will be spaces of quaternionic automorphic forms by definition. We
do not need to worry about the definition of A in this project at all. However
we will need to do various computations with the specific groupsGwhich we
are interested in, and they are restricted products. So we now develop some
theory for restricted products, starting by recalling the definition.

If I is an index set, if Xi are sets indexed by i ∈ I and if Yi are subsets,
then the restricted product

∏′
iXi is defined to be the subset of the full product∏

iXi consisting of those tuples (xi) such that xi ∈ Yi for all but finitely many
i. We suppress the Yi from the notation in this document, although in Leanwe
cannot do this and the restricted product looks something like

∏
ri, [X i, Y i].

It is straightforward to check that if theXi are groupsor rings orR-modules,
and the Yi are subgroups or subrings or submodules, then the restricted prod-
uct is a group, ring or R-module. Indeed the structure is inherited via the in-
clusion

∏′
iXi ⊆

∏
iXi and the fact that arbitrary products of groups, rings,

and modules are groups, rings, and modules.
More subtle is the theory of topological space structures. If theXi are topo-

logical spaces then we do not give
∏′

iXi the subspace topology coming from
the product topology on

∏
iXi; instead we give it the finest topology making

all of the natural maps
∏

i∈S Xi ×
∏

i/∈S Yi →
∏′

iXi continuous, as S runs
through all finite subsets of I. Here the product of Xis and Yis has the prod-
uct topology. For example if all of the Yi are open then one can check that∏

i Yi is an open subset of
∏′

iXi, whereas it is not of the form
(∏′

iXi

)
∩ U

for any open subset U of
∏

iXi in general; the map from
∏′

iXi to
∏

iXi is
continuous but is not in general an embedding.

If youhave seenautomorphic formsbefore, thenhere is anobvious-sounding
claim: because the adeles AF of a number field are a restricted product of
completions Fv with respect to the integer rings Ov, then GL2(AF ) is obvi-
ously topologically a restricted product of GL2(Fv) with respect to GL2(Ov).
We now spend some time justifying this claim, which is a little more intricate
than it sounds.
Lemma 13.4.1

If Ai is a family of topological spaces equipped with open subsets
Bi, and Ci is a family of topological spaces equipped with open
subsetsDi, andAi ×Ci is equipped with the open subsetBi ×Di,
then the natural bijection

∏′
i(Ai × Ci) = (

∏′
iAi) × (

∏′
iBi) is a

homeomorphism.

Thismaywell not be true ifBi andDi are not open, because filtered colim-
its and binary products do not appear in general to commute in the category
of topological spaces. I don’t know an explicit counterexample though.
Proof for Lemma 13.4.1
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We need to check continuity in both directions. The easy way is
continuity of themap from the restricted product to themap from
thebinaryproduct; the lemmaRestrictedProduct.continuous_dom
in mathlib tells us that a map from a restricted product is continu-
ous when its restriction to

(∏
i∈S(Ai × Ci)

)
×

(∏
i/∈S(Bi ×Di)

)
is

continuous for all finiteS ⊆ I; the universal property of the binary
product tells us that the map into the binary product is continu-
ous iff the maps into the factors are continuous, but the map into∏′

iXi is a product of the natural maps from
(∏

i∈S(Ai × Ci)
)
×(∏

i/∈S(Bi ×Di)
)
to

(∏
i∈S Ai

)
×
(∏

i/∈S Bi

)
and the inclusion, and

both are known to be continuous (an arbitrary product of contin-
uous maps is continuous, and the other claim is in the restricted
product API in mathlib).The harder direction is the other way, be-
cause we are working against both universal properties. The trick
is RestrictedProduct.continuous_dom_prod in mathlib (this is
whereweassumeBi andDi are open), which tells us that amapout
of a binary product of restricted products is continuous when its
restriction to

((∏
i∈S Ai

)
×
(∏

i/∈S Bi

))
×
((∏

i∈S Ci

)
×
(∏

i/∈S Di

))
is, for all finite S (note that the S in the mathlib lemma is actu-
ally our I − S). The map from this to the restricted product fac-
tors through

(∏
i∈S(Ai × Ci)

)
×

(∏
i/∈S(Bi ×Di)

)
; the first map is

a homeomorphism (use the fact that
∏

iXi × Yi is homeomorphic
to (

∏
iXi)×(

∏
i Yi)), and the second is continuous by definition of

the topology on a restricted product.

Corollary 13.4.2

Restricted products with respect to open subspaces commutewith
finite products. In other words, if j runs through a finite set J
and i runs through an arbitrary set I, and if Xji are topological
spaces equipped with open subspaces Yji, then the obvious bijec-
tion

∏′
i(
∏

j Xji) =
∏

j(
∏′

iXji) is a homeomorphism.

Proof for Corollary 13.4.2

Induction on the size of the finite set, using Lemma 13.4.1 to get
started.

Corollary 13.4.3

If Xi are topological spaces and the Yi are open subspaces, then
the obvious mapMn(

∏′
iXi) =

∏′
iMn(Xi) is a homeomorphism.

Proof for Corollary 13.4.3

Immediate from the previous corollary Corollary 13.4.2.
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Lemma 13.4.4

If M is a topological monoid and U is an open submonoid, then
the units U× of U are naturally an open subgroup ofM×.

M× does not get the subspace topology from M; it is embedded intoM×M
via g 7→ (g, g−1) and gets the subspace topology from the product. Thismakes
it into a topological group.
Proof for Lemma 13.4.4

We have U × U is an open subset ofM ×M , and if we viewM×

embedded inM ×M via g 7→ (g, g−1), then the intersection of this
subgroupwithU×U is open inM× and consists of the elements of
M× which are in U and whose inverse is also in U , which is easily
checked to be the copy of U× we’re talking about.

Lemma 13.4.5

If M is a Hausdorff topological monoid and U is a compact sub-
monoid, then the units U× of U are naturally a compact subgroup
ofM×.

Is Hausdorffness necessary?
Proof for Lemma 13.4.5

First I claim that M× embedded in M ×M via g 7→ (g, g−1) is a
closed subset ofM ×M . Indeed, if p :M ×M →M is (a, b) 7→ ab
and q : M ×M → M is (a, b) 7→ ba, then p and q are continuous,
M× ⊆M×M is the intersection p−1{1}∩q−1{1}, and {1} is closed
because M is Hausdorff.We have U ×U is a compact subset ofM ×
M , and so U× = M× ∩ U × U is a closed subspace of a compact
space and is thus compact.

Lemma 13.4.6

If Ui are topological monoids then the canonical group isomor-
phism (

∏
i Ui)

× =
∏

i(U
×
i ) is a homeomorphism.

Proof for Lemma 13.4.6

We prove that the maps in both directions are continuous. Let’s
start with the map from left to right.A map into a product is con-
tinuous when the maps to the factors are continuous. A map into
the units of a monoid is continuous when the two projectionmaps
to the monoid (the inclusion and the map u 7→ u−1) are continu-
ous (because M× has the topology induced from M × M ). This
reduces us to checking that the maps (

∏
i Ui)

× → Uj sending (ui)
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to uj resp u−1
j are continuous. But the former map is the con-

tinuous inclusion (
∏

i Ui)
× →

∏
i Ui followed by the continuous

projection to Uj , and the latter map is the continuous inclusion
(
∏

i Ui)
× →

∏
i Ui sending x to x−1 followed by the projection.To

go the other way: because the units have the induced topology it
suffices to check that the two maps

∏
i(U

×
i ) →

∏
i Ui sending (ui)

to (ui) resp (u−1
i ) are continuous. A map to a product is continu-

ous when the inducedmaps to the factors are. A projection from a
project is continuous, and the identity and inverse are continuous
maps U×

j → Uj , and the maps we’re concerned with are compos-
ites of these maps and are hence continuous.

Theorem 13.4.7

IfMi are a family of topological monoids equipped with open sub-
monoids Ui, then the canonical map (

∏′
iMi)

× →
∏′

i(M
×
i ) is a

homeomorphism.

Proof for Theorem 13.4.7

I don’t know a clean way of showing that themap from left to right
is continuous, so here is a direct proof that the map is a homeo-
morphism. It is certainly an abstract group isomorphism between
topological groups. So to prove that it is a homeomorphism it suf-
fices to prove that it is a homeomorphism near the identity, or
equivalently that there are open neighbourhoods X and Y of the
identity elements on each side such that the map induces a home-
omorphism from X to Y.We choose the units of

∏
i Ui and the prod-

uct
∏

i(Ui). Note that the former is openbecauseofSubmonoid.units_isOpen.
The result now follows from theprevious lemmaContinuousMulEquiv.piUnits.

We could work over a general nonarchimedean normed field but we still
do not have them in mathlib, so we stick to the case of interest which is the
completion of a number field K at a finite place v. Such a completion is a
topological fieldKv equipped with a discrete valuation, a ring of integers Ov

having a principal maximal ideal ($), and a finite residue field kv := Ov/($).
There is no formal Lean code for the lemmas in this section; it would seem

more sensible to prove them in the right generality, and we don’t have a defi-
nition of nonarchimedean local field yet.

13.5 Some local theory

Lemma 13.5.1

Ov is an open subring ofKv.

Proof for Lemma 13.5.1
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Openness is already in mathlib.

Lemma 13.5.2

Ov is a compact subring ofKv.

Proof for Lemma 13.5.2

Compactness lies a little deeperbecause it assumes that the residue
field ofKv is finite.

Lemma 13.5.3

M2(Ov) is an open subring ofM2(Kv).

Proof for Lemma 13.5.3

TopologicallyM2(Ov) ∼= O4
v as a subset ofK4

v , so this follows from
Lemma13.5.1 because aproduct of compacts is compact andaprod-
uct of opens is open.

Lemma 13.5.4

M2(Ov) is a compact subring ofM2(Kv).

Proof for Lemma 13.5.4

TopologicallyM2(Ov) ∼= O4
v as a subset ofK4

v , so this follows from
theorem Lemma 13.5.2 because a product of compacts is compact
and a product of opens is open.

Lemma 13.5.5

GL2(Ov) is a compact open subgroup ofGL2(Kv).

Proof for Lemma 13.5.5

Kv is known to be Hausdorff, soM2(Kv) is Hausdorff and the re-
sult follows from Lemma 13.4.4 and Lemma 13.4.5.

Recall that there is a projection Ov → kv where kv is the residue field of
v, a finite field. This induces a ring homomorphismM2(Ov) → M2(kv) with
kernelM2($Ov), an ideal I ofM2(Ov) isomorphic to ($Ov)

4 and hence also
compact and open.

Say Γv is a subgroup of GL2(kv). Then Γv is finite. Consider it as a sub-
monoid of the multiplicative monoid M2(kv). Its preimage Uv in M2(Ov) is
easily checked to be a submonoid ofM2(Ov); furthermore it is a finite union
of cosets of I and is hence compact and open as a submonoid ofM2(Ov) and
hence ofM2(Kv).
Lemma 13.5.6
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Uv is a compact open subgroup ofGL2(Kv).

Proof for Lemma 13.5.6

Γ_v is a groupandhence its preimageUv is a subgroupof themonoid
M2(Kv). It is compact and open as we just saw. Hence its units
(also Uv) are a subgroup of GL2(Kv), which is compact and open,
again by Lemma 13.4.4 and Lemma 13.4.5.

Say now
(
1 ∗
0 1

)
⊆ Γv ⊆

(
∗ ∗
0 ∗

)
and let U := Uv be its preimage in

GL2(Ov), considered as a compact open subgroup of GL2(Kv). Choose 0 6=

α ∈ Ov and define g =

(
α 0
0 1

)
∈ GL2(Kv). Let’s do an explicit double coset

decomposition in preparation for a calculation with Hecke operators.
Lemma 13.5.7

The double coset spaceUgU is the disjoint union of gtU as t ranges

throughOv/αOv and gt :=
(
α t̃
0 1

)
, where t̃ is any lift of t toOv.

Proof for Lemma 13.5.7

We first manipulate the statement into a statement about finite
groups. We have UgU =

∐
t gtU ⇐⇒ UgUg−1 =

∐
t gtUg

−1 =∐
t gtg

−1(gUg−1). By the second isomorphism theorem this is true
ifU =

∐
t gtg

−1(gUg−1∩U). Sowhen is an element ofU in gUg−1?
Equivalently, if x ∈ U , when is g−1xg ∈ U? An explicit calculation

of matrices shows us that this is true iff g =

(
a b
c d

)
with α | b.

Define Uα to be this subgroup of U . We have reduced the question

to showing that the matrices ht :=

(
1 t̃
0 1

)
are a set of left coset

representatives for the subgroup Uα of U .It thus suffices to show

that if u =

(
a b
c d

)
∈ U then u ∈ htU

α iff b ∈ Ov reduces mod α to

t ∈ Ov/α. We do this by computing h−1
t u =

(
a− t̃c b− t̃d
c d

)
and

observing that its top right hand entry mod α is zero iff bmod α is
t.

13.6 Adelic groups

We are finally ready to discuss the group G and the subgroups U which we
will be using to define our Hecke operators. Let K be a number field, let D
a quaternion algebra over K and let A∞

K be the finite adeles of K; recall that
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this is a commutative topological ring, defined to be the restricted product of
the commutative topological fieldsKv as v runs through the finite places of K,
with respect to the compact open subringsOv.

The group G we are interested in for the rest of this miniproject is the
group (DotimesKAK^infty)^times. We want to write down compact open
subgroups of this group, but the first thing we need to do is to find a way of
talking about elements of the group.

We will assume that there exists anA∞
K -algebra isomorphismD⊗K A∞

K =
M2(A∞

K ) and we will fix such an isomorphism r, called a rigidification in the
Leancode. Wegivebothof theseA∞

K -algebras theA∞
K -module topology,which

is a fancy way of saying the product topology. They are both free of rank 4

as A∞
K -modules, and the rigidification is then a homeomorphism because all

A∞
K -modulemaps betweenmoduleswith theA∞

K -module topology are contin-
uous.

Thismeans that our groupG is isomorphic (both algebraically and topolog-
ically) to GL2(AK^infty). Before we go any further, let say something about
matrix rings over complete fields.
Theorem 13.6.1

G is isomorphic and homeomorphic to the restricted product of
GL2(Kv) with respect to the compact open subgroupsGL2(Ov).

Proof for Theorem 13.6.1

This follows from lemma and lemma.

If S is a finite set of finite places of K, and for each v ∈ S we choose a
subgroup v of GL₂(kv) then we saw in the previous section how to create a
compact open subgroup ṽ of GL₂(Kv). For v /∈ S define ṽ = GL₂(Ov). Then∏

v ṽ is a compact open subgroup of
∏

v GL₂(Ov). It is compact subgroups of
this form which we shall be using.

13.7 Automorphic forms

We recall some of the definitions of spaces of automorphic forms, from the
quaternion algebra project Quat_alg_project.

We fix a totally real field F , a totally definite quaternion algebraD/F , and
a coefficient additive abelian groupR. SetG = (D⊗F A∞

F )× as in the previous
section. Note thatG naturally contains copies ofD× and (A∞

F )×. Recall from
definition Definition 12.4.1 that an R-valued weight 2 automorphic form is a
function f : G→ R satisfying the following axioms:

1. f(dg) = f(g) for all d ∈ D× ⊆ (D ⊗F A∞
F )×.

2. There exists a compact open subgroup U, the level of f, such that f(gu) =
f(g) for all g ∈ G and u ∈ U .
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3. f(gz) = f(g) for all z ∈ (A∞
F )×.

It can be checked that the collection of all such forms is an additive abelian
group, and if R is a ring then it is naturally an R-module. Let’s call this group
A for short. Then Ahas a left action of G, with g·f defined via (g·f)(x) := f(xg).
Recall fromdefinitionTotallyDefiniteQuaternionAlgebra.WeightTwoAutomorphicFormOfLevel
that a weight 2 automorphic form of level U is simply an element of the fixed
points AU . In other words, the forms of level U are the forms satisfying the
three axioms defining an automorphic form but with the compact open sub-
group in the second axiom being U.

13.8 Concrete Hecke operators

Let F be a number field. For each finite place v we have the completion Fv of
F at v, which is a normed field equipped with its integer ring Ov, a local ring
with finite residue field kv.

For v a finite place of F , let ∆v be a subgroup of k×v and consider the

subgroup Γv of GL2(kv) consisting of matrices
(
a b
0 d

)
with a, d ∈ k×v and

a/d ∈ ∆v.

It is easily checked that this is a subgroup, and that
(
1 ∗
0 1

)
⊆ Γv ⊆

(
∗ ∗
0 ∗

)
,

so lemma «nolean-U1-coset-decomposition» applies. LetU∆v
be the preimage

of this subgroup in GL2(Ov). This is a compact open subgroup of GL2(Ov),
by the remarks above.

Let S be a finite set of finite places of F , and define U∆(S) to be the matri-
ces in

∏
v GL2(Ov) which are in U∆v

for all v ∈ S (we put no condition at the
places v /∈ S). We can consider U∆(S) as a subgroup ofGL2(A∞

F ); it is a prod-
uct of compact subgroups and thus compact, and it is a product of opens all
but finitely many of which are GL2(Ov) and is thus open. Because the inclu-
sion

∏
v GL2(Ov) → GL2(A∞

F ) is an open embedding, we can regard U∆(S)
as a compact open subgroup ofGL2(A∞

F ).
If we fix r a rigidification, it induces an isomorphism GL2(A∞

F ) = (D ⊗F

A∞
F )× and so we can identify U∆(S) with its image in (D ⊗F A∞

F ).
We introduce Hecke operators of two types.
First, for v any place not in S, we choose a uniformiser $v ∈ Fv, form

the invertible 2 × 2 matrix
(
$v 0
0 1

)
∈ GL2(Fv), and extend this element to

an element g ∈ G by letting its component at all finite places w 6= v be the
identity. We define the Hecke operator Tv : AU → AU to be [UgU ], using the
notation defined at the beginning of this section.

For the second kind of Hecke operator we choose 0 6= α ∈ Ov and we

consider the 2× 2matrix inGL2(A∞
K ) which is

(
α 0
0 1

)
at v and 1 at all other

local components. Via the rigidification r we obtain an element g ∈ G. We
define the Hecke operator Uv,α to be [UgU ].
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The Hecke algebra of interest to us will be generated by the Hecke opera-
tors Tv for v /∈ S and Uv,α for v ∈ S.
Theorem 13.8.1

Say R is a Noetherian ring. Then the subalgebra of the R-linear
endomorphisms of AU generated by the Hecke operators Tv for
v /∈ S and Uv,α for v ∈ S is a Noetherian commutative ring.

13.9 Analysis of the Hecke algebra

First we discuss commutativity of the Hecke operators. First, assume that v /∈
S. ThenU = GL₂(Ov)×U ′ whereU ′ is a subgroup of the restricted product of
GL₂(Fw) forw 6= v. WecanuseRestrictedProduct.SubmonoidClass.isProductAt
to express this concept of being an internal direct product. If g is the element
of G used to make Tv then g is also supported at w, so the double coset space

UgU is just (GL₂(Ov)

(
$ 0
0 1

)
GL₂(Ov))×U ′ and in particular can be decom-

posed into single left U-cosets of the form giU where gi is also supported at v.
This isRestrictedProduct.mem_coset_and_mulSupport_subset_of_isProductAt.

Similarly if v ∈ S, if 0 6= α ∈ Ov and if gv =

(
α 0
0 1

)
and is 1 elsewhere,

then the double coset space UgU can again be written as
∐

i giU with the gi
supported only at v.

We deduce immediately from lemma Lemma 13.3.4 that two Hecke oper-
ators associated to different finite places of F commute. What remains is to
check that U,v and U,v commute. In fact we claimmore, namely that U,vU,v =
U,v. This will suffice because = .
Lemma 13.9.1

If v ∈ S and
(
1 ∗
0 1

)
⊆ Γv ⊆

(
∗ ∗
0 ∗

)
then Uα,vUβ,v = Uαβ,v.

Proof for Lemma 13.9.1

Follows easily from theexplicit double coset decompositionproved
above.

The reason that the Hecke algebra is Noetherian is that the main theorem
of the Fujisaki miniproject immediately implies that AG is a submodule of a
finite free R-module and is hence Noetherian. Its endomorphism algebra is
hence a Noetherian R-module, so the sub-R-algebra generated by the Hecke
operators is also a Noetherian R-module and thus a Noetherian ring.





14 Appendix: A collection of results
which are needed in the proof.

14.1 Results from class field theory

Theorem 14.1.1

The maximal unramified extension Kun in a given algebraic clo-
sure of K is Galois over K with Galois group ”canonically” isomor-
phic to Ẑ in two ways; one of these two isomorphisms identifies
1 ∈ Ẑ with an arithmetic Frobenius, the endomorphism induc-
ing x 7→ xq on the residue field of Kun, where q is the size of the
residue field of K. The other identifies 1with geometric Frobenius,
defined to be the inverse of arithmetic Frobenius.

Definition 14.1.2

The topological group described above is called theWeil group of
K.

Theorem 14.1.3

If K is a finite extension ofQp, then there are two canonical isomor-
phisms of topological abelian groups betweenK× and the abelian-
ization of theWeil group of K.

Proof for Theorem 14.1.3

This is the main theorem of local class field theory; see for exam-
ple the relevant articles in the cited class-field-theory references
or many other places.

Theorem 14.1.4

If M is finite then the cohomology groupsHi(GK ,M) are all finite.

Theorem 14.1.5
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If M is torsion thenHi(GK ,M) = 0 if i > 2.

Theorem 14.1.6

H2(GK , µn) is canonically isomorphic to Z/nZ.

Theorem 14.1.7

If µ =
⋃

n≥1 µn and M ′ := Hom(M,µ) is the dual of M, then for
0 ≤ i ≤ 2 the cup-product pairingHi(GK ,M)×H2−i(GK ,M

′) →
H2(GK , µ) = Q/Z is perfect.

Theorem 14.1.8

If hi(M) denotes the order ofHi(GK ,M), then h0(M)− h1(M) +
h2(M) = 0.

Theorem 14.1.9

If N is a finite extension ofQ then there are two ”canonical” isomor-
phisms of topological groups between the profinite abelian groups
π0(A×

N/N×) and Γab
N ; one sends local uniformisers to arithmetic

Frobenii and the other to geometric Frobenii; each of the global
isomorphisms is compatible with the local isomorphisms above.

Proof for Theorem 14.1.9

This is themain theorem of global class field theory; see for exam-
ple Tate’s article in the cited reference.

Theorem 14.1.10

Let S be a finite set of places of a number field K. For each v ∈ S let
Lv/Kv be a finite Galois extension. Then there is a finite solvable
Galois extension L/K such that if w is a place of L dividing v ∈ S,
then Lw/Kv is isomorphic to Lv/Kv as a Kv-algebra. Moreover,
if Kavoid/K is any finite extension then L can be chosen linearly
disjoint fromKavoid.

14.2 Structures on the points of an affine variety.

All rings and algebras in this section are commutative with a 1, and all mor-
phisms send 1 to 1.

Let X = Spec(A) be an affine scheme of finite type over a field K. For ex-
ample X could be an affine algebraic variety; in fact we shall only be interested
in smooth affine varieties in the applications, but the initial definition and the-
orem are fine for all finite type schemes.

If R is any K-algebra then one can talk about the R-points X(R) of X, which
in this case naturally bijects with the K-algebra homomorphisms from A to R.
Definition 14.2.1
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If X is an affine scheme of finite type over K, and if R is a K-algebra
which is also a topological ring, then we define a topology on the
R-points X(R) of X by embedding the K-algebra homomorphisms
from A to R into the set-theoretic maps from A to Rwith its product
topology, and giving it the subspace topology.

Theorem 14.2.2

If X is as above and X → An
K is a closed immersion, then the in-

duced map from X(R) with its topology as above to Rn is an em-
bedding of topological spaces (that is, a homeomorphism onto its
image).

Proof for Theorem 14.2.2

See Conrad’s notes1.

We now specialise to the smooth case. I want to make the following con-
jectural definition:
Definition 14.2.3

Let K be a field equipped with an isomorphism to the reals, com-
plexes, or a finite extension of the p-adic numbers. Let X be a
smooth affine algebraic variety over K. Then the points X(K) natu-
rally inherit the structure of a manifold over K.

Probably this is fine for a broader class of fields K.
Theorem 14.2.4

If X is as in the previous definition andX → An
K is a closed immer-

sion, then the inducedmap fromX(K)with itsmanifold structure
toKn is an embedding of manifolds.

Proof for Theorem 14.2.4

I’m assuming this is standard, if true.

Corollary 14.2.5

If G is an affine algebraic group of finite type overK = R orK = C
thenG(K) is naturally a real or complex Lie group.

The corollary, for sure, is true! And it’s all weneed. I have not yetmade any
serious effort to find a reference for the definition or independence, although
there seem to be some ideas here2. As a toy example, one can embed GLn(R)
into either Rn2+1 via M 7→ (M,det(M)−1) or into R2n2 via M 7→ (M,M−1)
and the claim is that the two induced manifold structures are the same.

1https://math.stanford.edu/~conrad/papers/adelictop.pdf
2https://leanprover.zulipchat.com/#narrow/stream/116395-maths/

topic/top.20space.20.2F.20manifold.20structure.20on.20points.20of.
20alg.20varieties/near/431812525

https://math.stanford.edu/~conrad/papers/adelictop.pdf
https://leanprover.zulipchat.com/#narrow/stream/116395-maths/topic/top.20space.20.2F.20manifold.20structure.20on.20points.20of.20alg.20varieties/near/431812525
https://leanprover.zulipchat.com/#narrow/stream/116395-maths/topic/top.20space.20.2F.20manifold.20structure.20on.20points.20of.20alg.20varieties/near/431812525
https://leanprover.zulipchat.com/#narrow/stream/116395-maths/topic/top.20space.20.2F.20manifold.20structure.20on.20points.20of.20alg.20varieties/near/431812525
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14.3 Algebraic groups.

The concept of an affine algebraic group over a field K can be implemented in
Lean as a commutative Hopf algebra over K, as a group object in the category
of affine schemes over K, as a representable group functor on the category of
affine schemes over K, or as a representable group functor on the category of
schemes over K which is represented by an affine scheme. All of these are
the same to mathematicians but different to Lean and some thought should
go into which of these should be the actual definition, and which should be
proved to be the same thing as the definition.
Definition 14.3.1

An affine algebraic group G of finite type over a field k is said to be
connected if it is connected as a scheme, and reductive if Gk has
no nontrivial smooth connected unipotent normal k-subgroup.

14.4 Automorphic forms and representations

Definition 14.4.1

A function f : G(N∞) → C is slowly-increasing if there exist some
C > 0 and n ≥ 1 such that |f(x)| ≤ C||x||nρ .

Theorem 14.4.2

This is independent of the choice of ρ as above.

Definition 14.4.3

An automorphic form is a function φ : G(AN ) → C satisfying the
following conditions.

1. φ is locally constant on G(Af
N ) and C∞ on G(N∞). In other

words, for every g∞, φ(−, g∞) is locally constant, and for ev-
ery gf , φ(gf ,−) is smooth.

2. φ is left-invariant underG(N).
3. φ is right-U∞-finite, that is, the space spanned by x 7→ φ(xu)

as u varies over U∞ is finite-dimensional.
4. φ is rightKf -finite, whereKf is one, or equivalently all, com-

pact open subgroups ofG(Af
N ).

5. φ is ‡-finite, where ‡ is the centre of the universal enveloping
algebra of the Lie algebra ofG(N∞), acting via differential op-
erators. Equivalently φ is annihilated by a finite index ideal of
this centre, so morally φ satisfies many differential equations
of a certain type.
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6. For all gf , the function g∞ 7→ φ(gfg∞) is slowly-increasing in
the sense above.

Definition 14.4.4

An automorphic form is cuspidal, or a cusp form, if it furthermore
satisfies

∫
U(N)\U(AN )

φ(ux) du = 0, where P runs through all the
proper parabolic subgroups of G defined over N and U is the unipo-
tent radical of P, and the integral is with respect to the measure
coming from Haar measure.

Definition 14.4.5

The groupG(AN ) acts on itself on the right, and this induces a left
action of its subgroupG(Af

N )× U∞ on the spaces of automorphic
forms and cusp forms. The Lie algebra g of G(N∞) also acts, via
differential operators. Furthermore the actions of g and U∞ are
compatible in the sense that the differential of the U∞ action is
the action of its Lie algebra considered as a subalgebra of g. We
say that the spaces are (G(Af

N )× U∞, g)-modules.

For non-cuspidal representations, they do not decompose as a direct sum;
there is a continuous spectrum which decomposes as a direct integral. We
may not ever need these. As a result the definition of an automorphic repre-
sentation has to be slightly modified in the non-cuspidal case.
Definition 14.4.6

An automorphic representation is an irreducible (G(Af
N )×U∞, g)-

module isomorphic to an irreducible subquotient of the space of
automorphic forms.

14.5 Galois representations

14.6 Algebraic geometry

Definition 14.6.1

Weneed thedefinitionof the canonicalmodel overFof the Shimura
curve attached to an inner formofGL2 with precisely one split infi-
nite place, and likewise the Shimura surface associated to an inner
form split at two infinite places and ramified elsewhere.

Theorem 14.6.2
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LetKavoid/K be a Galois extension of number fields. Suppose also
that S is a finite set of places of K, and for each v ∈ S let Lv/Kv be
a finite Galois extension. Suppose also that T/K is a smooth, ge-
ometrically connected curve and that for each v ∈ S we are given
a nonempty, Gal(Lv/Kv)-invariant open subsetΩv ⊆ T (Lv). Then
there is a finite Galois extension L/K and a point P ∈ T (L) such
that:

• L/K is Galois and linearly disjoint fromKavoid over K.
• If v ∈ S and w is a prime of L above v, then Lw/Kv is isomor-
phic to Lv/Kv.

• P ∈ Ωv ⊆ T (Lv) ∼= T (Lw) via one such Kv-algebra mor-
phism; this makes sense as Ωv is Gal(Lv/Kv)-invariant.

Note that we do not even have the definition of a curve over a field in Lean.

14.7 Algebra

Definition 14.7.1

A cuspidal automorphic representation is an irreducible (G(Af
N )×

U∞, g)-module isomorphic to an irreducible summandof the space
of cusp forms.

Theorem 14.7.2

The cusp forms decompose as a typically infinite direct sum of ir-
reducible (G(Af

N )× U∞, g)-modules.

Theorem 14.7.3

An irreducible admissible (G(Af
N )×U∞, g)-module is a restricted

tensor product of irreducible representationsπv ofG(Nv) asv runs
through the finite places of N, tensored with a tensor product of ir-
reducible (gv, U∞,v)-modules as v runs through the infinite places
ofN. The representationsπv areunramified for all butfinitelymany
v.

Definition 14.7.4

Let N be a number field. A compatible family of d-dimensional
Galois representations over N is a finite set of finite places S of N,
a number field E, a monic degree d polynomial Fp(X) ∈ E[X] for
each finite place p of K not in S, and, for each prime number ` and
field embedding φ : E → Q` (or essentially equivalently for each
finite place of E), a continuous homomorphism ρ : Gal(K/K) →
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GL2(Q`) unramified outside S and the primes of K above `, such
that ρ(Frobp) has characteristic polynomial Pπ(X) if π lies above
a prime number p 6= ` with p 6∈ S.

Theorem 14.7.5

Given an automorphic representation π for an inner form of GL2

over a totally real field and with reflex field E, such that π is weight
2 discrete series at every infinite place, there exists a compatible
family of2-dimensionalGalois representations associated toπ, with
S the places at which π is ramified and Fp(X) the monic polyno-
mial with roots the two Satake parameters for π at p.
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